(%)
o
un

An Algorithm for Source Coding

J. PIETER M. SCHALKWIJK, MEMBER, IEEE

Abstract—We derive a simple algorithm for the ranking of binary
sequences of length n and weight w. This algorithm is then nsed for
source encoding a memoryless binary source that generates 0’s with

B _emes_ » 1y

probability ¢ and 1’s with probability p = 1 — 4.

1. INTRODUCTION

SSUME a memoryless binary information source that
4\ generates 0’s with probability ¢ and 1°s with prob-
ability p = 1 — ¢. According to Shannon’s noiseless cod-
ing theorem [1], the source information can be encoded
using on the average H(p) bits per source digit. The quan-
tity H(p) = —plog, p — (1 — p)log, (1 — p) is called
the entropy of the information source.

The first answer to the question as to how to optimally
source encode M messages with probabilities py,p,, -, py
into a sequence of bits was given by Huffman [2]. (See
also Abramson [3].) In Huffman coding the longest
sequence of bits is used to encode the least probable mes-
sage, while shorter sequences are used for more probable
messages, thus minimizing the average number of bits per
source symbol. Huffman coding could be applied to our
memoryless binary information source. Treating the source
digits one at a time, the Huffman procedure would assign
one bit to each source digit. By encoding » source digits
time, M =

and lpffmu

=3

on hOQth‘P messages,

— o0, the average number of bits per source digit ap-
H(p). Althouioh the Huffman
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optimum for each n, it does require a relatively large amount
£ c

Orniitat smttinitloe oeaals

u;uy‘ulaliuu for this par ticular appuvauuu

The Elias block-to-variable- length source coding algo-
rithm [4] has been analyzed in detail by Jelinek [5]. A
sequence of source digits is represented by a subinterval
of the interval (0,1). This subinterval, the length of which
is equal to the probability of the corresponding source
sequence, is constructed as follows. Start with the complete
(0,1) interval. If the source generates a 0, the lower gth
fraction of the current subinterval is retained; alternatively,
if the source generates a 1, the upper pth fraction of the
current subinterval is retained. The source encoding pro-
ceeds as follows. As soon as the remaining subinterval
defining the source sequence lies in either (0,4) or (3,1),
a 0 or a 1 is generated, respectively. Suppose the sub-
interval defining the source sequence is in (0,%), i.e., the
first source encoded digit is a 0, then if the subinterval

defining the source sequence lies in either (0,3) or (1.,1),
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a 0 or a 1 is generated, respectively, etc. If the source
sequence is » digits long, then for n» » oo the average
number of bits per source digit approaches H(p). For
large n we expect roughly gn zeros and pn ones. The length
of the remaining subinterval will then be equal to

qqnppn = Q) HH(P),

M

Note that size of the subinterval decreases exponentially
with #. Hence we will have to divide the source sequence
into relatively short blocks to prevent errors resulting from
limited accuracy when impiementing this algorithm on a
digital computer. When we restrict the block length n, the
data reduction will fall short of H(p) bits per source digit.

The algorithm to be discussed in this paper is basically
a variable-length-to-block source coding algorithm.’ The
algorithm is asymptotically optimum in the sense that
now we have on the average [H(p)]™' source digits per
bit put out as the size £ of the output block approaches
infinity. The amount of computation required by our algo-
rithm is comparable to the amount of computation required
by the Elias algorithm. The implementation of our algo-
rithm seems slightly more transparent. Later in the paper
more will be said as to the comparison of the latter two
algorithms. The source-encoding algorithm discussed here
is based on a theorem concerning the ranking of binary
sequences of length » having a weight w,

with w 1’s. This theorem will be derlved in the next section.

Lcﬁ sequences

II. RANKING OF FIXED WEIGHT SEQUENCES

OCAancider tha cat THuw uw) Af hinarv ceniteancee f — (f
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t,,**+,t,) of length »n and weight w, where 0 < w < n
T ot thhn sxralfalt 2o ~AF 4lan camiranman 43\ tlha
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where #; € {0,1},/ = 1,2,---,n. Note that w; = w is the

weight of z. Then we have the following theorem.?
Theorem 1: The binary sequences ¢ € T(n,w) of length
n and weight w can be ranked according to

. n \
l(t) Y t ( (3)
=1
where (':v) Oforw >nand 0 < 1(f\< (”\— 1.
Proof: The proof is by 1nduct10n on the length n of
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the sequence t. For n = 1 we can have either w = 0 or
w = 1. If w = 0 the only aliowed sequence is £ = 0 and

(3) gives i(0) = 0. For w = 1 the only allowed sequence
is t =1 and (3) gives i(i) = ($) = 0. Assume that the
theorem holds for each T(nw), 0 < w < n, with n < N.
We wiil then prove that the theorem hoids for T(¥ + i,w),
0<w< N+ 1. Consider the set To(N + 1, w) =
{te T(N + 1,w); 1, = 0} of ail re (¥ + 1, w) that
have #; = 0. By the inductive hypothesis we can order

To(N + 1, w) according to

/N 1

. N N — k)
io(t) = Y, tisq ( )
k=1 Wi+1

Now consider the set T (N + 1,
f. = 1‘!\ of all teT(N + 1,

L5 ail

= {te T(N + 1, w);

w) fhaf have f; = 1. By the

inductlve hypothesis we can order TN + 1, w) accordlng
to

/N—- k\ N+1

« N+1-k
\Wk+1}_é' A \

W
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Finally, the number of elements of To(N + 1, w) is (¥) and
0 < ip(t) < () — 1. So, the total set T(N + 1, w) can be
ordered according to

0 = (= 0ia) + 1 | (3} + 120

N+1 N + 1 — k
= Y ( \ Q.E.D.
k=1 \ Wi
As an example, consider the sequence = (010100) with
four 0’s and two 1’s in the set T(6 2). According to Theorem
. 0

1, LYY

1 we can find the rank i(r) of this sequence ¢ using the
blocked array of binomial coefficients from Pascal’s
triangle (see Fig. 1). Start at the lower left-hand corner of
the array, i.e., at (§) = 15 in Fig. 1. The leftmost digit of
the sequence ¢ = (010100) is a 0. Move one step in the
X direction, i.e., toward 10. The next digit is a 1. Move one
step in the Y direction, i.e., toward 4, and record the
number at a single step in the X direction from the current
starting point 10, i.e., record 6. The next digit is a 0. Move
one step in the X direction, i.e., toward 3. The next digit is
a 1. Move one step in the Y direction, i.e., toward 1, and add
the number at a s1ng1e step in the X direction from the
current starting point 3, giving 6 + 2 = 8. The last two
digits are 0’s leading to no more additions. So, the result is
i(010100) = 8.

Given the rank i(f) = 8, the sequence t can be found
USII‘AE the 1uuuwu“1g reconsiruction dlgorllnm Start agaln
at the lower left-hand corner of the codlng array, L.e., at
($) = 15 in Fig. 1. The rank 8 of the sequence 7 is less
than the number 10, at a single step in the X direction
from the current starting point 15. Move one step in the

X direction, i.e., toward 10, and record a 0. The rank 8

of the sequence 7 is not less than the number 0, at a s1ng1e
step in the X direction from the current startlng pomt

1N NA oo in il o o1
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Fig. 1. Pascal’s triangle gives an ordering of source sequences.

the number 6 used in the comparison from the rank 8
of the sequence ¢ giving a new rank 8 — 6 = 2 and record
a 1 giving 01. The current rank 2 of the sequence ¢ is less
than the number 3, at a single step in the X direction from
the current starting point 4. Move one step in the X direction
i.e., toward 3, and record a 0 giving 010. The current rank
2 of the sequence ¢ is not less than the number 2, at a
single step in the X direction from the current starting
point 3. Move one step in the Y direction, i.e., toward 1,
subtract the number 2 used in the comparison from the
current rank 2 of the sequence 7 giving a new rank 2 — 2 =
0 and record a 1 giving 0101. The current rank of the
sequence f is now 0. Thus, the last two steps are taken in
the X direction, resulting in the desired sequence 010100.

The following table gives the complete set 7°(6,2) with the
sequences ranked according to (3).
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The result i(f) produced by the ranking algorithm can
be expressed in any desired number system. The binary
number system would be used for an output in 0’s and 1’s.
Any arbitrary member ¢ € T(n,w) would then be expressed
as a sequence of k = [log, ()] bits, i.e., the smaliest
integer equal to or greater than log, (%). In this example
010100 would be encoded as 1000. The number of input
digits per bit output, ie., r = n/[log, (3)], approaches
[H(w/m)]~! as n — oo. This can easily be shown by sub-
stituting Stirling’s asymptotic result, i.e., n! ~ (2an)'/*n"e™",
for the factorials in the binomial coefficient ().

Fixed weight sequences with an alphabet size g can be
ranked according to a generalization of Theorem 1. Let

Tn,wl,wl, - wi™ 1) be the set of sequences t = (fy,f,,
,t,) of length n, where w’ components of ¢ are equal to

dyd=0,1,---,g — 1. Let
w Z 8(t;,d), €))]
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where d = 0, 1,---,4 — 1, and
e v) = {0, xX#Yy
( 9y) - ils X = y'
Note again that w,*=w? d=0,1,--,g — 1. Now
Theorem 1 generalizes as follows.
Theorem 2: The g-ary sequences ¢ € T(n,w°,w,- - - ,wi™1)

of length » and with a weight distribution w°w?,- - w?™1

can be ranked according to

0= 3% (o - vyfws - 0] en])

l?d

)

where 371, = 0, and (—1)! = o
The proof of Theorem 2 is identical to the proof of
Theorem 1 and will hence not be given. An implementation
similar to the ranking algorithm for Theorem 1 would use a
g-dimensional array of multinomial coefficients #n!/
(W iw'! --w"“") where w® + c+ witl = n
In this section d of ﬁypd weight
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III. VARIABLE-LENGTH-TO-BLOCK CODING

Consider a binary source generating independent digits.

The probablhty of a 0 being generated is ¢ and, hence, the
probability of a 1 being generated is p =1 — ¢q. We
proceed as before taking an array of size (gn + 1) x
(pn + 1) from Pascal’s triangie (Fig. 2). When the source
generates a 0 we take a unit step in the X direction, other-
wise, when the source generates a 1 we take a unit step
in the Y direction. If each source block of length »n has
exactly pn 1’s, as in the previous section, the source digits
would specify a two-dimensional random walk in Fig, 2
that always terminates in point 4. So we would always
be able to encode each of our (,,) possible source blocks
of length n. However, in the present case pn is only the
expected number of I’s. So, suppose that our source
sequence has many 1’s in its initial part. Then the array
boundary may be reached early, for example, at point B
in Fig. 2. At this point no new source digits can be intro-
duced as another 1 would take us outside of the coding

array. So, if point B has coordinates (x,pn), then only
k = x + pn source di

now add gn — x du

ve been introduced. We can

oits ha
gifs have been
S

my O’s to the source sequence. The

resu‘ﬁna eamience hqa P\’QI“"“I nn n < C\I’\A nn ] th ;C
lting sequence has exactly gn O’s and pn I’s and is
encoded as before. Suppose, instead, that our source
carmitanra hag many (Vo in ite initial mart Than tha hanindas
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may be reached early too, for example at p01 nt Ci m Fig. 2.
A
u

At this puuu o NnEw Source ulgub can be introduced as
another 0 would take us outside of the coding array. So,
if point C has coordinates {gn,y) then only &k = gn + y

source digits could have been introduced. We can now add
pn — y dummy I's to the source sequence. The resulting
sequence has again gn 0’s and prn 1’s and is encoded as
before. Note that point A4 (Fig. 2) can never be reached
before the boundary is encountered. Hence the longest

Y
pn B . A
D E
C
2
1
X
o 2 qn

Fig. 2. Random walk in coding array.

source sequence that can be encoded as one unit is n — 1

binary digits long. In general, for a g-ary source, the longest
sequence is n — g + 1 digits long.
Far hinarv ecanree hlaclkc ac in the nravianie cactinn  wit
For binary source blocks, as in the previous section, with
exactly pn I’s we obtain
n
F=n [lo ( )] 6
/ | g2 pn) | (6)

iV b

source digits per bit output, which is asymptotically equal
to [H(p)]~*. We have seen before that with independently
generated binary source digits there is a finite probability
of the source sequence specifying a two-dimensional random
walk that hits the coding array boundary early. This results
in a number k of encoded source digits that can be smaller
than » and, thus, the nnmher of source digits per bit output

falls short of [H(p)] So far we only know that

pngl'<"—‘f010/p<%.ThPlo boundonk
results if the source sequence starts with pn The upper
haound for L regulte if thae firgt #n - 2 gource dicits contain
UVUULIAL 1VUL v WO URLD 1 I.ll\( lllDL I — VULV AL slbn) wuLILalin
exactly gn — 1 0’s and pn — 1 I's, i.e., if the random walk
passes through puiut Ein T 15 2. The array buuuumy’ will

then be reached on either of the two boundary points
adjacent to A.

We will now consider the statistical behavior of the
number of source digits k& corresponding to an encoded
block that can take on () different possible values. What
is the probability of the source sequence specifying a random
walk that gets absorbed at the top boundary point B of
the coding array (Fig. 2)? First observe that if the random
walk gets absorbed at point B, it has to come from point
D, otherwise it would have been previously absorbed. Let
point B have coordinates (x,pn). The number of paths
from the origin to point D is the number of ways of choosing
x objects out of x + pn ~ 1 objects, ie., (*T2~"). The
chosen objects here are the locations of the x steps in
the X direction. Each path terminating in B has x steps in
the X direction and pn steps in the Y direction. Hence
each such path has a probability ¢g*p?". So the total prob-
ability of the two-dimensional random walk being absorbed
at point B is

_(x+ =1\ .

\ x , v ¥y -
Similarly, for a point C = (gn,y) on the right-hand
boundary of the array (Fig. 2) we get

Pr {2\
\&)

~
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and 4. From Fig. 3 we see that as the parameter » increases,
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that an increase in the parameter p < %1 also causes a
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An important statistic that follows eas11y from (7) and
(Q) ig tha avarage numbar of conree dioite nar encoded
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block. We have

qn—1 pn—1

k= Z (x + pn)Pr (B) + _Z (gn + ) Pr (O)

=l g (L)
+ gnt? I;":z_ol (qn;' y) py]
. r1 () pp"qq'ﬂ .
' Lon) 2707

The last equality in (10) follows easily if we realize that the
(x+p"\nxnp"+l and (‘1"+1’\n‘1"+l P, within the
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pair of square brackets, represent the probability of a
tw

random walk in a rectangle of

1) reaching points on the boundarles
x

=gn + 1, reqnecter . Hence the

+

d
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within the ﬁrst pair of square brackets is
of the

random walk not going through

total expressio
the nrnkahrht
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the point (gn,pn), i.e., 1 — (,,)pP"q™". Using Stirling’s 1 sult
in (10) we get the _ollc'wrnsT asymptotic equation for the
average number k of source digits:

k ~ n[1 — 2rpgn)~1/2]. e8))

In other words, k is asymptotically equal to » and, hence,

the data reduction r = lzlrlmza ( ﬂ approaches [H(p)]_l
for large n
Finally, note that for ¢ » p the coding array in Fig. 2
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Fig. 3. Distribution function of the length of the source sequence, n
being the parameter.
PriKsk)
1ol mn.we l__
p-125 ,_l p-.25
;—"I_:—'rf‘r‘f_ﬁ L k/n
o 10
Fig. 4. Distribution function of the length of the source sequence,
p being the parameter.

becomes an (n — 1) x | rectangle and our coding scheme
is then equivalent to run-leneth encodineg. It is a well-known

...... Lyt wil Dl CLCOUNNE 2V s & Cii~R110

fact that run-length coding is quite efficient for g > p.

IV. CoNCLUSIONS

In the Introduction our variable-length-to-block
coding algorithm was compared to Elias’ block-to
hanofb source rndmu algorithm. We wan

P08 49 S 00 LI (233 A0 BRI

that with a slight modlﬁcatlon our algorlt
used for block-to- vnrmhle-lenﬂfh source ¢

word prefix could state the number of 1's, w, in the source
block, and the suffix could be the encodin

..... and the suffix could be the encoding !
e to

in terms of the Pascal triangle appropriate to the relative
frequency w/n.

Flnally, also in the Introduction, we alluded to a com-

parmnn of Eliag’ ahmrrfhm and our algorrfhm as far as

computational complex1ty is. concerned It was discovered
that Elias’ algorithm can be
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ing triangle, that in a sense is dual to Pascal’s triangle:

1

3
]

P’ pq q°
3

p P’q

A detailed comparison of the two algorithms is presently
being made at the University of California, San Diego.
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On the Existence of Group Codes for the
Gaussian Channel

EZIO BIGLIER] A

Abstract—A number of theorems are (nvnn which give |ne|ohf into the

algebraic structnre of group codes for the Gaussnan channel, as defined
by Slepian. The problem of the existence of group codes for a given pair
of defining parameters (i.e., number of codewords A, and dimension of
the signal space ») is partially solved.

I. INTRODUCTION

~ N ROUP codes for the Gaussian channel have been
Gintroduced in a recent paper by Slepian [1], who
first described their remarkable properties. In his paper,
however, a number of questions are left unanswered, one
of these being the problem of the existence of group codes
for a given pair of defining parameters (i.e., the number

of codewords M and the dimension of the signal space

n).

In this paper a number of theorems are given that
partially solve this problem. The only question left un-
answered concerns the existence of group codes for »n odd
and M odd but not prime; for this case, we show that

additional constraints on n and M are needed, but we do
not find th

II. DEFINITIONS AND PROPERTIES

Definition 1: A pseudogroup code [Mn] is a set X =

Y \M nF M unit vectors 1n Fnr\‘lﬂnqn n-dimensgional
Aifi=1 an xr-gGimensional
space E" such that there is a set G* = {O*}L, of M
arthacanal » hu_n matricag far which
Orindgonai #-0y-7 Mairices ior winicn

G*X, = X, VX, eX (1)
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matrices—the set X = G*X, (X € X) is obviously a
pseudogroup code. Generally, however, X is not a group
code for all choices of the starting vector Xy; only if the
group G* is real irreducibie (see Appendix) does X span
E” for every X, [1].

Moreover, the set G* of Definition I is certainly a subset
of the group G = {0;}{_, of all real orthogonal n-by-n
matrices such that GX; = X (VX; € X). So, we can sub-
stitute for Definition 1 the following definition.

Definition 3: We define a pseudogroup code [M,n] to
be a set X = {X;}}L, of M unit vectors in Euclidean »-
dimensional space E" such that there is a group G =
{0,;}4_, of g orthogonal n-by-n matrices for which

GXi=X, VX,GX.

In the conditions of Definition 3, we say that X is gener-

atad 7 cnd wa thinl aFf 7 a0 o raal ramracan
aitu Uy u, ana we Nk 01 & as a 1vai ICPICBC

abstract group ([3]-[5] and Appendix).

Let us now state two theorems that give insight into the
algebraic structure of group codes.

Theorem 1 [1]:

Yg=Mandg < M!;

ii) the subset H = G formed by the matrices carrying
a given starting vector, say X, into itself (ie., HX; =
{X}) is a subgroup of G;

iii) if g > M, then M | g.

The second part of the first statement in Theorem 1 can



