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Abstract

A cen tral problem in image compression is the nonstationarit y of the input

data. Most image compression metho ds mo del the image as a stationary

source, and the p erformance of these metho ds deteriorates signi�can tly in

nonstationary areas suc h as edges.

Another imp ortan t issue in compression is the use of statistics. If the

statistical c haracteristics of the input can b e mo delled correctly , the image

can b e e�cien tly compressed. Ho w ev er, a correct mo delling often requires

extensiv e training material, whic h is not alw a ys a v ailable. F urthermore, if

the source is nonergo dic in its nature, ev en extensiv e statistics will not help

m uc h for e�cien t compression. This is the reason wh y univ ersal compression

metho ds and adaptiv e en trop y co ding metho ds are b ecoming more and more

p opular.

In this study , a no v el hierarc hical compression metho d that is quite in-

sensitiv e to c hanges in signal c haracteristics is presen ted. The metho d is

based on a univ ersal compression tec hnique called en umerativ e co ding. The

results of the exp erimen ts on computer-generated data pro v e this insensitiv-

it y . A detailed computational complexit y analysis sho ws that the metho d

has reasonable computational complexit y .

Hierarc hical en umerativ e co ding has a wide application range in image

compression. A collection of these applications are also presen ted in this the-

sis. The presen ted applications consist of binary image compression, o v er-

head compression, DCT-based image compression, and w a v elet-based image

compression. F or eac h application, the p erformance of hierarc hical en umer-

ativ e co ding is compared to that of alternativ e en trop y co ding tec hniques.

According to these comparisons, hierarc hical en umerativ e co ding ac hiev es

comp etetiv e p erformance in all of these applications.

iii



iv



Preface

This thesis is the result of the researc h w ork that w as carried out at the Signal

Pro cessing Lab oratory of T amp ere Univ ersit y of T ec hnology in 1999. I w ould

lik e to thank m y sup ervisor, Professor Jaakk o Astola, for his sup ervision,

encouragemen t, understanding, and patience.

My thanks also go to all the p eople in the Signal Pro cessing Lab oratory

for making m y w ork place a pleasan t one, and for con tributing to the in ter-

activit y of the w orking atmosphere. Esp ecially , I w ould lik e to thank Mrs.

Ru � sen

•

Oktem, Professor Karen Eguiazarian, Dr. Ily a Shm ulevic h, Mr. Bog-

dan Dobrin and Mr. Hak an

•

Oktem for their though t-pro v oking questions and

creativ e suggestions. Mrs. Ru � sen

•

Oktem is also due sp ecial thanks for b eing

the ma jor con tributor of the w ork that is presen ted in Chapter 8.

I w ould lik e to thank m y previous Ph.D. sup ervisor, Professor Lev en t

On ural, for his signi�can t con tributions to m y bac kground in DSP .

I am grateful to m y pro ject partners Dr. Mik a Helsingius and Mr. P asi

Rustanius, and to m y pro ject sup erior Professor P auli Kuosmanen for their

supp ortiv eness, friendliness and understanding.

I wish to thank all m y friends and relativ es in Finland, in T urk ey , in

Ireland, and in the USA, for their helps and supp orts. I w ould lik e to grate-

fully ac kno wledge the encouragemen t of Professor A. Enis C � etin from Bilk en t

Univ ersit y as one of the ma jor driv es whic h led me bac k to univ ersit y .

I am grateful to the review ers of this thesis, Professor Charles Boncelet

and Professor A. Enis C � etin, for their v aluable suggestions and commen ts.

Finally , I w ould lik e to thank m y wife Ru � sen, m y son Um ut Can, m y

brother Hak an, m y paren ts Ay � se G • ulg • un and

•

Unal, m y aun ts Berrin C � elik el

and Zerrin C � ekirge, m y brother-in-la w Olca y G • uldo� gan, and m y paren ts-in-

la w Ay � se and Ali � san G • uldo� gan for their care and supp ort.

Lev en t

•

Oktem, T amp ere, Octob er 1999

v



vi



Con ten ts

Abstract iii

Preface v

1 In tro duction and an Ov erview of En trop y Co ding 1

1.1 What is En trop y Co ding? : : : : : : : : : : : : : : : : : : : : 2

1.2 Hu�man Co ding : : : : : : : : : : : : : : : : : : : : : : : : : 3

1.3 Arithmetic Co ding : : : : : : : : : : : : : : : : : : : : : : : : 7

1.4 Ziv-Lemp el Co ding : : : : : : : : : : : : : : : : : : : : : : : : 13

1.4.1 LZ77 : : : : : : : : : : : : : : : : : : : : : : : : : : : : 13

1.4.2 LZ78 : : : : : : : : : : : : : : : : : : : : : : : : : : : : 15

1.4.3 LZW : : : : : : : : : : : : : : : : : : : : : : : : : : : : 16

1.5 En umerativ e Co ding : : : : : : : : : : : : : : : : : : : : : : : 17

1.5.1 Lync h-Da visson Co ding Sc heme : : : : : : : : : : : : : 18

1.5.2 V ariable-Length-T o-Blo c k Co ding Sc heme : : : : : : : 21

1.5.3 A Generalized F ramew ork : : : : : : : : : : : : : : : : 24

1.5.4 Commen ts Ab out En umerativ e Co ding : : : : : : : : : 25

2 Hierarc hical En umerativ e Co ding 27

2.1 En umerativ e Enco ding of Bounded In tegers : : : : : : : : : : 27

2.1.1 Enco der : : : : : : : : : : : : : : : : : : : : : : : : : : 29

2.1.2 Deco der : : : : : : : : : : : : : : : : : : : : : : : : : : 31

2.2 Baseline sc heme : : : : : : : : : : : : : : : : : : : : : : : : : : 32

2.2.1 An Example : : : : : : : : : : : : : : : : : : : : : : : : 33

2.3 Impro v em en ts, Extensions and V arian ts : : : : : : : : : : : : : 35

2.3.1 Starting F rom an In termediate La y er : : : : : : : : : : 35

2.3.2 Changing the Enco ding Order : : : : : : : : : : : : : : 36

2.3.3 Non uniform Substring Size : : : : : : : : : : : : : : : : 37

vii



2.3.4 Run-Time Mo di�cation of the T ree T op ology : : : : : : 38

2.3.5 Using a Di�eren t En umerativ e Co de

in the Lo w est La y er : : : : : : : : : : : : : : : : : : : : 39

2.4 Squeezing F or The Last Bit : : : : : : : : : : : : : : : : : : : 40

2.4.1 Mo dulation T ec hnique : : : : : : : : : : : : : : : : : : 40

2.4.2 A Statistical Cure : : : : : : : : : : : : : : : : : : : : : 42

3 Implem en tation Issues 45

3.1 Complexit y Analysis of the Baseline Sc heme : : : : : : : : : : 45

3.1.1 Enco der : : : : : : : : : : : : : : : : : : : : : : : : : : 45

3.1.2 Deco der : : : : : : : : : : : : : : : : : : : : : : : : : : 51

3.2 P arameter Selection Strategies : : : : : : : : : : : : : : : : : : 54

3.2.1 Meeting the Constrain t on Arithmetic

Register Width : : : : : : : : : : : : : : : : : : : : : : 54

3.2.2 Meeting the Constrain t on Storage : : : : : : : : : : : 56

4 Exp erim en ts on Computer Generated Data 59

4.1 Exp erimen ts on Lo cally Stationary Memoryless Binary Sources 59

4.2 Exp erimen ts on Mark o vian Binary Sources : : : : : : : : : : : 61

4.2.1 Customization of the Hierarc hical Sc heme : : : : : : : 61

4.2.2 Exp erimen tal Results : : : : : : : : : : : : : : : : : : : 68

5 Application: Binary Image Compression 71

5.1 Con�guration : : : : : : : : : : : : : : : : : : : : : : : : : : : 71

5.2 Exp erimen tal Setup : : : : : : : : : : : : : : : : : : : : : : : : 73

5.3 Results : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 73

6 Application: Ov erhead Compression 81

6.1 Compression of Quadtree Represen tation : : : : : : : : : : : : 82

6.1.1 Exp erimen tal Setup : : : : : : : : : : : : : : : : : : : : 84

6.1.2 Results : : : : : : : : : : : : : : : : : : : : : : : : : : : 86

6.2 Compression of Switc hing Information : : : : : : : : : : : : : 88

6.2.1 Exp erimen tal Setup : : : : : : : : : : : : : : : : : : : : 88

6.2.2 Results : : : : : : : : : : : : : : : : : : : : : : : : : : : 89

7 Application: DCT Based Image Compression 91

7.1 Ov erview of a T ypical DCT Based Image Co der : : : : : : : : 92

7.1.1 DCT : : : : : : : : : : : : : : : : : : : : : : : : : : : : 92

viii



7.1.2 Quan tization : : : : : : : : : : : : : : : : : : : : : : : 93

7.1.3 En trop y Co ding : : : : : : : : : : : : : : : : : : : : : : 94

7.1.4 An Example : : : : : : : : : : : : : : : : : : : : : : : : 96

7.2 Hierarc hical En umerativ e Co ding of DCT Co e�cien ts : : : : : 99

7.2.1 Rearrangemen t of DCT Co e�cien ts : : : : : : : : : : : 99

7.2.2 Hierarc hical En umerativ e Co ding of Rearranged Se-

quence : : : : : : : : : : : : : : : : : : : : : : : : : : : 99

7.3 Exp erimen tal Setup and Results : : : : : : : : : : : : : : : : : 100

8 Application: W a v elet Based Image Compression 103

8.1 Ov erview of a W a v elet Based Image Co der : : : : : : : : : : : 104

8.1.1 Multiscale Represen tation of an Image : : : : : : : : : 104

8.1.2 W a v elet T ransform of an Image : : : : : : : : : : : : : 106

8.1.3 Quan tization and En trop y Co ding of

W a v elet Co e�cien ts: A Case Study : : : : : : : : : : : 108

8.2 Emplo yme n t of Hierarc hical En umerativ e Co ding in MR WD : 110

8.3 Exp erimen tal Setup and Results : : : : : : : : : : : : : : : : : 111

9 Discussion 115

Bibliograph y 117

ix



x



List of Figures

1.1 Sample Hu�man tree for a 4-sym b ol alphab et : : : : : : : : : 4

1.2 First step in constructing the Hu�man tree for the example. : 5

1.3 Second step in constructing the Hu�man tree. : : : : : : : : : 5

1.4 Final form of the Hu�man tree for the example. Lea v es of the

tree denote the full co dew ords, and are mark ed b y circles. : : : 6

1.5 Canonical Hu�man tree for the example. : : : : : : : : : : : : 7

2.1 Sum-up tree : : : : : : : : : : : : : : : : : : : : : : : : : : : : 33

2.2 Sum-up tree for the example : : : : : : : : : : : : : : : : : : : 34

2.3 Example sum-up tree with run-time mo di�cation of top ology 38

2.4 Hu�man tree for �v e equally probable outcomes of the ordinal 42

5.1 Sum-up tree for binary image application : : : : : : : : : : : : 72

5.2 T est image 1: a letter page. This image is obtained b y sub-

sampling CCITT test image no.1 : : : : : : : : : : : : : : : : 75

5.3 T est image 2: a dra wing. This image is obtained b y subsam-

pling CCITT test image no.2 : : : : : : : : : : : : : : : : : : : 76

5.4 T est image 3: a page com bining handwriting and a banner.

This image is obtained b y subsampling CCITT test image no.8 77

5.5 T est image 4: a halftone v ersion of lake : : : : : : : : : : : : : 78

5.6 T est image 5: a halftone picture of the author : : : : : : : : : 78

5.7 T est image 6: a handwritten letter : : : : : : : : : : : : : : : 79

5.8 T est image 7: a banner : : : : : : : : : : : : : : : : : : : : : : 80

5.9 T est image 8: a scien ti�c plot : : : : : : : : : : : : : : : : : : 80

6.1 A 128x128 p ortion of the test image p epp ers , divided in to

square blo c ks of sizes 64 � 64, 32 � 32, 16 � 16, and 8 � 8 : : 82

xi



6.2 The quadtree asso ciated with the segmen tation in Figure 6.1.

No des are denoted b y circles, and they corresp ond to splitted

blo c ks. Lea v es are denoted b y squares, and they corresp ond

to non-splitted blo c ks. : : : : : : : : : : : : : : : : : : : : : : 83

6.3 Quadtree segmen tations of test image p epp ers . The upp er one

has t

l

= 5, and the lo w er one has t

l

= 25. : : : : : : : : : : : : 85

6.4 512 � 512 p epp ers image decomp osed in to smo oth v ersus de-

taile d regions comp osed of 8 � 8 blo c ks. Detaile d blo c ks are

highligh ted. : : : : : : : : : : : : : : : : : : : : : : : : : : : : 89

7.1 The blo c k diagram of a t ypical DCT based image enco der : : 92

7.2 The blo c k diagram of a t ypical DCT based image deco der : : 92

8.1 One stage of the p yramidal w a v elet decomp osition structure : 107

8.2 La y out of the w a v elet transform for depth J = 3 : : : : : : : 107

8.3 One stage of the p yramidal w a v elet reconstruction structure : 108

8.4 The magnitudes of w a v elet transform co e�cien ts for the test

image b ab o on . F or b etter visibilit y , di�eren t bands are scaled

with di�eren t factors.Scaling factor is 2

j +5

for D

d

j

, and 1 for

S

� 4

. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 112

xii



List of T ables

1.1 Sym b ol probabilities for a sample 6-sym b ol alphab et : : : : : 4

1.2 Co dew ords asso ciated with the Hu�man tree in Figure 1.4 : : 6

1.3 Pure arithmetic co ding example : : : : : : : : : : : : : : : : : 10

1.4 Pure arithmetic co ding example with incremen tal transmission

and in terv al zo oming : : : : : : : : : : : : : : : : : : : : : : : 12

1.5 LZ77 example for '00000001000 100 00 ' : : : : : : : : : : : : : : 14

1.6 LZ78 example for '00000001000 100 00 ' : : : : : : : : : : : : : : 16

1.7 LZW example for '0000000100 010 000 ' : : : : : : : : : : : : : : 17

1.8 Lexicographically ordered list of p ossible strings for n = 6,

w = 2 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 19

1.9 LD enco der example : : : : : : : : : : : : : : : : : : : : : : : 20

1.10 LD deco der example : : : : : : : : : : : : : : : : : : : : : : : 21

1.11 List of co dew ord-triggering substrings for VL TB co ding sc heme

with n = 6, p = 1 = 3 : : : : : : : : : : : : : : : : : : : : : : : : 23

2.1 Lexicographically ordered list of v ectors for n = 4, w = 4,

M = 2 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 29

2.2 Lo ok-up table of f

2

( p; q ) v alues for p and q up to 4 : : : : : : 30

2.3 Enco der example for en umerativ e co ding of b ounded in tegers : 30

2.4 Deco der example for en umerativ e co ding of b ounded in tegers : 31

4.1 P erformance comparison for lo cally stationary memoryle ss bi-

nary sources : : : : : : : : : : : : : : : : : : : : : : : : : : : : 61

4.2 Lexicographically ordered list of strings satisfying v

g

= (2 ; 2 ; 2 ; 1) 65

4.3 EF OMBIS enco der example for `011010' : : : : : : : : : : : : 66

4.4 P erformance comparison for �rst order Mark o vian binary sources 69

5.1 Compressed �le sizes in b ytes for the compared binary image

compression formats : : : : : : : : : : : : : : : : : : : : : : : 74

xiii



5.2 Normalized compression p erformances of the compared binary

image compression formats : : : : : : : : : : : : : : : : : : : : 74

6.1 P erformance comparison for the compression of quadtree bits : 87

6.2 P erformance comparison for the compression of switc hing in-

formation : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 90

7.1 P osition of eac h A C co e�cien t in the zigzag scanned sequence 95

7.2 Pixel v alues of an 8x8 image blo c k, sampled from the middle

part of 512x512 test image b ab o on : : : : : : : : : : : : : : : : 96

7.3 DCT of the 8x8 image blo c k of T able 7.2 : : : : : : : : : : : : 97

7.4 Quan tization indices for the DCT blo c k of T able 7.3. Uniform

quan tizer with a step size of 20 is used. : : : : : : : : : : : : : 97

7.5 A mplitude-runlength pairs obtained from the zigzag scan of

the quan tized DCT blo c k of T able 7.4. Asso ciated n um b er of

bits are for a custom Hu�man table. : : : : : : : : : : : : : : 98

7.6 P erformance comparison for the en trop y co ding of quan tized

A C co e�cien ts : : : : : : : : : : : : : : : : : : : : : : : : : : 102

8.1 P erformance comparison for the en trop y co ding of quan tized

w a v elet co e�cien ts in MR WD sc heme. : : : : : : : : : : : : : 113

xiv



Chapter 1

In tro duction and an Ov erview

of En trop y Co ding

Image compression has a fundamen tal imp ortance in image comm uni cation

and storage. A t ypical image compression sc heme �rst manipulates the input

image data in a w a y to obtain a more compact and/or uncorrelated represen-

tation. This manipulation ma y b e in the form of a mapping, transformation,

quan tization, or a com bination of these. The manipulated data is then fed to

an entr opy c o der . Recen t researc h in the �eld of image compression fo cuses

more on the data manipulation stage, and a gro wing n um b er of new tec h-

niques concerning this stage are in tro duced in the recen t y ears. Con v en tional

tec hniques are used in the en trop y co ding stage, and there are relativ ely less

inno v ations concerning this stage. Ho w ev er, the con v en tional en trop y co ding

tec hniques are not v ery e�ectiv e in handling the nonstationarities inheren t in

the image data. Th us, the p erformance of most image compression sc hemes

can b e impro v ed b y utilizing an en trop y co der whic h can handle the nonsta-

tionarities b etter.

This thesis presen ts a no v el hierarc hical en trop y co ding sc heme whic h

pro vides robustness against regional v ariations in image statistics. The de-

scription and analysis of the sc heme is follo w ed b y its in tegration in to v arious

image compression applications. The organization of the thesis is as follo ws:

the next sections of this c hapter giv e an o v erview of en trop y co ding. The

main theme of this thesis, hierarc hical en umerativ e co ding, is presen ted in

Chapter 2. Chapter 3 fo cuses on the implem en tation issues concerning hi-

erarc hical en umerativ e co ding, suc h as computational complexit y analysis

and parameter selection strategies. Chapter 4 in v estigates the robustness

1



of the sc heme against the 
uctuations in the statistics of the input signal

b y exp erimen ts on computer-generated data. This c hapter also con tains the

form ulation of an imp ortan t v arian t of the hierarc hical sc heme: the hierar-

c hical en umerativ e co der for �rst order Mark o vian binary sources. The later

c hapters in v olv e the in tegration of hierarc hical en umerativ e co der to v arious

image compression applications, together with comparisons to alternativ e

en trop y co ding metho ds in similar con texts. Chapter 5 deals with binary im-

age compression. Chapter 6 studies the compression of o v erhead information

suc h as quadtree represen tation of segmen tation and blo c k-based switc hing

information. DCT-based image compression is studied in Chapter 7, and

w a v elet-based image compression in Chapter 8. The last c hapter, Chapter

9, is Discussion.

1.1 What is En trop y Co ding?

An y compression metho d in v olv es an en trop y co der. In most general terms,

an en trop y co der is an in v ertible mapping from a sequence of events to a

sequence of bits . The ob jectiv e of entr opy c o ding is the minim iz ation of the

n um b er of bits in the bit sequence, while main taining the in v ertibili t y of the

mapping. The w a y of de�ning the particular events can also b e considered

a part of en trop y co ding, esp ecially when the mapping is time-v arying or

adaptiv e. Alternativ ely , the en trop y co der can b e considered to de�ne its

o wn set of interme diate events , based on the input sequence of events as

de�ned externally .

En trop y co ding has b een extensiv ely studied in the literature, particu-

larly under the discipline of Information The ory . This c hapter giv es a brief

o v erview of p opular en trop y co ding sc hemes, and discusses their adv an tages

and disadv an tages. This discussion is a partial answ er to the question \Wh y

w ould w e need another en trop y co ding sc heme?".

Let X = x

1

x

2

: : : x

n

b e a sequence of indep enden t input sym b ols, eac h

sym b ol taking on v alues from a �nite alphab et A = f a

1

; a

2

; : : : ; a

m

g . Let

p

ij

denote the probabilit y that x

i

, the i

th

sym b ol in the sequence, tak es the

v alue a

j

. The en trop y of the sequence is de�ned as

H ( X ) = �

n

X

i =1

m

X

j =1

p

ij

log

2

p

ij

(1.1)

Shannon's Source Co ding Theorem [1] states that the en trop y of the se-

2



quence is the lo w er b ound on the exp ected v alue of the n um b er of bits that

is required to enco de the sequence. All en trop y co ders aim to approac h this

b ound as closely as p ossible. It is relativ ely easy to approac h the en trop y

limit if the sequence is stationary ( p

ij

= p

ik

for all i , j , k ) and also if the

probabilities are kno wn a priori b oth to enco der and to deco der. When this

is the case, Hu�man co ding [2] is usually the metho d of c hoice, b ecause it is

simple and go o d enough.

1.2 Hu�man Co ding

Giv en the probabilit y of o ccurrence of eac h sym b ol in the alphab et, Hu�man

co des are constructed b y a pro cedure whic h assigns a binary c o dewor d to

eac h sym b ol in the alphab et. These co dew ords ha v e v arying sizes, but a

concatenated sequence of co dew ords can b e uniquely deco ded. The essence

of the co dew ord assignmen t pro cedure is assigning shorter co dew ords to more

lik ely sym b ols. This co dew ord assignmen t is p erformed o�ine.

Giv en the list of co dew ords (often referred to as c o deb o ok ), whenev er the

enco der sees an o ccurrence of a sym b ol (or more generally an o ccurrence of

an event ) it dumps the co dew ord asso ciated with the sym b ol (ev en t) to the

bitstream. On the other side, the deco der parses the bitstream. Whenev er

it detects a full co dew ord, it notes the o ccurrence of the sym b ol (ev en t)

asso ciated with the co dew ord. This can b e p erformed uniquely , b ecause

Hu�man co des are pr e�x c o des : no co dew ord in a Hu�man co deb o ok is a

pre�x (starting part) of another co dew ord in the same co deb o ok.

Due to the pre�x prop ert y , the Hu�man co deb o ok can b e fully represen ted

b y a binary tree, ha ving sym b ols on the lea v es of the tree (Figure 1.1). The

co dew ord asso ciated with a giv en sym b ol is giv en b y the path from the ro ot

of the tree to the sym b ol: taking a left branc h denotes a 0, and taking a righ t

branc h denotes a 1.

The Hu�man co dew ord assignmen t pro cedure is in fact the pro cedure of

constructing the Hu�man tree, and it can b est b e describ ed on an example.

Consider a 6-sym b ol alphab et with sym b ol probabilities giv en in T able 1.1.

The follo wing steps will construct the Hu�man tree for the giv en probabili-

ties.

First, the sym b ols are sorted in descending order of their probabilities.

The t w o sym b ols ha ving least probabilities are merged together to form a

no de, and the no de is assigned a probabilit y equal to the sum of the prob-
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a11

 0

a2

100

a3

 101

a4

11100

 10

101

11

 1 0

Figure 1.1: Sample Hu�man tree for a 4-sym b ol alphab et

abilities of the t w o least probable sym b ols. This no de is lik e a new sym b ol

replacing the t w o sym b ols in later stages of tree construction, and it can b e

view ed as the ev en t that `either one of the t w o least probable sym b ols ha v e

o ccurred' (Figure 1.2). Of course, this is an ev en t whic h needs further clar-

i�cation, a 1-bit follo w-up that signals whic h one of the t w o has o ccurred.

The binary branc hing from this no de to the t w o sym b ols (or equiv alen tly the

merging of the t w o sym b ols in to a no de) stands for this 1-bit follo w-up.

In the next step, the t w o sym b ols whic h had b een merged in to a no de in

the �rst step are replaced b y this no de, and the sorting in descending order

Sym b ol Probabilit y

a

1

0.11

a

2

0.24

a

3

0.08

a

4

0.17

a

5

0.37

a

6

0.03

T able 1.1: Sym b ol probabilities for a sample 6-sym b ol alphab et
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a aaa a a5 2 4 1 3 6

0.37 0.24 0.17 0.11 0.08 0.03

0.11

 a  ,a  {          } 3 6

Figure 1.2: First step in constructing the Hu�man tree for the example.

of probabilities is rep eated. Again, t w o least probable sym b ols/no des are

merged in to a no de (Figure 1.3).

 a  ,a  {          } 3 6

0.11

a aaa5 2 4 1

0.37 0.24 0.17 0.11

a a3 6

0.08 0.03

0.22
3 61 a  , a  , a  {                  } 

Figure 1.3: Second step in constructing the Hu�man tree.

These sorting-merging iterations are con tin ued un til there is only one

no de, r o ot of the tree, remaining. Figure 1.4 sho ws the Hu�man tree af-

ter the �nal iteration, and T able 1.2 sho ws the co dew ords assigned to eac h

sym b ol. It should b e noted that the Hu�man tree (th us Hu�man co de) for

a giv en set of probabilities is not unique. Ho w ev er, the exp ected v alue of

p er-sym b ol co dew ord length is the same for all p ossible Hu�man trees asso-

ciated with the giv en probabilit y set. A Hu�man tree can b e reorganized b y

sw apping no des/sym b ols at the same depth. Figure 1.5 sho ws the c anonic al

Hu�man tree obtained b y reorganizing the tree in Figure 1.4. This form is
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often preferred for its impleme n tational adv an tages. Note that the co dew ord

lengths is not a�ected b y this reorganization.

With the co dew ord lengths in T able 1.2, the exp ected v alue of p er-sym b ol

co dew ord length is 2.33, where the p er-sym b ol en trop y limit can b e computed

from Equation (1.1) as 2.253. F or this example, the Hu�man co de has an

ine�ciency of 100 �

2 : 33 � 2 : 253

2 : 253

= 3 : 42%.

 a  ,  a  ,  a  ,  a  ,  a  ,  a  1 2 3 4 5 6

{ 1 3 4 6 a  ,  a  ,  a    a  , 
0.39

 a  4
0.17

{ 2 5 a  ,  a  }
0.61

 a  5  a  2
0.37 0.24

{ }
1.00

}

{ 1 3 6 a  ,  a a  , 
0.22

}

 a  1
0.11

{ 3 6 a  ,  a  }
0.11

3  a  6
0.08 0.03

 a  

Figure 1.4: Final form of the Hu�man tree for the example. Lea v es of the

tree denote the full co dew ords, and are mark ed b y circles.

Sym b ol Co dew ord Co dew ord Length

a

1

000 3

a

2

11 2

a

3

0010 4

a

4

01 2

a

5

10 2

a

6

0011 4

T able 1.2: Co dew ords asso ciated with the Hu�man tree in Figure 1.4

Hu�man co de has no ine�ciency when all the sym b ol (ev en t) probabil-

ities are negativ e in teger p o w ers of 2. The ine�ciency of a Hu�man co de
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 a   a  3 6

 a  1

 a  2  a  4  a  5 

Figure 1.5: Canonical Hu�man tree for the example.

for a stationary source do es not exceed 1 bit/sym b ol. The p ercen tage inef-

�ciency can b e reduced to arbitrarily small v alues b y com bining a blo c k of

consecutiv e sym b ols in to an ev en t. F or the previous example, if w e co ded a

blo c k of t w o sym b ols at a time, w e w ould ha v e a Hu�man tree for 36 ev en ts:

a

1

a

1

; a

1

a

2

; a

1

a

3

; : : : ; a

6

a

5

; a

6

a

6

. Eac h Hu�man co dew ord w ould enco de t w o

consecutiv e outcomes in the sequence. This w a y , the exp ected v alue of p er

event co dew ord length can b e increased arbitrarily , whereas p er event in-

e�ciency is upp er b ounded b y 1 bit/sym b ol. Ho w ev er, this exp onen tially

increases the co deb o ok size, and there is a practical limit on the size of the

blo c k of sym b ols.

The ma jor dra wbac k of Hu�man co ding is the di�cult y in adapting to

c hanges in the statistics. The sym b ol o ccurrence probabilities are not alw a ys

giv en a priori. And ev en when there is an initial estimate, the o ccurrence

probabilities migh t c hange o v er time. This w ould require the Hu�man tree

to b e adapted [3] during the co ding, and this is a v ery complex op eration,

impacting the biggest adv an tage of Hu�man co ding, namely simplicit y .

1.3 Arithmetic Co ding

Arithmetic Co ding [4]-[6] is w ell kno wn for its e�ciency and adaptibilit y .

Instead of assigning a co dew ord for eac h sym b ol, this metho d enco des the

7



sequence of sym b ols join tly . T o summarize in one sen tence, arithmetic co der

represen ts the outcome of a sequence b y the join t cum ulativ e probabilit y

function of the outcome, using just enough precision to di�eren tiate it from

the cum ulativ e probabilit y of other outcomes. It can reac h the theoretical

statistical limit in Equation (1.1), if it is supplied with accurate probabilities.

The algorithmic description of arithmetic co ding is presen ted b elo w. This

description is partly summarized from [7], whic h is a comprehensible tuto-

rial on arithmetic co ding (Another go o d tutorial is [8]). The algorithm is

describ ed for enco ding an i.i.d. (indep enden t iden tically distributed) binary

string, but generalization to larger alphab et sizes is straigh tforw ard.

The conceptual algorithm of arithmetic co ding is as follo ws:

1. Initialize the curr ent interval , [ L; H ) to [0,1)

2. F or eac h binary digit in the string

(a) Sub divide the curren t in terv al in to t w o sub-in terv als, left sub-

in terv al corresp onding to an input binary digit of 0, and righ t

sub-in terv al corresp onding to a 1. The prop ortional size of the

left sub-in terv al with resp ect to the curren t in terv al is equal to

the probabilit y of o ccurrence of a 0 for the binary digit b eing

pro cessed.

(b) If the digit is a 0, left sub-in terv al is selected. If the digit is a 1,

righ t sub-in terv al is selected. The selected sub-in terv al b ecomes

the curr ent interval .

3. Represen t the �nal in terv al b y a binary fractional n um b er of just-

enough pr e cision . Giv en a �nal in terv al [ L; H ), the precision su�ciency

condition for an m -digit binary fractional n um b er f 2 [ L; H ) is that

the in terv al [ f ; f + 2

� m

) totally lies within [ L; H ). The fractional n um-

b er with just-enough precision is the one ha ving minim um n um b er of

digits among su�cien t-precision fractional n um b ers.

The size of the �nal in terv al is equal to the probabilit y of o ccurrence

of the whole string. Note that all p ossible string outcomes are mapp ed

in to m utually exclusiv e in terv als, the size of eac h in terv al b eing prop ortional

to the probabilit y of the outcome asso ciated with the in terv al. F ollo wing

the argumen t in Step 3 ab o v e, let us �nd the b ounds on the length of an

8



arithmetic co de (i.e. n um b er of bits m used in the fractional binary n um b er

f ) that is used to represen t a string outcome ha ving a join t probabilit y of p .

First, since [ f ; f + 2

� m

) � [ L; H ), w e ha v e the inequalit y

2

� m

� p ) m � � log

2

p (1.2)

On the other hand, the size of the in terv al [ f ; f +2

� m

) cannot b e v ery small

if f has lo w est su�cien t precision. Consider the case when three subsequen t

in terv als of size 2

� m

, eac h ha ving a lo w er b ound giv en b y an m -bit fractional

n um b er, are totally lying within the in terv al [ L; H ). This w ould mean that

there exists an in terv al of size 2 � 2

� m

= 2

� ( m � 1)

, starting at an (m-1) -bit

fractional n um b er, whic h means that m is not the lo w est su�cien t precision.

In other w ords, for m to b e lo w est su�cien t precision, 2

� m

should b e large

enough so that three in terv als will not �t in to [ L; H ). So, 2

� m

is guaran teed

to b e larger than one fourth of the size of [ L; H ). Then,

2

� m

>

p

4

) m < � log

2

p + 2 (1.3)

Com bining equations (1.2) and (1.3), w e get the b ounds on the length of

an arithmetic co de for a sequence with probabilit y p :

� log

2

p � m < � log

2

p + 2 (1.4)

Note that these b ounds are for the whole sequence. Th us, the constan t

2 in the upp er b ound is negligible. The optimalit y of the arithmetic co de

can b e seen b y taking the exp ectation of eac h side in Equation(1.4), and

then dividing eac h side b y the n um b er of sym b ols in the sequence: the lo w er

limit b ecomes the p er-sym b ol en trop y limit, and the upp er limit b ecomes

arbitrarily close to lo w er limit as the n um b er of sym b ols in the sequence

b ecomes larger.

The conceptual algorithm describ ed so far is referred to as \pure arith-

metic co ding". T able 1.3 demonstrates the op eration of the enco der on an

example. It is assumed that the input sequence is a binary i.i.d. source,

where the probabilit y of o ccurrence of 0 is 3 = 4 for eac h digit. The enco der

enco des the input string `001010'.

In this example, the �nal in terv al is

h

513

1024

;

2133

4096

�

. Its size is equal to the

probabilit y of the outcome:

2133

4096

�

513

1024

=

81

4096

=

�

3

4

�

4

�

1

4

�

2

. In binary ,

this in terv al is [0 : 1000000 : : : ; 0 : 1000010 : : : ). All binary n um b ers starting
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Action Subin terv als

Start [0 ; 1)

Sub divide in to one of:

h

0 ;

3

4

�

;

h

3

4

; 1

�

Input 0 , select left subin terv al

h

0 ;

3

4

�

Sub divide in to one of:

h

0 ;

9

16

�

;

h

9

16

;

3

4

�

Input 0 , select left subin terv al

h

0 ;

9

16

�

Sub divide in to one of:

h

0 ;

27

64

�

;

h

27

64

;

9

16

�

Input 1 , select righ t subin terv al

h

27

64

;

9

16

�

Sub divide in to one of:

h

27

64

;

135

256

�

;

h

135

256

;

9

16

�

Input 0 , select left subin terv al

h

27

64

;

135

256

�

Sub divide in to one of:

h

27

64

;

513

1024

�

;

h

513

1024

;

135

256

�

Input 1 , select righ t subin terv al

h

513

1024

;

135

256

�

Sub divide in to one of:

h

513

1024

;

2133

4096

�

;

h

2133

4096

;

135

256

�

Input 0 , select left subin terv al

h

513

1024

;

2133

4096

�

T able 1.3: Pure arithmetic co ding example

with 0 : 1000001 are within this in terv al, so an output of 1000001 uniquely

represen ts this in terv al, using 7 bits.

There are t w o ma jor problems asso ciated with the ab o v e implem en tation.

First, shrinking the curren t in terv al requires v ery high precision. Secondly ,

no bits are output un til all the input stream is pro cessed.

A solution to these problems is as follo ws: when the most signi�can t bit

in the binary represen tation of the lo w er b ound of the curr ent interval is the

same as that of the upp er b ound, output this common bit, and \zo om" the

curr ent interval t wice b y mapping the relev an t half (either [0 ; 0 : 5) or [0 : 5 ; 1),

dep ending on the common bit) to [0 ; 1). This metho d b y itself, ho w ev er, will

not prev en t the curr ent interval from shrinking to o m uc h if the lo w er and

upp er b ounds get close to 0.5, with L < 0 : 5 < U . In [8], the follo wing remedy

is prop osed for this case: in the case when 0 : 25 � L < 0 : 5 < H � 0 : 75, the

next output bit is not kno wn; but it is kno wn that the output bit follo wing

the next one will ha v e an opp osite v alue. In this case, this opp osite-v alued-bit

is recorded somewhere to b e recalled whenev er the next output bit b ecomes

kno wn, and the curr ent interval is zo omed t wice b y mapping [0.25, 0.75) to

10



[0,1). When incremen tal transmission and in terv al zo oming is emplo y ed, the

algorithm tak es the follo wing form:

1. Initialize [ L; H ) to [0,1), f ol l ow to 0.

2. F or eac h binary digit in the string

(a) Sub divide the curren t in terv al in to t w o sub-in terv als, left sub-

in terv al corresp onding to an input binary digit of 0, and righ t

sub-in terv al corresp onding to a 1. The prop ortional size of the

left sub-in terv al with resp ect to the curren t in terv al is equal to

the probabilit y of o ccurrence of a 0 for the binary digit b eing

pro cessed.

(b) If the digit is a 0, select left sub-in terv al. If the digit is a 1, select

righ t sub-in terv al. Set the selected sub-in terv al as the curr ent

interval .

(c) Apply the incremen tal transmission and in terv al zo oming in a lo op

as follo ws:

i. If the new subin terv al is not a subset of one of the in terv als

[0 ;

1

2

),[

1

4

;

3

4

), or [

1

2

; 1), terminate the lo op.

ii. If the new subin terv al is a subset of [0 ;

1

2

), output a 0 . If

f ol l ow 6= 0, output f ol l ow ones. Set f ol l ow to 0. Zo om the

subin terv al t wice b y mapping [0 ;

1

2

) linearly to [0 ; 1).

iii. If the new subin terv al is a subset of [

1

2

; 1), output a 1 . If

f ol l ow 6= 0, output f ol l ow zeros. Set f ol l ow to 0. Zo om the

subin terv al t wice b y mapping [

1

2

; 1) linearly to [0 ; 1).

iv. If the new subin terv al is a subset of [

1

4

;

3

4

), incremen t f ol l ow .

Zo om the subin terv al t wice b y mapping [

1

4

;

3

4

) linearly to [0 ; 1).

3. Represen t the �nal in terv al b y a binary fractional n um b er of just-

enough pr e cision . This represen tation is the least signi�can t digits of

the o v erall represen tation.

T able 1.4 demonstrates the op eration of the enco der with incremen tal

transmission and in terv al zo oming on the sequence of the previous example.

Note that the output is the same as that of pure arithmetic co der example.

Although the in terv als are brac k eted b y fractional n um b ers, in teger arith-

metic can b e used to represen t and up date the in terv al b ounds. Ev en with
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Action Subin terv als

Start. f ol l ow := 0 [0 ; 1)

Sub divide in to one of:

h

0 ;

3

4

�

;

h

3

4

; 1

�

Input 0 , select left subin terv al

h

0 ;

3

4

�

Sub divide in to one of:

h

0 ;

9

16

�

;

h

9

16

;

3

4

�

Input 0 , select left subin terv al

h

0 ;

9

16

�

Sub divide in to one of:

h

0 ;

27

64

�

;

h

27

64

;

9

16

�

Input 1 , select righ t subin terv al

h

27

64

;

9

16

�

f ol l ow := 0 + 1 = 1, zo om

h

11

32

;

5

8

�

f ol l ow := 1 + 1 = 2, zo om

h

3

16

;

3

4

�

Sub divide in to one of:

h

3

16

;

39

64

�

;

h

39

64

;

3

4

�

Input 0 , select left subin terv al

h

3

16

;

39

64

�

Sub divide in to one of:

h

3

16

;

129

256

�

;

h

129

256

;

39

64

�

Input 1 , select righ t subin terv al

h

129

256

;

39

64

�

Output 100 , f ol l ow := 0, zo om

h

1

128

;

7

32

�

Output 0 , zo om

h

1

64

;

7

16

�

Output 0 , zo om

h

1

32

;

7

8

�

Sub divide in to one of:

h

1

32

;

85

128

�

;

h

85

128

;

7

8

�

Input 0 , select left subin terv al

h

1

32

;

85

128

�

Output 01 , since [0 : 25 ; 0 : 5) �

h

1

32

;

85

128

�

T able 1.4: Pure arithmetic co ding example with incremen tal transmission

and in terv al zo oming

reasonable register widths, it is p ossible to op erate with marginal loss in

compression e�ciency [9]. Ho w ev er, ev en with in teger arithmetic, the com-

putational complexit y is still high. Compromise solutions reducing the com-

plexit y ha v e b een prop osed in [10 ] and [11 ]. Blo c k Arithmetic Co ding [12 ]

can b e considered as another lo w-complexit y solution.

Arithmetic co ding can 
exibly adapt to the c hanges in statistics of the

co ded signal if it is pro vided with correct probabilities, but it do es not con tain

a built-in mec hanism to estimate the probabilities. Algorithm Con text [13 ]
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is a v ery p opular probabilit y estimation algorithm for arithmetic co ding, and

it uses sym b ol frequency coun ts whic h are up dated at eac h input sym b ol.

Computational complexit y is one of the biggest disadv an tages of arith-

metic co ding. It is also di�cult to implem en t. P aten ts ha v e caused an extra

retard in its p opularit y . F ortunately , this will not b e a disadv an tage in the

long run, due to the expiry of the paten ts.

One other disadv an tage is error propagation: since the sym b ols are not

isolated in the bitstream, ev en a 1-bit error w ould propagate through the

whole bitstream.

1.4 Ziv-Lemp el Co ding

Ziv-Lemp el co ding is a v ery p opular univ ersal compression tec hnique. It

has man y v arian ts, and the name of the general metho d comes from the

authors of the �rst pap ers ([15], [16 ]). The v arian ts of Ziv-Lemp el co ding are

sometime s collectiv ely referred to as dictionary metho ds [14 ]. This is b ecause

this family of tec hniques emplo y a dynamic dictionary for strings of input

sym b ols. The enco der tries to matc h strings of input sym b ols to en tries in its

dynamic dictionary . When there is a matc h, the matc hing substring of the

input sym b ols is enco ded b y its index in the dictionary . The dictionary is

up dated during enco ding, so as to adapt to the c haracteristics of the input.

In the follo wing subsections, the most inp ortan t v arian ts of Ziv-Lemp el

co ding will b e summarized. F or simplicit y , w e will assume that the deco der

kno ws the length of the sequence. In the cases when it is not kno wn, the

length can b e signalled explicitly , or end-of-se quenc e ev en t can b e considered

to b e a sym b ol.

1.4.1 LZ77

This metho d is the �rst within the family of Ziv-Lemp el metho ds. It should

b e considered as a `protot yp e', whic h has b een impro v ed (e.g. [17 ]-[19]) o v er

y ears b y v arious con tributors. It emplo ys t w o bu�ers: a se ar ch bu�er and

a lo ok-ahe ad bu�er . The lo ok-ahead bu�er con tains sym b ols to b e enco ded,

whereas the searc h bu�er con tains previously enco ded sym b ols. The size of

the searc h bu�er is limited. Most recen t sym b ols are k ept in this bu�er.

Similarly , the lo ok-ahead bu�er con tains the so onest sym b ols.

The op eration of the LZ77 enco der consists of the follo wing steps:
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1. Initialize se ar ch bu�er to empt y string, lo ok-ahe ad bu�er to �rst sym-

b ols of the sequence.

2. While end-of-se quenc e is not reac hed,

(a) Find the longest matc h b et w een the lo ok-ahe ad bu�er and the

se ar ch bu�er (Find the longest substring of the se ar ch bu�er whic h

is iden tical to the b eginning part of the lo ok-ahe ad bu�er ). If there

is more than one matc h of the same length, tak e the earlier one.

(b) Generate a token , i.e. a triplet ( d; l ; n ) ha ving the follo wing en tries:

d: distance of the b eginning of the matc h from the end of the

se ar ch bu�er .

l: length of the matc h

n: next sym b ol in the lo ok-ahe ad bu�er

(c) Enco de this tok en

(d) Up date the se ar ch bu�er and the lo ok-ahe ad bu�er b y sliding them

l + 1 sym b ols.

In the standard v ersion of the algorithm, the tok en is enco ded using a

�xed n um b er of bits, but the p erformance can b e impro v ed if e.g. Hu�man

co ding is used [20 ]. F or con v enience in up dating the se ar ch bu�er b y sliding,

this bu�er is t ypically implem en te d as a circular bu�er [14].

Iter. searc h lo ok-ahead Matc h T ok en

1 00000001 (0,0,0)

2 0 0 0000010 0 (1,1,0)

3 000 000 01000 000 (3,3,0)

4 0000000 10001000 (0,0,1)

5 0000 0001 0001 0000 0001 (4,4,0)

6 001 000 10 000 000 (5,3, end )

T able 1.5: LZ77 example for '0000000100 01 000 0'

T able 1.5 demonstrates the op eration of the enco der on an example binary

string of '00000001000 100 00 '. It is assumed that the searc h bu�er and the

lo ok-ahead bu�er b oth ha v e a length of 8. In practice, the lo ok-ahead bu�er

is a little longer, and the searc h bu�er is m uc h longer.
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1.4.2 LZ78

This v ersion is c hronologically the second within the family . It uses a dictio-

nary of previously enco ded substrings instead of a searc h bu�er. The tok ens

generated b y the enco der ha v e t w o en tries this time: the index of the matc h-

ing substring in the dictionary , and the next sym b ol. Note that one �eld

(matc h length) is eliminated. On the other hand, the dictionary has to b e

large.

Unlik e the LZ77 algorithm in whic h v ery old sym b ols are 
ushed from

the searc h bu�er, LZ78 do es not ha v e an mec hanism of 'forgetting far past',

except for the ph ysical limits of the co dec. This promises higher e�ciency

for stationary sources, but it has the risk of big ine�ciency when the signal

statistics are c hanging signi�can tly o v er time.

The op eration of the LZ78 enco der consists of the follo wing steps:

1. Initialize dictionary to empt y string, lo ok-ahe ad bu�er to �rst sym b ols

of the sequence.

2. While end-of-se quenc e is not reac hed,

(a) Find the longest en try in the dictionary whic h is iden tical to the

b eginning part of the lo ok-ahe ad bu�er .

(b) Generate a token , i.e. a doublet ( i; n ) ha ving the follo wing en tries:

i: index of the matc h in the dictionary

n: next sym b ol in the lo ok-ahe ad bu�er

(c) Enco de this tok en

(d) Up date the dictionary b y adding the substring whic h is obtained

b y concatenating the matc h and the next sym b ol as a new en try .

This new en try is placed at the end of the dictionary , i.e. its index

is largest among the en tries so far.

(e) Up date the lo ok-ahe ad bu�er b y sliding it l + 1 sym b ols, where l

is the matc h length.

The dictionary is generally implem en te d as a tree so that it can b e

searc hed e�cien tly .

T able 1.6 demonstrates the op eration of the enco der on the example bi-

nary string of '00000001000 10 000 '. The dictionary column sho ws the sub-

string added to the dictionary after the tok en is enco ded. The i

th

item of

this column is the i

th

en try in the dictionary .
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Iter. lo ok-ahead Matc h T ok en dictionary

1 00000001 (0,0) 0

2 0 0000010 0 (1,0) 00

3 00 001000 00 (2,0) 000

4 0 1000100 0 (1,1) 01

5 000 10000 000 (3,1) 0001

6 000 0 000 (3,0) 0000

T able 1.6: LZ78 example for '0000000100 01 000 0'

1.4.3 LZW

This one [21] is v ery p opular. There are also man y LZ v arian ts obtained b y

sligh tly mo difying the LZW algorithm. LZW is similar to LZ78 , except that

its tok ens ha v e only one en try , namely the index of the matc hing substring

in the dictionary . Ha ving one less en try in the tok en means less bits sp en t

for enco ding eac h tok en.

The op eration of the LZW enco der consists of the follo wing steps:

1. Initialize dictionary to set of sym b ols in the alphab et, lo ok-ahe ad bu�er

to �rst sym b ols of the sequence.

2. While end-of-se quenc e is not reac hed,

(a) Find the longest en try in the dictionary whic h is iden tical to the

b eginning part of the lo ok-ahe ad bu�er .

(b) Enco de the index of the matc h in the dictionary

(c) Up date the dictionary b y adding the substring whic h is obtained

b y concatenating the matc h and the next sym b ol as a new en try .

This new en try is placed at the end of the dictionary , i.e. its index

is largest among the en tries so far.

(d) Up date the lo ok-ahe ad bu�er b y sliding it l sym b ols, where l is the

matc h length.

Lik e in LZ78 , the dictionary is usually impleme n ted as a tree.

T able 1.7 demonstrates the op eration of the enco der on the example bi-

nary string of '00000001000 100 00 '. The dictionary column sho ws the sub-

string added to the dictionary after the tok en is enco ded. The i

th

item of
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Coun t lo ok-ahead Matc h T ok en dictionary

1 0

2 1

3 0 0000001 0 1 00

4 00 000010 00 3 000

5 000 01000 000 4 0000

6 0 1000100 0 1 01

7 1 0001000 1 2 10

8 000 10000 000 4 0001

9 10 000 10 7 100

10 000 000 4 000 end

T able 1.7: LZW example for '0000000100 01 000 0'

this column is the i

th

en try in the dictionary . Note that at eac h step, the

last item in the dictionary con tains a sym b ol whic h is not enco ded y et. This

migh t lo ok am biguous on the deco der side, esp ecially if this item is the next

matc h in the sequence. This can b e observ ed in the fourth ro w ( count = 4 )

of T able 1.7. A t the p oin t when the deco der deco des the tok en 3, it do es not

kno w the last sym b ol of the asso ciated substring. Ho w ev er, this am biguit y is

easy to resolv e: The last sym b ol of item 3 is de�ned to b e the �rst sym b ol of

the next tok en. Since the next tok en is also item 3, its last sym b ol is equal

to the �rst sym b ol, whic h is kno wn b y the deco der to b e equal to 0.

All v arian ts of Ziv-Lemp el co ding ha v e a built-in mec hanism for adapting

to the signal statistics. Some v arian ts, suc h as LZ77 , can ev en partly handle

c hanges in the signal statistics o v er time. Ho w ev er, the adaptation time is

slo w. Ziv-Lemp el co ding can b e v ery e�cien t for enco ding long stationary

signals with unkno wn statistics, but it has a limite d e�ciency for compressing

nonstationary signals.

1.5 En umerativ e Co ding

En umerativ e co ding is one of the earliest adaptiv e compression tec hniques

[22], [23], [24 ], [28]. It has b een also used in other areas suc h as optical

and magnetic recording [25]-[27]. The basic idea is conceptually v ery simple:

let us b e giv en an input binary v ector of length n , w of the elemen ts b eing
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ones, and n � w of them b eing zeros. Supp ose w is kno wn. Then, there

are C ( n; w ) =

n !

w !( n � w )!

suc h v ectors, and the ordinal of the giv en v ector in

an en umerated list of all suc h v ectors uniquely represen ts the v ector. When

n has a predetermined kno wn v alue, an en umerativ e enco der enco des the

v ector b y sending the v alue of w �rst, and then sending the ordinal of the

v ector. The represen tation of the ordinal requires d log

2

C ( n; w ) e bits. There

are v ery fast algorithms for generating and deco ding the ordinal, esp ecially

for small n . En umerativ e co ding is sho wn [29] to b e asymptotically optimal

and minimax-univ ersal for binary memoryle ss c hannels.

In the follo wing subsections, t w o metho ds for en umerativ e co ding of bi-

nary sequences are review ed. Then, the extension of en umerativ e co ding to

a more generalized framew ork, due to Co v er [28 ], is presen ted. Finally , the

reasons wh y en umerativ e co ding did not b ecome so p opular is discussed.

1.5.1 Lync h-Da visson Co ding Sc heme

This metho d w as dev elop ed indep enden tly b y Lync h [22] and Da visson [23],

and it is sometime s abbreviated as LD c o ding . It can b e used to enco de a

binary v ector of length n , giv en the n um b er of ones w in the v ector. The

metho d itself do es not include a w a y to enco de w , but states that it can b e

co ded using at most d log

2

( n + 1) e bits, since w tak es on v alues b et w een 0 and

n . Giv en n and w , the LD enco der represen ts the binary string b y its ordinal

in the lexicographically ordered list of all p ossible binary strings ha ving size

n and con taining exactly w ones. The enco ding and deco ding algorithms

are v ery fast, esp ecially for small blo c k sizes. It should b e noted that the

binomial co e�cien ts used in the follo wing algorithms are read from lo ok-

up tables in implem en tations. When blo c k size gets larger, computational

complexit y increases due to the increase in the required arithmetic register

width, and due to the increased storage requiremen ts.

Enco der

The op eration of the LD enco der consists of the follo wing steps:

1. Initialize or dinal to 0, left ones to w .

2. F or i = 0 to n � 1,

� If the i

th

digit is a one,
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{ Decremen t left ones b y 1.

{ Add C ( n � i � 1 ; left ones +1) to or dinal .

3. output or dinal , using d log

2

C ( n; w ) e bits.

Let us enco de the binary string `001010', assuming that n = 6 and w = 2

is kno wn to b oth enco der and deco der. T able 1.8 sho ws the lexicographically

ordered list of p ossible binary strings for this case, where indexing starts at

0. F rom this table, w e see that the string `001010' is at �fth ro w, asso ciated

with the ordinal 4. Th us, the enco der should generate `4'.

ordinal string

0 000011

1 000101

2 000110

3 001001

4 001010

5 001100

6 010001

7 010010

8 010100

9 011000

10 100001

11 100010

12 100100

13 101000

14 110000

T able 1.8: Lexicographically ordered list of p ossible strings for n = 6, w = 2

The pro cess of enco ding the string `001010' is summarized in T able 1.9.

The left ones column sho ws the n um b er of ones that ha v e not b een encoun-

tered y et. The add column sho ws the n um b er b eing added to or dinal at the

curren t step, and the or dinal column sho ws the v alue of or dinal after this

addition.

The �rst one is encoun tered at the p osition of 2. This dictates that in

the lexicographically ordered list of p ossible strings, our string comes after
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Position of enc ounter e d one left ones add or dinal

2 1 C (6 � 2 � 1 ; 1 + 1) = 3 3

4 0 C (6 � 4 � 1 ; 0 + 1) = 1 4

T able 1.9: LD enco der example

those strings ha ving all zeros in their �rst three p ositions. The n um b er of

these strings is equal to C (6 � 2 � 1 ; 1 + 1) = 3, so 3 is added to or dinal (It

can b e v eri�ed from T able 1.8 that these three strings are `000011', `000101',

and `000110'). Then, next one is encoun tered at the p osition of 4. This

dictates that our string also comes after those strings whic h ha v e their �rst

four digits iden tical to our string and ha ving 0 as the �fth digit. In other

w ords, our string comes after those strings starting with `00100'. There is

C (6 � 4 � 1 ; 0 + 1) = 1 suc h string (`001001') in the list, so 1 is added to

or dinal . The �nal output is 4, represen ted in d log

2

15 e = 4 bits. The binary

output is th us `0100'.

Deco der

The LD deco der op erates as follo ws:

1. Initialize index to or dinal , left ones to w , output string to empt y .

2. F or i = 0 to n � 1,

� If index < C ( n � i � 1 ; left ones ),

{ Set the i

th

digit of output string to 0

� Else,

{ Set the i

th

digit of output string to 1

{ Decremen t index b y C ( n � i � 1 ; left ones ),

{ Decremen t left ones b y 1.

3. Output output string .

Consider the deco ding of the ordinal generated b y the enco der in the

previous example ( n = 6, w = 2). The deco der is input the ordinal 4, and

it is exp ected to deco de the original string `001010'. The deco ding steps are
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sho wn in T able 1.10. The index and left ones columns sho w the v alues at the

en try to the deco ding step. If the v alues are mo di�ed, the mo di�ed v alues are

sho wn on a separate ro w (Mo di�cations o ccur when a 1 is deco ded). The last

column of the table, scanned from top to b ottom, giv es the deco ded string,

namely `001010'.

i index c omp ar e left ones de c o de d bit

0 4 C (6 � 0 � 1 ; 2) = 10 > index 2 0

1 4 C (6 � 1 � 1 ; 2) = 6 > index 2 0

2 4 C (6 � 2 � 1 ; 2) = 3 � index 2 1

4-3=1 2-1=1

3 1 C (6 � 3 � 1 ; 1) = 2 > index 1 0

4 1 C (6 � 4 � 1 ; 1) = 1 � index 1 1

1-1=0 1-1=0

5 0 C (6 � 5 � 1 ; 0) = 1 > index 0 0

T able 1.10: LD deco der example

1.5.2 V ariable-Length-T o-Bl o c k Co ding Sc heme

This metho d w as prop osed b y Sc halkwijk [24]. The pap er prop oses t w o

sc hemes: a v ariable-length-to-blo c k ( VL TB ) co ding sc heme , and a blo c k-to-

v ariable-length co ding sc heme. The latter sc heme is the same as LD c o ding

describ ed ab o v e, as p oin ted out b y Da visson in [30]. The pap er also presen ts

a generalization of the en umeration algorithm for q -ary sequences, giv en the

w eigh t (i.e. the n um b er of o ccurrence) of eac h q -ary sym b ol in the sequence.

Ho w ev er, this generalized sc heme is not computationally practical. In this

subsection, the VL TB co ding sc heme will b e describ ed.

The sc heme is designed for the enco ding of memoryless binary sources. It

assumes that a digit's probabilit y of b eing equal to one is a kno wn constan t

probabilit y p .

Enco der

The enco der generates �xed-length co dew ords for input substrings of v arying

length. Giv en a size parameter n and probabilit y p , the co dew ord length is
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d log

2

C ( n; d pn e ) e . Eac h input substring con tains at most w = d pn e ones and

at most z = n � w zeros. The enco der op erates as follo ws:

� While end-of-se quenc e is not reac hed,

1. Initialize i to 0, substring to empt y string, s

0

to 0, s

1

to 0

2. While s

0

< z and s

1

< w ,

{ Input a binary digit from sequence and store to substring [ i ].

{ If the input digit is a 0,

� Incremen t s

0

b y 1

{ Else,

� Incremen t s

1

b y 1

{ Incremen t i b y one

3. If ( s

0

== z ),

{ Complete the size of substring to n b y padding n � i ones.

4. Else,

{ Complete the size of substring to n b y padding n � i zeros.

5. A t this p oin t, substring has a size of n , and exactly w of them are

ones. Enco de it b y en umeration (i.e. as in LD c o ding ).

During enco ding, a co dew ord is triggered whenev er a prop er substring is

encoun tered. As an example with n = 6 and p = 1 = 3 , co dew ord-triggering

substrings are tabulated in T able 1.11. The substrings are sho wn in b oldface.

The non-b oldface su�xes are the padded bits. The ordinal asso ciated with

eac h substring, represen ted in 4 bits, is the co dew ord for the substring. The

substring lengths v ary b et w een 2 and 5. In general, the substring lengths

v ary b et w een min ( w ; z ) and n � 1.

Note that the w eigh ts are not transmitted in the VL TB sc heme. Ho w ev er,

there is an o v erhead due to enco ding the padded bits. The exp ected n um b er

of source digits p er blo c k is asymptotically equal to n , and the n um b er of

bits p er blo c k is asymptotically equal to n

_

H ( p ), where H ( p ) is the en trop y of

the memoryl ess binary c hannel([24 ]). In short, this sc heme is asymptotically

optimal for memoryl ess binary c hannels.
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ordinal string

0 0000 11

1 00010 1

2 00011 0

3 00100 1

4 00101 0

5 0011 00

6 01000 1

7 01001 0

8 0101 00

9 011 000

10 10000 1

11 10001 0

12 1001 00

13 101 000

14 11 0000

T able 1.11: List of co dew ord-triggering substrings for VL TB co ding sc heme

with n = 6, p = 1 = 3

Deco der

The deco der deco des the �xed-length ordinals in to v ariable-length substrings.

The steps of deco ding a co dew ord are as follo ws:

1. Deco de the en umerativ e co dew ord in to a substring of length n (The

n um b er of ones in substring is exactly w . This step is exactly the same

as an LD deco der).

2. Initialize i to 0, s

0

to 0, s

1

to 0

3. While s

0

< z and s

1

< w ,

� If ( substring [ i ] == 0),

{ Incremen t s

0

b y 1

� Else,

{ Incremen t s

1

b y 1
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� Incremen t i b y one

4. Output the �rst i digits of substring . Flush the rest.

1.5.3 A Generalized F ramew ork

En umerativ e co ding w as put in to a generalized framew ork b y Co v er [28]. F or

a giv en subset S of binary strings of length n , he pro vided an explicit sc heme

for en umeration of the strings in S . This allo ws an e�cien t en umeration of

the constrained strings. In the LD sc heme, for example, the constrain t on

the string is that it should ha v e exactly w ones. His form ulation is presen ted

b elo w.

Let S b e a subset of binary strings of length n . Let n

S

denote the n um b er

of strings in S , and let n

S

( x

0

; x

1

; : : : ; x

k � 1

) denote the n um b er of strings in

S for whic h the �rst k digits are equal to ( x

0

; x

1

; : : : ; x

k � 1

). The ordinal of

x 2 S in the lexicographically ordered list of all elemen ts of S , denoted i

S

( x ),

is giv en b y

i

S

( x ) =

n � 1

X

j =0

x

j

n

S

( x

0

; x

1

; : : : ; x

j � 1

; 0) (1.5)

This equation states the follo wing observ ation: the strings starting with

( x

0

; x

1

; : : : ; x

j � 1

; 0) lexicographically precede the strings starting with

( x

0

; x

1

; : : : ; x

j � 1

; 1). Encoun tering a one at j

th

p osition means that those

strings in S whic h ha v e their previous digits iden tical to x and ha ving a 0 at

j

th

p osition are all lexicographically preceding x . The n um b er of these strings

is giv en b y n

S

( x

0

; x

1

; : : : ; x

j � 1

; 0). These strings ha v e not b een coun ted in

previous steps, b ecause their �rst j digits is iden tical to that of x , whereas

previously coun ted strings di�er in �rst j digits. Summing o v er all p ositions,

w e get the n um b er of all strings preceding x , whic h is equal to its ordinal.

The in v erse algorithm, whic h is the deco ding of the ordinal i , is as follo ws:

� F or k = 0 to n � 1,

{ If i > n

S

( x

0

; x

1

; : : : ; x

k � 1

; 0),

� Set x

k

to 1

� Decremen t i b y n

S

( x

0

; x

1

; : : : ; x

k � 1

; 0)

{ Else,
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� Set x

k

to 0

The en umeration sc heme in Equation 1.5 is extended to q -ary alphab ets

as

i

S

( x ) =

n � 1

X

j =0

x

j

� 1

X

m =0

n

S

( x

0

; x

1

; : : : ; x

j � 1

; m ) (1.6)

F or an e�cien t customization of the sc heme to a sp eci�c application (i.e.

to a sp eci�c S ), a simple metho d for computing n

S

( x

0

; x

1

; : : : ; x

j

) m ust b e

sough t. Sev eral example applications are presen ted in [28]. These examples

include:

� En umeration of binary strings ha ving a constan t sum (Iden tical to LD

c o ding ),

� En umeration of binary strings ha ving a sum lying in a sp eci�ed in terv al,

� En umeration of monotone functions, and

� Enco ding of Mark o v Pro cesses.

The last example is particularly in teresting.

1.5.4 Commen ts Ab out En umerativ e Co ding

En umerativ e co ding promises a fast, high p erformance and 
exible alterna-

tiv e for en trop y co ding. F urthermore, it do es not require explicit statistics,

and it can easily adapt to v ariations in the statistics. Another adv an tage is

that it is resistan t to error propagation if reasonably small blo c k sizes are

used [31]. Ho w ev er, unlik e the other metho ds o v erview ed in this c hapter, it

did not b ecome v ery p opular in practical compression applications. Wh y?

It is p ossibly harder to answ er this question than to answ er the question

of wh y it could ha v e b een p opular: few p eople explain wh y they ha v e not

used a certain sc heme. There migh t b e di�eren t views ab out the lac k of

p opularit y of en umerativ e co ding. According to the author, the follo wing

are the t w o main reasons for not b eing so p opular in practical compression

applications.
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� It w as considered for the compression of stationary sources. F or these

kind of sources, the compression e�ciency increases as the blo c k size

gets larger. So, there w as a tendency to select the blo c k size as lar ge

as p ossible . With v ery large blo c k sizes, ho w ev er, the computational

complexit y is no longer lo w, since the required arithmetic register width

is linearly prop ortional to the blo c k size. Plus, the storage requiremen ts

increase as a cubic function of the blo c k size. The most signi�can t

p oten tial adv an tage o v er arithmetic co ding b eing eliminated, it had

little c hance of b eing preferred.

� Cho osing a reasonably small blo c k size has t w o imp ortan t adv an tages:

�rst, the computational complexit y will b e v ery lo w. Second, it will

v ery quic kly adapt to the p ossible c hanges in signal statistics. But then,

the bits sp en t for sending the side information (e.g. blo c k w eigh ts)

b ecomes signi�can t, esp ecially if a �xed-length co de is used for this.

This has b een p oin ted out as the `ma jor dra wbac k of LD sc heme' in

[32 ].

A fast, e�cien t and adaptiv e metho d for enco ding the side information

w ould enable the usage of small blo c k sizes, resulting in an en umerativ e

sc heme whic h has three k ey features: simplicit y , high p erformance, and quic k

adaptation. The ma jor con tribution of this thesis is the prop osal of a hierar-

c hical en umerativ e co ding sc heme in whic h the side information is enco ded

e�cien tly b y rep eated use of en umerativ e co ding. This sc heme is presen ted

in the next c hapter.
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Chapter 2

Hierarc hical En umerativ e

Co ding

The general structure of the hierarc hical en umerativ e co ding sc heme is de-

scrib ed in this c hapter. The hierarc hical sc heme is the ma jor original con tri-

bution presen ted in this thesis. Therefore, this c hapter is the k ey c hapter.

The �rst section describ es an en umerativ e enco ding metho d whic h will

pla y a k ey role in the hierarc hical sc heme. The baseline hierarc hical sc heme

is presen ted in the next section. P ossible p erformance impro v em en ts and

v arian ts will b e prop osed in the third section. The last section p oin ts out

a p ossible ine�ciency , and describ es t w o metho ds for o v ercoming this ine�-

ciency .

2.1 En umerativ e Enco ding of Bounded

In tegers

Consider a v ector x of size n , eac h elemen t x

i

of the v ector satisfying the

inequalit y

0 � x

i

� M (2.1)

where M is a constan t p ositiv e in teger. Let the sum of the elemen ts of the

v ector b e w . This section presen ts an en umerativ e algorithm for enco ding

and deco ding x when n , w , and M are kno wn.

27



As a �rst step in the deriv ation of the en umeration algorithm, a form ula

for n

S

( x

0

; x

1

; : : : ; x

k � 1

) m ust b e searc hed, where n

S

( � ) is as de�ned in Section

1.5.3, S is the set of n -dimensional v ectors ha ving a sum of w , and the

elemen ts of the v ector are nonnegativ e in tegers less than or equal to M .

Let f

M

( p; q ) denote the n um b er of v ectors ha ving a sum p and length q .

An explicit form ula for f

M

( p; q ) can b e quite complex. Ho w ev er, this is not

a problem, b ecause in practice these v alues will b e stored in a lo ok-up table

of reasonable size. The follo wing recursiv e form ula presen ts a simple w a y to

compute the f v alues for storing to a lo ok-up table.

f

M

( p; 1) =

(

1 ; if 0 � p � M

0 ; else

(2.2)

f

M

( p; q ) =

p

X

i = p � M

f

M

( i; q � 1) (2.3)

No w, w e can express n

S

( � ) in terms of f

M

( � ). Consider a v ector of size n ,

ha ving a sum of w , and ha ving the �rst k digits equal to ( x

0

; x

1

; : : : ; x

k � 1

).

Ho w man y suc h v ectors are there? There are n � k elemen ts left, and there

are t w o constrain ts on these elemen ts:

1. Eac h elemen t tak es on v alues b et w een 0 and M ,

2. The sum of the left elemen ts is equal to w �

P

k � 1

i =0

x

i

.

These constrain ts are exactly the same as that of an n � k -length v ector

of nonnegativ e in tegers ha ving an upp er b ound M , the sum of the v ector

b eing equal to w �

P

k � 1

i =0

x

i

. Th us, n

S

( x

0

; x

1

; : : : ; x

k � 1

) can b e written as

n

S

( x

0

; x

1

; : : : ; x

k � 1

) = f

M

 

( w �

k � 1

X

i =0

x

i

) ; n � k

!

(2.4)

The en umeration form ula is found from Equations (1.6) and (2.4) as

i

S

( x ) =

n � 2

X

j =0

x

j

� 1

X

m =0

f

M

0

@

( w � m �

j � 1

X

i =0

x

i

) ; n � j � 1

1

A

(2.5)

Note that the en umeration form ula in Equation (2.5) reduces to LD c o ding

for M = 1.
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ordinal string

0 (0,0,2,2)

1 (0,1,1,2)

2 (0,1,2,1)

3 (0,2,0,2)

4 (0,2,1,1)

5 (0,2,2,0)

6 (1,0,1,2)

7 (1,0,2,1)

8 (1,1,0,2)

9 (1,1,1,1)

10 (1,1,2,0)

11 (1,2,0,1)

12 (1,2,1,0)

13 (2,0,0,2)

14 (2,0,1,1)

15 (2,0,2,0)

16 (2,1,0,1)

17 (2,1,1,0)

18 (2,2,0,0)

T able 2.1: Lexicographically ordered list of v ectors for n = 4, w = 4, M = 2

2.1.1 Enco der

Ha ving found an explicit form ula for ordinal generation, w e can presen t the

enco der algorithm:

1. Initialize or dinal to 0, left sum to w .

2. F or i = 0 to n � 2,

� F or m = 0 to x

j

� 1

{ Add f

M

( left sum ; n � i � 1) to or dinal .

{ Decremen t left sum b y 1.

3. output or dinal , using d log

2

f

M

( w ; n ) e bits.
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An Example

Let us enco de the v ector (1 ; 2 ; 0 ; 1), giv en that n = 4, w = 4, and M = 2 is

kno wn to b oth enco der and deco der. T able 2.1 sho ws the lexicographically

ordered list of p ossible v ectors. F rom this table, w e see that the ordinal of

(1 ; 2 ; 0 ; 1) is 11.

T able 2.2 tabulates f

2

( p; q ) v alues for p and q up to 4. The table has b een

generated according to the recurrence relations (2.2) and (2.3). This table

will b e emplo y ed in the generation of the ordinal for (1 ; 2 ; 0 ; 1).

p 0 1 2 3 4

q

1 1 1 1 0 0

2 1 2 3 2 1

3 1 3 6 7 6

4 1 4 10 16 19

T able 2.2: Lo ok-up table of f

2

( p; q ) v alues for p and q up to 4

The pro cess of enco ding the v ector (1 ; 2 ; 0 ; 1) is summarized in T able 2.3.

The left sum column sho ws the sum of left elemen ts, the # of left elm. sho ws

the n um b er of left elemen ts excluding the curren tly b eing pro cessed elemen t,

the add column sho ws the n um b er b eing added to or dinal at the curren t step,

and the or dinal column sho ws the v alue of or dinal after this addition. The

generated ordinal is 11 as exp ected. It is represen ted using d log

2

f

2

(4 ; 4) e = 5

bits.

input inte ger left sum # of left elm. add or dinal

1 4 3 f

2

(4 ; 3) = 6 6

4-1=3

2 3 2 f

2

(3 ; 2) + f

2

(2 ; 2) = 5 11

3-2=1

0 1 1 0 11

T able 2.3: Enco der example for en umerativ e co ding of b ounded in tegers
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2.1.2 Deco der

The deco der algorithm is as follo ws:

1. Input or dinal , initalize left sum to w .

2. F or i = 0 to n � 2,

� Set m = 0

� While or dinal � f

M

( left sum ; n � i � 1)

{ Subtract f

M

( left sum ; n � i � 1) from or dinal .

{ Decremen t left sum b y 1.

{ Incremen t m b y 1.

� Output x

i

= m

3. Output x

n � 1

= left sum

An Example

Let the deco der deco de the ordinal generated b y the enco der in the previous

example: n = 4, w = 4, M = 2, and the ordinal is 11. The deco der output

should b e (1 ; 2 ; 0 ; 1). The deco ding pro cess is summarized in T able 2.4. As

can b e seen from the output column, the deco ded v ector is (1 ; 2 ; 0 ; 1), as

exp ected.

i or dinal left sum c omp ar e m output

0 11 4 11 � f

2

(4 ; 3) = 6 0 + 1 = 1

11 � 6 = 5 4 � 1 = 3 5 < f

2

(3 ; 3) = 7 1 x

0

= 1

1 5 3 5 � f

2

(3 ; 2) = 2 0 + 1 = 1

5 � 2 = 3 3 � 1 = 2 3 � f

2

(2 ; 2) = 3 1 + 1 = 2

3 � 3 = 0 2 � 1 = 1 0 < f

2

(1 ; 2) = 2 2 x

1

= 2

2 0 1 0 < f

2

(1 ; 1) = 1 0 x

2

= 0

1 x

3

= 1

T able 2.4: Deco der example for en umerativ e co ding of b ounded in tegers
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2.2 Baseline sc heme

The baseline sc heme is an e�cien t to ol for the compression of lo cally sta-

tionary binary strings (A lo cally stationary binary string is a string in whic h

a digit's probabilit y of b eing equal to one is more or less the same as the

neighb oring digits' probabilities of b eing equal to one). It will b e sho wn in

later c hapters that this data mo del can b e used e�ectiv ely in sev eral image

compression applications.

Consider an input binary string x of length N . Let us divide the string

in to smaller substrings, eac h substring ha ving a length of n

0

. Let w

0 ;i

denote

the w eigh t (i.e. the total n um b er of ones) of i

th

substring. Once the w eigh ts

w

0 ;i

are kno wn b oth to the enco der and to the deco der, eac h substring can

b e enco ded b y LD c o ding describ ed in Section 1.5.1. But ho w can w e enco de

the w eigh ts? Note that the w eigh ts w

0 ;i

are b ounded nonnegativ e in tegers

satisfying 0 � w

0 ;i

� M . Th us, a v ector of w eigh ts can b e enco ded b y the

metho d describ ed in Section 2.1 if the sum of the elemen ts of the v ector

is kno wn b oth to the enco der and to the deco der. Let eac h w eigh t v ector

ha v e a length of n

1

. The sums of w eigh t v ectors (or `w eigh ts of w eigh ts') are

nonnegativ e in tegers ha ving an upp er b ound of n

0

� n

1

, and the metho d of

Section 2.1 can b e applied again. Applying this in a hierarc hical manner, the

whole binary string can b e enco ded.

The hierarc h y of w eigh ts can b e visualized as a sum-up tree (Figure 2.1).

The tree is constructed from b ottom to top according to the follo wing itera-

tiv e pro cedure:

w

0 ;i

=

( i +1) � n

0

� 1

X

j = i � n

0

x ( j ) (2.6)

w

p;i

=

( i +1) � n

p

� 1

X

j = i � n

p

w

p � 1 ;j

; p > 0 (2.7)

where x ( j ) denotes j

th

elemen t of x , n

p

is the substring/group size at la y er p ,

and i starts from 0. Once the tree is constructed, the hierarc hical en umerativ e

enco der enco des the sum-up tree from top to b ottom, where a �xed-length

co de is used for enco ding w

p

max

; 0

.

The hierarc hical enco ding algorithm is as follo ws:

1. Construct the sum-up tree.
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x(n  n  -1)10

0,n  -1w
1

w0,1w0,0

w1,0

x(0) x(1) x(n  -1)0

1,n   -1w
2

w2,0

wp      ,0
max

x(n  )0 x(n  +1)
0 x(2n  -1)0

x(n  n  -n  )
1 00

Figure 2.1: Sum-up tree

2. Enco de w

p

max

; 0

, using log

2

( N + 1) bits.

3. F or p = p

max

do wn to 1,

� F or i = 0 to d

N

Q

p

j =0

n

j

e � 1,

{ By the metho d of Section 2.1, enco de the v ector

f w

p � 1 ;i � n

p

; : : : ; w

p � 1 ; ( i +1) � n

p

� 1

g giv en w

p;i

, the upp er b ound for

v ector elemen ts b eing

Q

p � 1

j =0

n

j

.

4. F or i = 0 to d

N

n

0

e � 1,

� By LD c o ding , enco de f x ( i � n

0

) ; : : : ; x (( i + 1) � n

0

� 1) g giv en w

0 ;i

.

The deco der deco des the tree in the same order as it is enco ded.

2.2.1 An Example

Consider the hierarc hical en umerativ e enco ding of the 36-digit string

`000011010011 00 010 001 10 010 10 000 10 000 0'. Let the hierarc h y parameters b e
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selected as p

max

= 2, n

0

= 4, n

1

= 3, and n

2

= 3. The sum-up tree is

depicted in Figure 2.2.

0000 1101 0001 0001 1001 0100 00100011 0000
++ + + + + + + +

0 3 2 1 1 2 1 1 0

5 4 2

11

Figure 2.2: Sum-up tree for the example

Let E B I

M

( x

0

; x

1

; : : : ; x

n � 1

j w ) denote the en umerativ e co de for the v ector

of n nonnegativ e in tegers, eac h b eing upp er b ounded b y M , and their sum

b eing w . Let LD ( x j w ) b e the LD co de for the binary string x , with the

total n um b er of ones in the string b eing w . Then, hierarc hical en umerativ e

enco ding of the 36-digit binary string pro ceeds as follo ws:

1. Enco de w

p

max

; 0

= 11 using a �xed length co de of d log

2

(36 + 1) e = 5

bits

2. Enco de w

1 ; 0

, w

1 ; 1

and w

1 ; 2

b y E B I

12

(5 ; 4 ; 2 j 11)

3. Enco de f w

0 ;i

g b y

� E B I

4

(0 ; 3 ; 2 j 5)

� E B I

4

(1 ; 1 ; 2 j 4)

� E B I

4

(1 ; 1 ; 0 j 2)

4. Finally , enco de the binary string b y

� LD (0000 j 0)

� LD (1101 j 3)
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� LD (0011 j 2)

� LD (0001 j 1)

� LD (0001 j 1)

� LD (1001 j 2)

� LD (0100 j 1)

� LD (0010 j 1)

� LD (0000 j 0).

Note that LD (0000 j 0) is a n ull co de, since there is only one p ossible binary

string of length 4 whic h has no ones, and there is nothing left to enco de.

2.3 Impro v emen ts, Extensions and V arian ts

2.3.1 Starting F rom an In termediate La y er

Consider the tree in Figure 2.1. The enco ding pro ceeds from top to b ottom,

where the w eigh t at the ro ot is enco ded b y a �xed length co de. Instead of

starting at the ro ot, w e could pic k an in termediate la y er as the starting la y er,

enco de the w eigh ts of this la y er with a �xed length co de, and con tin ue with

hierarc hical co ding from this la y er do wn to the lo w est la y er. In the previous

example, sa y , w e could ha v e started enco ding f w

1 ;i

g with �xed length co des.

In this case, the enco ding steps w ould b e as follo ws:

1. Enco de w

1 ; 0

= 5, w

1 ; 1

= 4 and w

1 ; 2

= 2 using a �xed length of

d log

2

(12 + 1) e = 4 bits for eac h.

2. Enco de f w

0 ;i

g as in the example of Section 2.2.1.

3. Enco de the 4-digit binary substrings as in the example of Section 2.2.1.

Do es this bring an impro v em e n t? Sometimes y es, sometime s no. It de-

p ends on the data. But it is easy to detect whether starting at a certain la y er

is b etter than starting at one upp er la y er. F or the ab o v e example, enco ding

f w

1 ;i

g b y �xed length co de requires 3 � 4 = 12 bits, whereas enco ding b y

E B I requires 5 + l eng th ( E B I

12

(5 ; 4 ; 2 j 11)) = 11 bits. Th us, for this example

it is b etter to start from ro ot.
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The optimal starting la y er can b e computed b y the enco der and signalled

to the deco der as side information. The o v erhead of this side information

is marginal, esp ecially for long strings. Cho osing an optimal starting la y er

increases the robustness of the compression algorithm. As a sp ecial case,

if the input happ ens to b e uncompressable (e.g. indep enden t iden tically

distributed with P r f x

i

= 0 : 5 g for all i ), the enco der signals that the optimal

starting la y er is the lo w est la y er, and then sends the input as is.

If the starting la y er is an in termedi ate la y er, there is one further p ossible

impro v em en t: signalling the length of shortest su�cien t �xed length co de as

side information often pa ys bac k. In the ab o v e example, a 3-bit �xed length

co de w ould su�ce to enco de f w

1 ;i

g . Signalling this as side information w ould

require 2 bits (there are four alternativ es for co de lengths), and it w ould sa v e

3 � (4 � 3) = 3 bits.

2.3.2 Changing the Enco ding Order

Starting from an in termedi ate la y er has some other adv an tages. F or example,

it is go o d for prev en ting the propagation of error in case of transmission

errors. The co de for the descendan ts of an y giv en w eigh t at the starting

la y er is totally indep enden t of the co des for descendan ts of other w eigh ts of

the starting la y er. This means that an y p ossible error in this co de w ould not

propagate to the others.

This indep endence also allo ws us to reorganize the enco ding order: after

enco ding a w eigh t in the starting la y er b y a �xed length co de, directly pro-

ceed to the hierarc hical enco ding of the subtree descending from this w eigh t.

This is exactly equiv alen t to dividing the input string in to -reasonably large-

substrings, and enco ding the substrings indep enden tly . Although conceptu-

ally trivial, this reorganization has a v ery signi�can t adv an tage: b ounding

the output latency . The enco der do es not ha v e to read all the input b efore

generating its �rst bits. F or the example of Section 2.2.1, if w e start enco ding

f w

1 ;i

g with �xed length co des and c hange the enco ding order accordingly , the

enco ding steps w ould tak e the follo wing form:

1. Enco de the �rst subtree as follo ws:

� Enco de w

1 ; 0

= 5 using a 4-bit �xed length co de.

� Enco de f w

0 ; 0

; w

0 ; 1

; w

0 ; 2

g b y E B I

4

(0 ; 3 ; 2 j 5)

� Enco de the �rst three 4-digit substrings b y
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{ LD (0000 j 0)

{ LD (1101 j 3)

{ LD (0011 j 2)

2. Enco de the second subtree as follo ws:

� Enco de w

1 ; 1

= 4 using a 4-bit �xed length co de.

� Enco de f w

0 ; 3

; w

0 ; 4

; w

0 ; 5

g b y E B I

4

(1 ; 1 ; 2 j 4)

� Enco de the second group of 4-digit substrings b y

{ LD (0001 j 1)

{ LD (0001 j 1)

{ LD (1001 j 2)

3. Enco de the last subtree as follo ws:

� Enco de w

1 ; 2

= 2 using a 4-bit �xed length co de.

� Enco de f w

0 ; 6

; w

0 ; 7

; w

0 ; 8

g b y E B I

4

(1 ; 1 ; 0 j 2)

� Enco de the last three 4-digit substrings b y

{ LD (0100 j 1)

{ LD (0010 j 1)

{ LD (0000 j 0).

2.3.3 Non uniform Substring Size

So far, it has b een assumed that the input is lo cally stationary . The sub-

string size in the lo w est lev el should b e small enough to v alidate the stationary

assumption within eac h substring, and large enough to b e e�cien t. Some-

times, the stationarity interval of the input v aries o v er time. If w e ha v e a

prior kno wledge of this, w e migh t w an t to incorp orate it in to the hierarc hical

structure.

F or example, assume that w e ha v e a 512-digit binary string whic h has

b een obtained b y thresholding the absolute v alues of DCT [33 ] co e�cien ts

of a 512-p oin t sp eec h sample. It is exp ected that most of the energy is

compacted in to few lo w frequency comp onen ts. While the last 128-digit

quarter can b e assumed to b e a more-or-less stationary blo c k, w e cannot
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assume the same for the �rst quarter. What should b e the substring size?

W e do not ha v e to use a uniform substring size. W e can use a small size

for the �rst digits, and larger sizes for the later digits. A p ossible selection

w ould b e e.g. f 4 ; 4 ; 8 ; 16 ; 32 ; 64 ; 64 ; 64 ; 6 4 ; 64 ; 128 g . Of course, this w ould

require a mo di�cation in the en umeration algorithm emplo y ed for enco ding

higher la y ers, but this mo di�cation is rather straigh tforw ard.

2.3.4 Run-Time Mo di�cation of the T ree T op ology

It is also p ossible to use di�eren t hierarc h y parameters for di�eren t subtrees.

It is ev en p ossible to partially determine the hierarc h y parameter of eac h

subtree during enco ding, according to a predetermined rule incorp orating

w eigh ts whic h ha v e b een transmitted b efore.

Again consider the example of Section 2.2.1. W e could ha v e a predeter-

mined rule whic h states that

� If w

1 ;i

< 3

{ Skip next la y er for the subtree descending from w

1 ;i

.

The tree that w ould b e formed according to this rule is depicted in Figure

2.3. Note that this tree is obtained b y mo difying the original tree (i.e. the

one in Figure 2.2) on the run time.

0000 1101 0001 0001 1001 0100 00100011 0000
++ + + + +

0 3 2 1 1 2

5 4

11

+

2

Figure 2.3: Example sum-up tree with run-time mo di�cation of top ology

The enco ding w ould then pro ceed as follo ws:
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1. Enco de w

p

max

; 0

= 11 using a �xed length co de of d log

2

(36 + 1) e = 5

bits

2. Enco de w

1 ; 0

, w

1 ; 1

and w

1 ; 2

b y E B I

12

(5 ; 4 ; 2 j 11)

3. Enco de f w

0 ;i

g ; i = 0 ; 1 ; 2 ; 3 ; 4 ; 5 b y the follo wing (The w eigh ts w

0 ; 6

,

w

0 ; 7

, and w

0 ; 8

are skipp ed)

� E B I

4

(0 ; 3 ; 2 j 5)

� E B I

4

(1 ; 1 ; 2 j 4)

4. Enco de the binary substrings b y

� LD (0000 j 0)

� LD (1101 j 3)

� LD (0011 j 2)

� LD (0001 j 1)

� LD (0001 j 1)

� LD (1001 j 2)

� LD (0100001 000 00 j 2 ).

Run-time mo di�cations promise t w o adv an tages:

1. It can b e more e�cien t,

2. It can b e used to e�cien tly con trol the required register width for the

system, or in other w ords to imp ose register width constrain t in a less

restrictiv e w a y . (This issue will b e handled in more detail in the next

c hapter).

2.3.5 Using a Di�eren t En umerativ e Co de

in the Lo w est La y er

In most general terms, an en umerativ e co de consists of a pre�x part whic h

sp eci�es the class to b e en umerated, and the su�x part whic h consists of the

or dinal of the particular input within the sp eci�ed class (The pre�x is most

often the sum of the elemen ts of the v ector to b e en umerated). The essence
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of the hierarc hical sc heme is the e�cien t represen tation of the pre�x parts of

the en umerativ e co des for consecutiv e input substrings.

The baseline sc heme assumes the input to b e a lo cally stationary inde-

p enden t binary input, and th us emplo ys LD -co ding in the lo w est la y er. The

hierarc hical framew ork can b e customized for other t yp es of input as w ell,

b y mo difying the metho d emplo y ed in the lo w est la y er. F or example, if the

input is ternary , LD -co der units could b e replaced b y E B I

3

-co der units. A

more complicated example, the customization of the hierarc hical framew ork

for the compression of �rst order Mark o vian binary sources, is presen ted in

Section 4.2.1.

2.4 Squeezing F or The Last Bit

In Section 1.5.1, it w as p oin ted out that the length of an LD co de for a string

of size n and w eigh t w is d log

2

C ( n; w ) e bits. Similarly , in Section 2.1.1, the

length of the en umerativ e co de for a v ector of b ounded in tegers w as stated to

b e d log

2

f

M

( w ; n ) e bits, where M is the upp er b ound of the in tegers, w is the

sum of the elemen ts of the v ector, and n is the v ector size. In b oth co des, the

argumen t of l og

2

( � ) is an in teger whic h determines the dynamic range of the

ordinal (If an ordinal v tak es on in teger v alues in the range [0 ; D ), w e refer

to D as the dynamic range of v ). Again in b oth co des, there is a p ossible

ine�ciency asso ciated with the ceiling function.

F or example, consider an ordinal whic h can tak e on v alues b et w een 0 and

35. d log

2

(35 + 1) e = 6 bits will b e allo cated for this ordinal. This allo cation

additionally p ermits the ordinal to tak e on in teger v alues in the range [36 ; 64),

although this range will not b e used. In short, the co des allo cated for this

range is waste d .

The ine�ciency p er ordinal is less than one bit, but if w e ha v e h undreds

of ordinals, it is lik ely that tens of bits will b e w asted. One w a y to partially

reduce this ine�ciency is to c ho ose the substring or v ector sizes as large as

p ermitted b y other constrain ts suc h as computational complexit y , latency

requiremen ts or input c haracteristics.

2.4.1 Mo dulation T ec hnique

There is also a computationally complex w a y to prev en t or signi�can tly re-

duce this ine�ciency . It dep ends on the fact that the dynamic range of the
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ordinal is kno wn to b oth enco der and deco der prior to the enco ding of the

ordinal. In this metho d, a group of consecutiv e ordinals of the same la y er

are mo dulated b y their dynamic ranges to obtain one long n um b er. This

long n um b er, whose dynamic range is also kno wn b y b oth sides, is transmit-

ted to the deco der. The deco der then deco des the long n um b er in to separate

ordinals b y demo dulating it b y the dynamic ranges. The computational com-

plexit y is more on the deco der side, b ecause of the mo dulo op eration required

in the demo dulation.

An Example

Consider a group of �v e consecutiv e ordinals v = f 17 ; 9 ; 3 ; 21 ; 6 g resp ectiv ely ,

ha ving dynamic ranges D = f 35 ; 19 ; 6 ; 24 ; 10 g . If they w ere sen t unmo du-

lated, the total bits w ould b e

P

4

i =0

d log

2

D

i

e = 6 + 5 + 3 + 5 + 4 = 23. If they

are mo dulated, the n um b er of bits w ould b ecome

l

log

2

�

Q

4

i =0

D

i

�m

= 20.

The mo dulation steps are as follo ws:

� l = v

0

= 17

� l = l � D

1

+ v

1

= 17 � 19 + 9 = 332

� l = l � D

2

+ v

2

= 332 � 6 + 3 = 1995

� l = l � D

3

+ v

3

= 1995 � 24 + 21 = 47901

� l = l � D

4

+ v

4

= 47901 � 10 + 6 = 479016

Note that the dynamic range of l is 35 � 19 � 6 � 24 � 10 = 957600 < 2

20

,

hence it can b e represen ted in 20 bits.

And the demo dulation steps are the follo wing:

� v

4

= l mo d D

4

= 479016 mo d 10 = 6

� l = b

l

D

4

c = b

479016

10

c = 47901

� v

3

= l mo d D

3

= 47901 mo d 24 = 21

� l = b

l

D

3

c = b

47901

24

c = 1995

� v

2

= l mo d D

2

= 1995 mo d 6 = 3

� l = b

l

D

2

c = b

1995

6

c = 332

41



� v

1

= l mo d D

1

= 332 mo d 19 = 9

� l = b

l

D

1

c = b

332

19

c = 17

� v

0

= l = 17 .

As can b e seen from the example, the demo dulation pro ceeds in rev erse

order.

2.4.2 A Statistical Cure

One other p ossible solution for the ceiling ine�ciency problem is a statistic al

one. When this solution is incorp orated, the ordinals are not represen ted with

exactly �xed bit precision. Some of the ordinals are represen ted b y one bit

less than the others. So, the ceiling ine�ciency o ccurs or not, dep ending on

the v alue of the ordinal. The exp ected v alue of the n um b er of bits, ho w ev er,

is less than d log

2

D e , where D is the dynamic range of the ordinal. There

m ust b e a prede�ned rule for sp ecifying whic h ordinal v alues will b e assigned

shorter co dew ords. This rule can b e b est demonstrated on an example.

 1  0  2

 4 3 

Figure 2.4: Hu�man tree for �v e equally probable outcomes of the ordinal

Consider an ordinal with a dynamic range D = 5. If a �xed bit rep-

resen tation is used, 3 bits w ould b e sp en t for represen ting the ordinal, no

matter what v alue it tak es. The underlying assumption of using �xed bit

represen tation is that all v alues of the ordinal are equally probable. What if

w e constructed a Hu�man tree for �v e equally probable sym b ols? This tree

is sho wn in Figure 2.4. When the outcome is 0, 1, or 2, the co dew ord length
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is 2 bits. When the outcome is 3, or 4, the co dew ord length is 3 bits. The

exp ected v alue of the n um b er of bits is

2 � 3+3 � 2

5

= 2 : 4 . Note that the n um b er

of outcomes that ha v e shorter co dew ord length is equal to the n um b er of

un used sym b ols in the �xed-bit represen tation: 3 = 2

d log

2

5 e

� 5.

This tric k can b e generalized for handling an y dynamic range D , without

the need for explicit generation of a Hu�man tree. Let u ( D ) = 2

d log

2

D e

� D

denote the n um b er of un used sym b ols in the �xed bit represen tation. The

co dew ord generation algorithm for an outcome of the ordinal is

� If or dinal < u ( D )

{ Set c o dewor d = or dinal , represen ted in d log

2

D e � 1 bits

� Else

{ Set c o dewor d = or dinal + u ( D ) , represen ted in d log

2

D e bits.

and the algorithm for deco ding this co dew ord is

� Read d log

2

D e � 1 bits to c o dewor d

� If c o dewor d < u ( D )

{ Set or dinal = c o dewor d

� Else

{ Read one more bit to c o dewor d b y left shift. In other w ords, read

a bit b

e

from the bitstream, and set c o dewor d = 2 � c o dewor d + b

e

.

{ Set or dinal = c o dewor d � u ( D ) .

Note that this tric k solv es the ine�ciency problem only in a statistical

sense. The application of this metho d to the example in Section 2.4.1 w ould

yield 5 + 4 + 3 + 5 + 4 = 21 bits for the represen tation of the giv en v ector of

ordinals.
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Chapter 3

Implemen tation Issues

Lo w computational complexit y is one of the k ey promises of hierarc hical

en umerativ e co ding sc heme. By a careful selection of hierarc h y parameters, it

is p ossible to customize the computational complexit y of the sc heme without

signi�can tly compromising the p erformance. This c hapter starts with the

analysis of the computational complexit y of the baseline sc heme. Based on

this analysis, a discussion of parameter selection strategies follo ws.

3.1 Complexit y Analysis of the Baseline

Sc heme

3.1.1 Enco der

The enco ding algorithm of the baseline sc heme (Section 2.2) emplo ys t w o en-

co ding units: an LD enco der for the lo w est la y er, and an EBI ( E n umeration of

B ounded I n tegers ) enco der for the in termediate la y ers. First, let us analyze

the computational complexit y of these units.

Complexit y Analysis of LD Enco der

The algorithm of the LD enco der (Section 1.5.1) is rewritten b elo w for con-

v enience. Recall that the binomial co e�cien ts are read from a lo ok-up table.

n is the length of the binary string, and w is the n um b er of ones in the string.

1. Initialize or dinal to 0, left ones to w .
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2. F or i = 0 to n � 1,

� If the i

th

digit is a one,

{ Decremen t left ones b y 1.

{ Add C ( n � i � 1 ; left ones +1) to or dinal .

3. output or dinal , using d log

2

C ( n; w ) e bits.

The op erations in v olv ed in this algorithm, excluding the manipulations

of the lo oping v ariables, are:

� n comparisons

� w memory reads

� w additions

It lo oks lik e an O ( n )-algorithm, but in fact the order is a bit higher. The

required arithmetic register width gro ws linearly with n . F or example, if n

is selected to b e 32, the memory reads w ould get 4 b ytes at a time, and

32-bit additions w ould b e su�cien t. If n w ould b e 128, ho w ev er, not only

the n um b er of additions and memory reads w ould b e ab out four times more,

but eac h memory read and eac h addition w ould b e more complex as w ell. In

the latter case, memory reads w ould get 16 b ytes at a time, and the 32-bit

additions w ould ha v e to b e replaced b y 128-bit additions, an op eration not

nativ e to most computers.

As for storage requiremen ts, the binomial co e�cien ts m ust b e stored in

an n � n lo ok-up table, eac h co e�cien t b eing stored as an n -bit v alue. So, the

storage requiremen ts increase as a cubic function of n . The size of the table

for binomial co e�cien ts can b e halv ed b y exploiting the follo wing symmetry

of the binomial co e�cien ts:

C ( n; w ) = C ( n; n � w ) (3.1)

So, an n �

j

n

2

k

table can b e used, whic h stores the binomial co e�cien ts

for w �

n

2

. F or the v alues of w >

n

2

, the symmetry relation can b e in v ok ed

to ev aluate C ( n; w ), making use of the fact that n � w <

n

2

for this case. But

this tric k increases the n um b er of op erations to b e p erformed.

A separate n -p oin t table m ust b e used for holding the d log

2

C ( n; w ) e

v alues, but this is negligible when compared to the size of the table for

binomial co e�cien ts.
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Complexit y Analysis of EBI Enco der

The algorithm of the EBI enco der (Section 2.1.1) is rewritten b elo w. x is the

v ector to b e co ded, n is the v ector size, w is the sum of the elemen ts of the

v ector, M is the upp er b ound for the in tegers, and f

M

( p; q ) is the n um b er of

v ectors ha ving a sum p and length q .

1. Initialize or dinal to 0, left sum to w .

2. F or i = 0 to n � 2,

� F or m = 0 to x

j

� 1

{ Add f

M

( left sum ; n � i � 1) to or dinal .

{ Decremen t left sum b y 1.

3. output or dinal , using d log

2

f

M

( w ; n ) e bits.

It is p ossible to use a lo ok-up table for f

M

( � ) v alues. Ho w ev er, there is a

more e�cien t w a y: if the partial sums of f

M

( � ) v alues are stored in a lo ok-up

table, the inner sum can b e computed b y a simple subtraction. Let g

M

( p; q )

b e de�ned b y

g

M

( p; q ) =

p

X

i =0

f

M

( i; q ) (3.2)

When g

M

( � ) v alues are emplo y ed, the ab o v e algorithm tak es the follo wing

form:

1. Initialize or dinal to 0, left sum to w .

2. F or i = 0 to n � 2,

� Add g

M

( left sum ; n � i � 1) � g

M

( left sum � x

j

; n � i � 1) to or dinal .

� Decremen t left sum b y x

j

3. output or dinal , using d log

2

f

M

( w ; n ) e bits.

The op erations in v olv ed in the mo di�ed algorithm, excluding the manip-

ulations of the lo oping v ariables, are:
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� 2 n � 2 memory reads

� 2 n � 2 additions and subtractions (Subtraction can b e considered to b e

a sp ecial case of addition. F rom no w on, subtractions will b e coun ted

as additions).

The size of the lo ok-up table is ( n � 1) � w

max

. Again, the size of the lo ok-

up table can b e halv ed b y exploiting the follo wing symmetry of the g

M

( � ; � )

v alues:

g

M

( p; q ) = g

M

( M q � p; q ) (3.3)

This dualit y relation can b e easily seen b y compleme n ting all the 0's and

1's of the input. This tric k, ho w ev er, w ould increase the n um b er of op erations

to b e p erformed.

Note that no co e�cien t storage is needed for n = 2. In this case, the

en umeration problem b ecomes almost trivial: if w � M , the or dinal is equal

to the v alue of the �rst elemen t x

0

. If w > M , the or dinal is giv en b y

x

0

� ( w � M ).

The n um b er of op erations is linearly prop ortional to n , and the required

register width increases as w and n increase. More sp eci�cally , g

M

( � ) v alues

are upp er b ounded b y C ( w + n; n ), and th us the required register width for

g

M

( � ) v alues is upp er b ounded b y d log

2

C ( w + n; n ) e bits. Belo w, w e sk etc h

a pro of of the stated upp er b ound on g

M

( � ) v alues.

When M is su�cien tly large (i.e. M is greater than the sum of the

elemen ts of the v ector), there is practically no e�ect of the b ound. Then, the

recurrence relations (2.2)- (2.3) reduce to

f

M >p

( p; 1) = 1 (3.4)

f

M >p

( p; q ) =

p

X

i =0

f

M >p

( i; q � 1) (3.5)

This recurrence relation is v ery similar to that of the binomial co e�cien ts,

whic h is

C ( p; 0) = 1 (3.6)

C ( p; q ) =

p � 1

X

i =0

C ( i; q � 1) (3.7)
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Comparing these t w o recurrence relations, w e get

f

M >p

( p; q ) = C ( p + q � 1 ; q � 1) (3.8)

F rom Equations (3.2), (3.5) and (3.8), w e �nd

g

M >p

( p; q ) = f

M >p

( p; q + 1) = C ( p + q ; q ) (3.9)

g

M >p

( p; q ) is an upp er b ound on g

M

( p; q ), b ecause the set of nonnegativ e

b ounded in tegers is a subset of the set of nonnegativ e in tegers.

Complexit y Analysis of Hierarc hical Enco der

The baseline hierarc hical enco ding algorithm (Section 2.2) is rewritten b elo w

for con v enience. Refer to this section if there is a need for a refreshing of the

notation.

1. Construct the sum-up tree.

2. Enco de w

p

max

; 0

, using log

2

( N + 1) bits.

3. F or p = p

max

do wn to 1,

� F or i = 0 to d

N

Q

p

j =0

n

j

e � 1,

{ EBI -enco de the v ector f w

p � 1 ;i � n

p

; : : : ; w

p � 1 ; ( i +1) � n

p

� 1

g giv en

w

p;i

, the upp er b ound for v ector elemen ts b eing

Q

p � 1

j =0

n

j

.

4. F or i = 0 to d

N

n

0

e � 1,

� LD -enco de f x ( i � n

0

) ; : : : ; x (( i + 1) � n

0

� 1) g giv en w

0 ;i

.

The n um b er of op erations p erformed b y the hierarc hical enco der can b e

computed b y adding up the n um b er of op erations for eac h LD enco der and

EBI enco der unit, plus N additions for the construction of the sum-up tree.

F or simplici t y , N can b e assumed to b e an in teger m ultiple of

Q

p

j =0

n

j

for

all p . With this assumption, let us �nd an upp er b ound on the n um b er of

additions �rst:

� F or the lo w est la y er, there are

N

n

0

LD co ders, eac h p erforming at most

n

0

additions. So, there are at most N additions coming from all LD

enco der units.
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� F or p

th

la y er (1 < p < p

max

), there are

N

Q

p

j =0

n

j

EBI enco ders, eac h

emplo ying less than 2 n

p

additions. Then, the total additions p erformed

in p

th

la y er is less than

2 N

Q

p � 1

j =0

n

j

. If w e sum up o v er the la y ers, w e get

T otal additions for EBI < 2 N

p

max

X

p =1

1

Q

p � 1

j =0

n

j

| {z }

<

2

n

0

<

4 N

n

0

(3.10)

So, for example if the binary substring size n

0

is selected to b e 32, the

EBI units p erform less than

N

8

additions.

� The construction of the sum-up tree tak es N additions.

As a result, the total n um b er of additions for the baseline enco der is upp er

b ounded b y

T otal additions <

�

2 +

4

n

0

�

N (3.11)

Similarly , w e can �nd the n um b er of memory reads in the sc heme b y

adding up the follo wing

� A t most N memory reads for the LD enco der units

� Less than

4 N

n

0

memory reads for the EBI enco der units

Then, the total n um b er of memory reads for the baseline enco der is upp er

b ounded b y

T otal memory r e ads <

�

1 +

4

n

0

�

N (3.12)

Finally , there are a total of N binary comparisons coming from the LD

units.

The required arithmetic register width for the system is determined b y the

maxim um arithmetic register width that is required in LD and EBI enco der

units. This fact m ust b e tak en in to accoun t while c ho osing the hierarc h y

parameters.

F rom the analysis ab o v e, it can b e seen that the baseline enco der has

O ( n ) complexit y .

The total storage requiremen ts of the baseline sc heme are as follo ws:

50



� One n

0

� n

0

lo ok-up table for the storage of binomial co e�cien ts to b e

used in LD enco der.

� One n

0

-p oin t table for d log

2

C ( n

0

; w ) e v alues

� The EBI enco ders at di�eren t la y ers emplo y di�eren t upp er b ounds ( M

v alues), so a separate table m ust b e used for di�eren t la y ers. Recall

that no co e�cien t storage w ould b e needed for a la y er p with v ector

length n

p

= 2. So, in practice, n

p

is selected to b e 2 for p > 3 or p > 4.

This means three or four distinct tables. The required table size for a

la y er p is ( n

p

� 1) �

Q

p

j =0

n

j

.

� Three or four tables for holding d log

2

f

M

( n

p

; � ) e v alues to b e used in

in termedi ate la y ers in v olving n

p

6= 2. The table for la y er p has

Q

p

j =0

n

j

en tries.

� One table of size N , for holding d log

2

( � ) e v alues to b e used in in terme-

diate la y ers in v olving n

p

= 2.

� A bu�er of size ab out 2 N for the sum-up tree and output bu�ering.

3.1.2 Deco der

W e will follo w a similar w a y for analyzing the computational complexit y of

the baseline deco der: �nd the complexit y order of the LD deco der and of the

EBI deco der, and com bine these �gures to �nd the o v erall complexit y order

of the hierarc hical deco der.

Complexit y Analysis of LD Deco der

The algorithm of the LD deco der (Section 1.5.1) is rewritten b elo w:

1. Initialize index to or dinal , left ones to w , output string to empt y .

2. F or i = 0 to n � 1,

� If index < C ( n � i � 1 ; left ones ),

{ Set the i

th

digit of output string to 0

� Else,
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{ Set the i

th

digit of output string to 1

{ Decremen t index b y C ( n � i � 1 ; left ones ),

{ Decremen t left ones b y 1.

3. Output output string .

The op erations in v olv ed in this algorithm, excluding the manipulations

of the lo oping v ariables, are:

� n comparisons

� n memory reads (There seems to b e w reads more for subtracting the

binomial co e�cien ts from the index, but there is no need to reread it,

b ecause it can b e loaded to a register.)

� w subtractions

The binomial co e�cien ts are read from an n � n lo ok-up table, eac h

co e�cien t b eing represen ted as an n -bit v alue.

Complexit y Analysis of EBI Deco der

In the ligh t of the de�nition of g

M

( p; q ) according to Equation (3.2), the

algorithm of the EBI deco der (Section 2.1.2) tak es the follo wing form:

1. Input or dinal , initalize left sum to w .

2. F or i = 0 to n � 2,

(a) Find the largest b ounded in teger v alue 0 � m � M suc h that

or dinal � g

M

( left sum ; n � i � 1) � g

M

( left sum � m; n � i � 1)

(b) Output x

i

= m

(c) Subtract g

M

( left sum ; n � i � 1) � g

M

( left sum � m; n � i � 1) from

or dinal

(d) Subtract k from left sum .

3. Output x

n � 1

= left sum
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Emplo ying binary searc h, step 2a of the ab o v e algorithm can b e accom-

plished in at most d log

2

M e steps, eac h step in v olving one memory read, one

subtraction, and one comparison. Th us, the order of complexit y of the EBI

deco der is n log

2

M . F or larger v alues of M , hash tables migh t b e used to

sp eed up the searc h, but this w ould sligh tly increase storage requiremen ts,

and mak e the algorithm less practical to implem en t.

If hash tables are not used, the storage requiremen ts of the EBI deco der

is the same as that of EBI enco der, namely ( n � 1) � w

max

.

Complexit y Analysis of Hierarc hical Deco der

The baseline hierarc hical deco ding algorithm (Section 2.2) is as follo ws:

1. Deco de w

p

max

; 0

, whic h has b een enco ded in log

2

( N + 1) bits.

2. F or p = p

max

do wn to 1,

� F or i = 0 to d

N

Q

p

j =0

n

j

e � 1,

{ EBI -deco de the v ector f w

p � 1 ;i � n

p

; : : : ; w

p � 1 ; ( i +1) � n

p

� 1

g giv en

w

p;i

, the upp er b ound for v ector elemen ts b eing

Q

p � 1

j =0

n

j

.

3. F or i = 0 to d

N

n

0

e � 1,

� LD -deco de f x ( i � n

0

) ; : : : ; x (( i + 1) � n

0

� 1) g giv en w

0 ;i

.

Again with the assumption that N is an in teger m ultiple of

Q

p

j =0

n

j

for

all p , the upp er b ound on the n um b er of additions can b e found b y the sum

of the follo wing:

� F or p

th

la y er (1 < p < p

max

), there are

N

Q

p

j =0

n

j

EBI -deco ders, eac h

p erforming at most n

p

l

log

2

�

Q

p � 1

j =0

n

j

�m

additions. Then, the total ad-

ditions p erformed in p

th

la y er is at most N

l

log

2

�

Q

p � 1

j =0

n

j

�m

Q

p � 1

j =0

n

j

. If w e sum

up o v er the la y ers, w e get

T otal additions for EBI � N

p

max

X

p =1

l

log

2

�

Q

p � 1

j =0

n

j

�m

Q

p � 1

j =0

n

j

| {z }

< 2

< 2 N (3.13)
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� F or the lo w est la y er, there are

N

n

0

LD deco ders, eac h p erforming at most

n

0

additions. So, there are at most N additions coming from all LD

deco der units.

In other w ords, the total n um b er of additions for the baseline deco der is

upp er b ounded b y

T otal additions < 3 N (3.14)

The upp er b ound for the memory reads is the sum of

� N memory reads for LD -deco ders

� Less than 2 N memory reads for EBI -deco ders

Therefore, the total n um b er of memory reads for the baseline sc heme is

upp er b ounded b y 3 N . There are as man y c omp arison op erations as memory

reads in b oth LD and EBI deco ders . So, the total n um b er of comparisons

in the baseline deco der are at most 3 N .

In terestingly , the baseline deco der is a bit more complex than the enco der

coun terpart. But still, lik e the enco der, it has O ( n ) complexit y .

Arithmetic register width and storage requiremen ts of the baseline de-

co der are the same as that of the baseline enco der.

3.2 P arameter Selection Strategies

As seen in Section 3.1, arithmetic register width and storage requiremen ts of

the baseline sc heme dep ends on the hierarc h y parameters f n

i

g . This section

presen ts a metho dology for the selection of these parameters so as to meet

the constrain ts on the register width and on the total size of lo ok-up tables.

3.2.1 Meeting the Constrain t on Arithmetic

Register Width

The required arithmetic register width is determined b y the maxim um p os-

sible or dinal that can b e generated in an y la y er of the sc heme:

A rithmetic R e gister Width > log

2

( or dinal

max

) (3.15)
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So, giv en an arithmetic register width ARW , a simple strategy can b e

put as: \Start from the lo w est la y er and pro ceed to the higher la y ers. A t an y

la y er p , c ho ose n

p

su�cien tly small so that the maxim um p ossible ordinal

that can b e generated at that la y er is less than 2

ARW

.

Example

Assume that w e are giv en a stationary binary source, and w e w an t to ha v e a

sc heme whic h can op erate using 8-bit arithmetic op erations. Since the input

is stationary , w e w ould lik e to ha v e the substring / group sizes f n

i

g as large

as p ossible. W e pro ceed as follo ws:

� A t the lo w est la y er, the substring size n

0

m ust b e equal to 10, b ecause

the maxim um ordinal that can b e generated for n

0

= 10, whic h is giv en

b y C (10 ; 5) � 1 = 251, is less than 2

8

; whereas the maxim um ordinal

for n

0

= 11, giv en b y C (11 ; 5) � 1 = 461, is greater than 2

8

.

� A t the next la y er, w e emplo y E B I

10

. F or this case, if n

1

= 3, maxim um

ordinal is computed n umerically according to the recurrence relations

(2.2) and (2.3), and found to b e 90. If n

1

= 4, maxim um ordinal is

890 > 2

8

. So, w e select n

1

= 3.

� A t the follo wing la y er, E B I

30

is emplo y ed. F or this case, if n

2

= 2,

maxim um ordinal is 30, and with n

2

= 3, maxim um ordinal is 720 > 2

8

.

So, w e tak e n

2

= 2.

� Similarly , w e see that n

p

= 2 is appropriate for p = 3 ; 4. But for p = 5,

ev en n

p

= 2 is not su�cien tly small. Then, w e decide that if the input

length is larger than

Q

4

j =0

n

j

= 240, w e start from the in termedi ate

la y er of p = 5 with �xed-bit represen tation, as describ ed in Section

2.3.1. This is equiv alen t to dividing the input in to 240-bit c h unks .

Of course, there are some other considerations that can b e tak en in to

accoun t in parameter selection according to a sp eci�ed register width. F or

example, it is usually go o d to select n

0

as an in teger p o w er of t w o. This often

reduces the ine�ciency men tioned in Section 2.4 that is caused b y the ceiling

function, unless it is already tak en care of b y one of the metho ds describ ed

in Section 2.4. This can b e observ ed in the ab o v e example: setting n

0

= 10

w ould cause the LD enco ders to sp end 4 bits to enco de a substring of length
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10 with a w eigh t of 1, yielding an ine�ciency of 0.678 bits. If it w ere selected

as n

0

= 8, LD enco ders w ould sp end 3 bits to enco de a substring of length 8

with a w eigh t of 1, and w ould not incorp orate an y ine�ciency .

Another consideration is the p ossibilit y of mo difying the tree in run-

time, as men tioned in Section 2.3.4. Ho w ev er, this is a trial-and-error design

pro cedure rather than a systematic metho dology . The approac h is sho wn

b elo w in an example.

Consider the previous example, in whic h w e selected n

2

= n

3

= 2. If w e

ha v e the option of mo difying the tree on run-time, w e can assign n

2

= 4,

n

3

= 1 for some subtrees (This is in practice equiv alen t to skipping the en-

co ding in la y er 3 for those subtrees). The p oin t is that w e should ensure

E B I

30

( w

1 ; 4 i

w

1 ; 4 i +1

w

1 ; 4 i +2

w

1 ; 4 i +3

) < 2

8

for the particular subtrees, b y imp os-

ing a limit on their sum. Using the indexing for the unmo di�ed tree structure,

w e ha v e

w

3 ;i

= w

1 ; 4 i

+ w

1 ; 4 i +1

+ w

1 ; 4 i +2

+ w

1 ; 4 i +3

(3.16)

Then, the limit should b e imp osed on w

3 ;i

asso ciated with eac h sub-

tree. By n umerical computations according to the recurrence relations (2.2)

and (2.3), w e calculate that f

30

(9 ; 4) = f

30

(81 ; 4) = 220 < 2

8

, and that

f

30

(10 ; 4) = f

30

(80 ; 4) = 286 > 2

8

.

Then, the mo di�cation rule can b e put as follo ws:

� If w

3 ;i

� 9 or w

3 ;i

� 81

{ Set n

2

= 4 ; n

3

= 1 for the subtree descending from w

3 ;i

� Else

{ Keep n

2

= 2 ; n

3

= 2.

3.2.2 Meeting the Constrain t on Storage

The pro cedure of selecting the hierarc h y parameters so as to meet arithmetic

register width constrain ts has the side b ene�t of limiti ng storage require-

men ts to some exten t. In the example of Section 3.2.1, the lo ok-up storage

requiremen ts w ere automatically limited to the follo wing:

� a 10 � 10 table for binomial co e�cien ts
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� a 10-p oin t table for the lengths of LD co des

� a 30 � 2 table for g

10

( � ; � ) v alues

� a 30-p oin t table for the lengths of E B I

10

co des

� a 240-p oin t table for the lengths of E B I co des for n

p

= 2.

Eac h en try in the tables ab o v e has a width of one b yte. If this automatic

limiti ng do es not meet the constrain t on storage, the need for storage can b e

decreased further b y decreasing n

p

v alues further. F or example, setting n

1

=

2 and not mo difying an y other v alue w ould reduce the storage requiremen ts

b y 170 b ytes, bringing a sa ving of 38%.

Another w a y for further reducing the lo ok-up table storage is making

use of the symmetry inheren t in the binomial co e�cien ts and in the g

M

( � ; � )

v alues, as stated in Equations (3.1) and (3.3) resp ectiv ely . Ho w ev er, this

w ould require additional op erations, suc h as comparisons and conditional

subtractions.
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Chapter 4

Exp erimen ts on Computer

Generated Data

Before applying the hierarc hical sc heme on real-w orld data, it migh t b e go o d

to try it on data whic h has b een generated b y a computer according to the

assumed input mo del. This c hapter presen ts t w o exp erimen tal setups, one

for eac h assumed mo del, and for eac h setup giv es the exp erimen t results

as compared to that of arithmetic co ding (Section 1.3) and of LZW co ding

(Section 1.4.3).

4.1 Exp erimen ts on Lo cally Stationary

Memoryless Binary Sources

1

The baseline sc heme w as used. The hierarc h y parameters w ere selected as

n

0

= 64, n

1

= 8, n

2

= 4, and n

p

= 2 for p > 2. With these parameters,

enco ding and deco ding can b e p erformed using 64-bit in teger addition, sub-

traction and comparison op erations, b ecause the maxim um index that can

b e generated in an y stage is less than 2

64

.

The results of this con�guration are compared to the results of con text-

based arithmetic co ding as w ell as to the results of UNIX c ompr ess program,

whic h emplo ys LZW co ding. F or arithmetic co ding, a free soft w are b y Mo�at

1

The w ork presen ted in this section is published in Ele ctr onics L etter , v ol. 35, no. 17,

19 August 1999, pp. 1428-1429 with the title \Hierarc hical En umerativ e Co ding of Lo cally

Stationary Binary Data"
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et al. based on [34 ] and [35] w as used with adaptiv e �xed-con text bit-based

mo del option.

Exp erimen ts w ere p erformed on six di�eren t binary strings (denoted a , b ,

c , d , e , and f ), eac h ha ving a length of 100,000. The strings w ere generated

b y a random n um b er generator, and all of the binary digits w ere indep enden t.

The follo wing probabilities w ere used for the generation of the strings:

� String a : eac h bit had a constan t probabilit y 0 : 1 of ha ving a v alue 1.

� String b : eac h bit had a constan t probabilit y 0 : 001 of ha ving a v alue

1.

� String c : eac h bit had a constan t probabilit y 0 : 5 of ha ving a v alue 1.

� String d : comp osed of t w o parts, eac h part ha ving a length of 50,000

digits. A digit's probabilit y of b eing equal to 1 w as 0.001 in the �rst

part, and 0.5 in the second part.

� String e : n

th

digit's probabilit y of b eing equal to 1 w as

n

100000

.

� String f : comp osed of four parts, eac h part ha ving a length of 25,000

digits. A digit's probabilit y of b eing equal to 1 w as 0.1 in the �rst part,

0.9 in the second part, 0.3 in the third part, and 0.7 in the last part.

T able 4.1 sho ws the n um b er of bits sp en t b y eac h metho d for represen ting

eac h string ( HENUC stands for H ierarc hical ENU merativ e C o der). It can

b e seen from the table that the baseline hierarc hical metho d p erforms v ery

w ell for the strings d , e , and f , whic h are lo cally stationary signals with a

signi�can t o v erall nonstationarit y . W e observ e that con text-based arithmetic

co der also p erforms w ell for the string c . This string consists of t w o parts

whic h ha v e v ery di�eren t statistics, and it can b e sp eculated that the 16-bit

con text used b y the arithmetic co der w as able to prob e the signi�can t c hange

in the statistics. HENUC has satisfactory p erformance for the stationary

strings ( a , b , and c ) as w ell. HENUC 's p erformance is only sligh tly w orse

than that of arithmetic co ding for the string a , but m uc h b etter for the strings

b and c , whic h ha v e extreme probabilities.

In fact, almost all of the ine�ciency asso ciated with the arithmetic co der

is the ine�ciency of the probabilit y estimation algorithm. The probabilit y

estimation algorithm that w as emplo y ed in the arithmetic co der of these

exp erimen ts is a p opular one, and other p opular algorithms are similar to
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this algorithm in nature: they mo del the data as a stationary sequence, and

generate probabilit y estimates based on past samples. Arithmetic co ding

can almost fully mim ic HENUC b y using a sp eci�c hierarc hical algorithm for

probabilit y generation and up dating. Ho w ev er, this w ould b e an \exp ensiv e

em ulation", since the computational complexit y of this arithmetic co der -and

of arithmetic co ding in general- is higher than that of HENUC .

The o v erall p erformance of LZW w as m uc h w orse than that of arithmetic

co ding and HENUC for the test strings.

a b c d e f

HENUC 49914 1152 104525 52995 75624 71045

Arithmetic Co ding 49488 1304 111832 55336 82920 81800

c ompr ess (LZW) 61040 2880 +100000 73840 +100000 99648

Shannon Limit 46900 1140 100000 50570 72135 67514

T able 4.1: P erformance comparison for lo cally stationary memoryless binary

sources

W e can conclude that the baseline sc heme of hierarc hical en umerativ e

co ding is a v ery p o w erful alternativ e in the enco ding of lo cally stationary

memoryl ess binary sources.

4.2 Exp erimen ts on Mark o vian Binary

Sources

4.2.1 Customization of the Hierarc hical Sc heme

Since LD c o ding , the lo w est la y er of the baseline sc heme, is not primarily

mean t for enco ding Mark o vian sources, w e w ould lik e to replace the LD co der

of the baseline sc heme with an en umerativ e co der for �rst order Mark o vian

binary sources. The form ulation of this co der, based on [28], is presen ted

b elo w. Its in tegration to the hierarc hical sc heme will follo w this form ulation.

En umerativ e Co ding of First Order Mark o vian Binary Sources

The en umerativ e co ding of �rst order Mark o vian binary sources will b e

referred to as EF OMBIS ( E n umeration of F irst O rder M ark o vian BI nary
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S ources) in further text.

Our form ulation is quite parallel to that of [28], with minor mo di�cations

in the de�nitions. These mo di�cations will enable a compact represen tation

of the o v erhead information.

Consider a binary string x of length n , whic h has b een generated accord-

ing to a �rst order Mark o vian binary mo del. Let us de�ne a transition coun t

v ector v ( a; x; b ) = ( v

00

; v

01

; v

10

; v

11

), whose en tries are giv en b y

v

00

( a; x; b ) = �a �x

0

+ � x

n � 1

�

b +

n � 2

X

i =0

�x

i

�x

i +1

(4.1)

v

01

( a; x; b ) = �a x

0

+ � x

n � 1

b +

n � 2

X

i =0

�x

i

x

i +1

(4.2)

v

10

( a; x; b ) = a �x

0

+ x

n � 1

�

b +

n � 2

X

i =0

x

i

�x

i +1

(4.3)

v

11

( a; x; b ) = ax

0

+ x

n � 1

b +

n � 2

X

i =0

x

i

x

i +1

(4.4)

where a and b are binary n um b ers whic h are assumed to precede and follo w

x resp ectiv ely . �x

j

denotes the complem en t of x

j

, i.e. �x

j

= 1 � x

j

.

v (0 ; x; 0) is the v ector of coun ts of sym b ol transitions within x , with an

assumption that x is preceded b y a 0 and follo w ed b y a 0. This is a v ery

meaningful v ector for a Mark o vian source: the ratio of the en tries approac h

the Mark o vian transition probabilities as n gets larger.

A t this p oin t, w e seek an algorithm whic h generates the or dinal of x in

the lexicographically ordered list of all p ossible binary strings s whic h satisfy

a giv en transition coun t v ector v

g

( s is said to satisfy v

g

if v (0 ; s; 0) = v

g

).

Let us de�ne e

0

( a; v

g

) to b e the n um b er of all p ossible sequences x suc h

that v ( a; x; 0) = v

g

and x

0

= 0. Similarly , let us de�ne e

1

( a; v

g

) to b e the

n um b er of all p ossible sequences x suc h that v ( a; x; 0) = v

g

and x

0

= 1. The

total n um b er of sequences x satisfying v

g

can b e found b y adding up those

ha ving x

0

= 0 and those those ha ving x

0

= 1. In other w ords, according to

the notation used in Section 1.5.3, w e ha v e

n

S

v

g

= e

0

(0 ; v

g

) + e

1

(0 ; v

g

) (4.5)

e

0

( a; v

g

) is giv en b y the follo wing form ula:
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e

0

( a; v

g

) =

(

�

v

00

+ v

10

� 1

v

10

� a

� �

v

01

+ v

11

� 1

v

01

� 1

�

; if v

01

= v

10

� a

0 ; else

(4.6)

The deriv ation of this form ula is v ery similar to the one in [28 ]. The

sk etc h of the deriv ation is tak en here for con v enience in reading.

The else case of (4.6) follo ws from the fact that v

01

m ust b e equal to

v

10

� a for an y x , b ecause an y transition from 0 to 1 has to b e follo w ed b y

a transition from 1 to 0 (Recall the assumed zero follo wing x

n � 1

). If the

preceding digit a is a one, w e ha v e one extra transition from 1 to 0, whic h is

from a to x

0

= 0.

In the follo wing coun ts of the digits, w e will include the assumed b = 0

in the end, and exclude a . If x

0

= 0, there are v

00

+ v

10

zeros, and there are

v

10

� a + 1 runs of zeros. Eac h run tak es a p ositiv e in teger v alue, and the sum

of the runs m ust b e equal to the total n um b er of zeros, namely v

00

+ v

10

. As

attributed to [36] in [28], there are C ( r � 1 ; m � 1) p ositiv e in teger solutions

to r

1

+ r

2

+ � � � + r

m

= r . Then, there are C ( v

00

+ v

10

� 1 ; v

10

� a ) w a ys to

c ho ose the runlengths of zeros.

Similarly , there are v

01

+ v

11

ones, and there are v

01

runs of ones. Eac h run

tak es a p ositiv e in teger v alue, and the sum of the runs m ust b e equal to the

total n um b er of ones, whic h is v

01

+ v

11

. Then, there are C ( v

01

+ v

11

� 1 ; v

10

� 1)

w a ys to c ho ose the run lengths of ones.

The c hoice of the run lengths of zeros and the c hoice of the run lengths of

ones can b e made indep enden tly , and they completely c haracterize x . Then,

e

0

( v ) is giv en b y the m ultiplic ation of the n um b ers of c hoices for the run

lengths of zeros and ones, and the if case of (4.6) follo ws.

By a similar deriv ation, the form ula for e

1

( a; v

g

) can b e obtained. This

time, x

0

= 1 and there are v

10

+ v

00

zeros, and v

10

runs of zeros . The n um b er

of ones is v

01

+ v

11

, and the n um b er of runs of ones is v

01

+ a (Recall that w e

exclude a in the coun ts of the digits). Then, w e get

e

1

( a; v

g

) =

(

�

v

00

+ v

10

� 1

v

10

� 1

� �

v

01

+ v

11

� 1

v

01

+ a � 1

�

; if v

01

= v

10

� a

0 ; else

(4.7)

The en umeration form ula can no w b e written in terms of e

0

( � ). F rom

Equation (1.5), w e get the or dinal of x as

i

S

v

g

( x ) =

n � 1

X

j =0

x

j

e

0

( x

j � 1

; v ( x

j � 1

; [ x

j

; x

j +1

; : : : ; x

n � 1

] ; 0)) (4.8)
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where x

� 1

is de�ned to b e 0.

i

S

v

g

( x ) tak es on a v alue b et w een 0 and e

0

(0 ; v

g

) + e

1

(0 ; v

g

) � 1, so its

represen tation requires d log

2

( e

0

(0 ; v

g

) + e

1

(0 ; v

g

)) e bits.

Enco der

Based on Equations (4.6) - (4.8), the EF OMBIS enco ding algorithm has

the form b elo w:

1. Initialize or dinal to 0; ( v

00

; v

01

; v

10

; v

11

) to v

g

; a to 0

2. F or i = 0 to n � 2,

� If the i

th

digit x

i

is a one,

{ if v

01

== v

10

� a ,

� Add C ( v

00

+ v

10

� 1 ; v

10

� a ) C ( v

01

+ v

11

� 1 ; v

01

� 1) to

or dinal

� Decremen t v

ax

i

b y 1

� Set a to x

i

3. output or dinal , using d log

2

( e

0

(0 ; v

g

) + e

1

(0 ; v

g

)) e bits.

Deco der

The EF OMBIS deco ding algorithm is then as follo ws:

1. Initialize index to or dinal ; ( v

00

; v

01

; v

10

; v

11

) to v

g

; a to 0;

2. F or i = 0 to n � 1,

� If v

01

== v

10

� a and

index < C ( v

00

+ v

10

� 1 ; v

10

� a ) C ( v

01

+ v

11

� 1 ; v

01

� 1),

{ Set the i

th

output digit x

i

to 0

� Else,

{ Set the i

th

output digit x

i

to 1

{ if v

01

== v

10

� a ,
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� Subtract C ( v

00

+ v

10

� 1 ; v

10

� a ) C ( v

01

+ v

11

� 1 ; v

01

� 1)

from index

� Decremen t v

ax

i

b y 1

� Set a to x

i

Both the EF OMBIS enco ding algorithm and the EF OMBIS deco ding

algorithm ha v e O ( n ) computational complexit y .

An Example

Let us enco de the string `011010', giv en v

g

= (2 ; 2 ; 2 ; 1). T able 4.2 sho ws

the lexicographically ordered list of p ossible v ectors. F rom this table, w e see

that the ordinal of `011010' is 5.

ordinal string

0 001011

1 001101

2 010011

3 010110

4 011001

5 011010

6 100011

7 100110

8 101100

9 110001

10 110010

11 110100

T able 4.2: Lexicographically ordered list of strings satisfying v

g

= (2 ; 2 ; 2 ; 1)

The pro cess of enco ding the string `011010' is summarized in T able 4.3.

The generated ordinal is 5 as exp ected. It is represen ted using d log

2

12 e = 4

bits.

In tegration of EF OMBIS to the Hierarc hical Sc heme

The usual hierarc hical sc heme enco des the w eigh ts f w

i

g asso ciated with

the substrings of size n

0

, whereas EF OMBIS requires a coun t v ector v

i

=
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input digit a v add or dinal

0 0 (2,2,2,1) 0 0

(1,2,2,1) 0

1 0 (1,2,2,1) C (2 ; 2) � C (2 ; 1) = 2 0

(1,1,2,1) 2

1 1 (1,1,2,1) C (2 ; 1) � C (1 ; 0) = 2 2

(1,1,2,0) 4

0 1 (1,1,2,0) 0 4

(1,1,1,0) 4

1 0 (1,1,1,0) C (1 ; 1) � C (0 ; 0) = 1 4

(1,0,1,0) 5

T able 4.3: EF OMBIS enco der example for `011010'

v (0 ; x

i

; 0) for the i

th

substring x

i

. Th us, replacemen t of LD -co der units of the

baseline sc heme with EF OMBIS -co der units do es not su�ce to customize the

hierarc hical sc heme to enco de �rst order Mark o vian binary sources. What

w e need is an in terface unit whic h e�cien tly enco des v

i

giv en w

i

. In order to

dev elop an e�cien t metho d for this, w e �rst need to �nd the relation b et w een

v (0 ; x; 0) and w ( x ) =

P

n � 1

i =0

x

i

, and exploit the prop erties of v (0 ; x; 0). In the

follo wing deriv ations, n denotes the length of the substring x .

First, from Equations (4.2) and (4.3), w e ha v e

v

01

(0 ; x; 0) = v

10

(0 ; x; 0) (4.9)

Then, from Equations (4.1)-(4.4), and from the de�nition of w ( x ), w e get

v

01

(0 ; x; 0) + v

11

(0 ; x; 0) = w ( x ) (4.10)

v

00

(0 ; x; 0) + v

10

(0 ; x; 0) = n � w ( x ) + 1 (4.11)

If w ( x ) is 0, the en umeration problem b ecomes trivial, since the only

feasible string is the all-zero string. Similarly , w ( x ) = 64 imp oses that the

string consists of all ones.

If w ( x ) is nonzero, v

11

(0 ; x; 0) tak es on v alues b et w een 0 and w ( x ) � 1

(It cannot b e equal to w ( x ), b ecause the �rst 1 in x will alw a ys b e excluded

from the coun t of transitions from 1 to 1). Then, it can b e enco ded b y a

�xed-bit represen tation using d log

2

( w ( x )) e bits. Once v

11

(0 ; x; 0) is kno wn
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to b oth sides, the other elemen ts of the coun t v ector are calculated in the

follo wing order:

� v

01

(0 ; x; 0) solv ed from Equation (4.10),

� v

10

(0 ; x; 0) solv ed from Equation (4.9),

� v

00

(0 ; x; 0) solv ed from Equation (4.11).

Returning to the example of the previous subsection, w e should enco de

v

g

= (2 ; 2 ; 2 ; 1) giv en w ( x ) = 3. First, v

11

= 1 is enco ded using d log

2

3 e = 2

bits. Then, w e compute v

01

= 3 � v

11

= 2, v

10

= v

01

= 2, and �nally

v

00

= 4 � v

10

= 2.

Of course, if w ( x ) >

n +1

2

, it w ould b e more e�cien t to send v

00

(0 ; x; 0),

whic h tak es on v alues b et w een 0 and n � w ( x ), using d log

2

( n � w ( x ) + 1) e

bits. In that case, the order of solution for the other elemen ts of the coun t

v ector w ould b e

� v

10

(0 ; x; 0) from Equation (4.11),

� v

01

(0 ; x; 0) from Equation (4.9),

� v

11

(0 ; x; 0) from Equation (4.10).

Ha ving found an in terface b et w een w

i

and v

i

, the hierarc hical sc heme of

Section 2.2 can b e customized as follo ws:

1. Construct the sum-up tree.

2. Enco de w

p

max

; 0

, using log

2

( N + 1) bits.

3. F or p = p

max

do wn to 1,

� F or i = 0 to d

N

Q

p

j =0

n

j

e � 1,

{ E B I -enco de the v ector f w

p � 1 ;i � n

p

; : : : ; w

p � 1 ; ( i +1) � n

p

� 1

g giv en

w

p;i

, the upp er b ound for v ector elemen ts b eing

Q

p � 1

j =0

n

j

.

4. F or i = 0 to d

N

n

0

e � 1,

� If w

0 ;i

6= 0 and w

0 ;i

6= n

0

,
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{ If w

0 ;i

�

n

0

+1

2

,

� Compute v

11

= v

11

(0 ; f x ( i � n

0

) ; : : : ; x (( i + 1) � n

0

� 1) g ; 0)

as de�ned in Equation (4.4)

� Enco de v

11

b y �xed-bit represen tation using d log

2

( w

0 ;i

) e

bits.

� Set v

10

and v

01

to w

0 ;i

� v

11

� Set v

00

to n � w

0 ;i

+ 1 � v

10

{ Else,

� Compute v

00

= v

00

(0 ; f x ( i � n

0

) ; : : : ; x (( i + 1) � n

0

� 1) g ; 0)

as de�ned in Equation (4.1)

� Enco de v

00

b y �xed-bit represen tation using

d log

2

( n

0

� w

0 ;i

+ 1) e bits.

� Set v

01

and v

10

to ( n

0

� w

0 ;i

+ 1) � v

11

� Set v

11

to w

0 ;i

� v

01

{ By EF OMBIS , enco de f x ( i � n

0

) ; : : : ; x (( i + 1) � n

0

� 1) g giv en

v = ( v

00

; v

01

; v

10

; v

11

).

4.2.2 Exp erimen tal Results

The hierarc h y parameters w ere again selected as n

0

= 64, n

1

= 8, n

2

= 4,

and n

p

= 2 for p > 2. The maxim um index that can b e generated in an y

stage is less than 2

64

, and an arithmetic register width of 64 bits is required.

The results of this con�guration w ere compared to the results of con text-

based arithmetic co ding ([34],[35 ]) and of UNIX c ompr ess program.

Exp erimen ts w ere p erformed on three di�eren t binary strings (denoted a ,

b , and c ), eac h ha ving a length of 100,000. The strings w ere generated b y

a random n um b er generator, according to a Mark o vian mo del of �rst order.

F or string a , the mo del parameters w ere:

� p

00

= 0 : 9, p

01

= 0 : 1, p

10

= 0 : 1, p

11

= 0 : 9

where p

uv

denotes the transition probabilit y from state u to state v . The

mo del parameters used in the generation of string b w ere:

� p

00

= 0 : 9, p

01

= 0 : 1, p

10

= 0 : 6, p

11

= 0 : 4

And the mo del parameters for string c w ere
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� p

00

( i ) =

i

99999

; i = 0 ; 1 ; : : : ; 99998

� p

01

( i ) =

99999 � i

99999

; i = 0 ; 1 ; : : : ; 99998

� p

10

( i ) =

99999 � i

99999

; i = 0 ; 1 ; : : : ; 99998

� p

11

( i ) =

i

99999

; i = 0 ; 1 ; : : : ; 99998

where p

uv

( i ) denotes the probabilit y that x

i +1

will b e equal to v , giv en x

i

= u .

T able 4.4 sho ws the n um b er of bits sp en t b y eac h metho d for represen ting

eac h string. It can b e seen from the table that the customized hierarc hical

sc heme p erforms b etter than the others for string c , in whic h there is a drift

of transition probabilities. This drift requires the en trop y co der to adapt

e�cien tly to the c hanging statistics, and the adv an tage of the hierarc hical

sc heme in e�cien t adaptation is visible. F or the other t w o strings whic h are

stationary , the hierarc hical en umerativ e enco der is still visibly b etter than

c ompr ess . It is w orse than arithmetic co ding for string a , but sligh tly b etter

for string b .

a b c

Hierarc hical En umerativ e Co ding 55496 58325 80191

Arithmetic Co ding 51880 59760 85560

c ompr ess (LZW) 62560 70016 100000

Shannon Limit 46900 54070 72135

T able 4.4: P erformance comparison for �rst order Mark o vian binary sources

W e can conclude that the customized v ersion of hierarc hical en umerativ e

co ding is an e�cien t to ol in the compression of �rst order Mark o vian binary

sources, esp ecially when the transition probabilities are time v arying. In

fact, it is more b ene�cial to p erform e�cien tly for the time-v arying case,

b ecause simple prediction metho ds [37 ] often help in the stationary case. F or

example, for the string a ab o v e, predicting a ( i + 1) from a ( i ), and compressing

the prediction error string e obtained according to e ( i + 1) = a ( i + 1) � a ( i )

b y the baseline hierarc hical sc heme yields 49970 bits.
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Chapter 5

Application: Binary Image

Compression

This c hapter presen ts the application of the hierarc hical en umerativ e co ding

sc heme to the compression of binary images

1

. The �rst section describ es

the con�guration, and the second section is ab out the exp erimen tal setup.

Exp erimen tal results are presen ted in the last section.

5.1 Con�guration

The con�guration consists of a DPCM stage follo w ed b y a mo di�ed baseline

co der. The usage of DPCM dep ends on the follo wing observ ation: the base-

line sc heme do es not exploit the correlation among the input sym b ols, but

it compresses more if there is a bigger im balance b et w een the total n um b er

of ones and zeros in the image. DPCM tec hniques [38 ] often increase this

im balance, while reducing the correlation.

In the DPCM stage, three di�eren t DPCM tec hniques are tested during

enco ding: predicting from left neigh b or; predicting from upp er neigh b or; and

predicting from left, upp er and upp er-left neigh b ors. The one minim iz ing

the n um b er of less frequen tly o ccurring sym b ol -if b etter than no DPCM-

is applied, and this selection is signalled as side information, using t w o bits.

The output of the DPCM stage is a binary image ha ving the same size as

1

The w ork presen ted in this c hapter is will app ear in In ternational Conference on

Information, Comm uni cations and Signal Pro cessing, Singap ore, 7-10 Decem b er 1999,

with the name \Hierarc hical En umerativ e Co ding of Binary Images"
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the input image.

Figure 5.1: Sum-up tree for binary image application

Next, the image output from the DPCM stage is divided in to 8x8 blo c ks.

Eac h of these blo c ks is scanned left to righ t, top to b ottom to obtain a sub-

string of length 64. The input to the hierarc hical en umerativ e co ding sc heme

is comp osed b y concatenating these substrings. The concatenation order is

again left to righ t, top to b ottom. Then, the sum-up tree is constructed

according to the parameters n

0

= 64, n

1

= 8, n

2

= 4, and n

p

= 2 for p > 2.

Figure 5.1 sho ws this sum-up tree.

The enco ding of the tree starts from an in termediate la y er, as men tioned

in Section 2.3.1. The starting lev el is selected to b e the lo w ermost lev el in

the tree for whic h represen ting the w v alues in it b y constan t bits p er sym b ol

is more e�cien t than hierarc hical represen tation. The starting lev el m ust b e
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signalled explicitly , and 4 bits are reserv ed for this.

The w v alues in the starting lev el m ust b e sen t using a �xed bit represen-

tation. The length of the shortest su�cien t �xed length co de is sen t as side

information, as men tioned in Section 2.3.1, using 4 bits. The �xed length

co de with this shortest length is emplo y ed in the enco ding of the w eigh ts in

the starting la y er.

LD c o ding is emplo y ed in the enco ding of the substrings of the lo w est

la y er.

The arithmetic register width requiremen t of the sc heme is 64 bits.

5.2 Exp erimen tal Setup

Exp erimen ts are p erformed on eigh t binary images, spanning most common

di�eren t c haracteristics (Figures 5.2-5.9). The enco der and the deco der are

implem e n ted as separate C programs, and a simple �le format is designed

that includes the image size and data generated b y the enco der part of the

prop osed sc heme. The enco der reads a �le in P ortable Bitmap (PBM) format

(image size follo w ed b y uncompressed data), and pro duces a �le in the pro-

prietary format. The deco der reads a �le in this format, and generates a �le

in PBM format. The size of the �le generated b y the enco der as compared

to the original size is used as a measure of p erformance.

5.3 Results

The compression p erformance of the sc heme is compared to that of three

common �le formats emplo ying lossless binary compression metho ds; namely

GIF89a [39 ], JBIG [40], and `LZW', `CCITT-G3' and 'CCITT-G4' options

of TIFF [41]. Commercial soft w are w as used for enco ding in other formats.

T able 5.1 sho ws the �le sizes (in b ytes) of the test images in eac h for-

mat. The `HENUC' abbreviation in the last column stands for H ierarc hical

ENU merativ e C o der. As an o v erall p erformance �gure for eac h metho d, the

compressed �le sizes are normalized to the PBM �le size, and these normal-

ized sizes are a v eraged o v er all images. The o v erall p erformance �gures of the

compared metho ds are seen in the last ro w of T able 5.2. F rom this ro w, it is

seen that the p erformance of HENUC is rank ed second among the compared

metho ds, yielding a p erformance �gure whic h is ab out 8% higher than JBIG,
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Image no. PBM G3 G4 LZW GIF89a JBIG HENUC

1 128346 15538 9518 20452 14883 8700 12225

2 128346 13960 5426 20382 13840 5079 8484

3 128346 25134 9288 32142 25354 8293 13847

4 32809 49196 60724 28960 25833 20108 21141

5 9641 12600 12668 6680 5745 4990 4414

6 82067 9400 5000 15066 9386 4577 6439

7 9641 2284 730 2270 1268 752 612

8 28737 4822 2422 5930 4103 2029 3152

T able 5.1: Compressed �le sizes in b ytes for the compared binary image

compression formats

Image no. PBM G3 G4 LZW GIF89a JBIG HENUC

1 100 12.1 7.4 15.9 11.6 6.8 9.5

2 100 10.9 4.2 15.9 10.8 4.0 6.6

3 100 19.6 7.2 25.0 19.8 6.5 10.8

4 100 149.9 185.1 88.3 78.7 61.3 64.4

5 100 130.7 131.4 69.3 59.6 51.8 45.8

6 100 11.5 6.1 18.4 11.4 5.6 7.8

7 100 23.7 7.6 23.5 13.2 7.8 6.3

8 100 16.8 8.4 20.6 14.3 7.1 11.0

Av erage 100 46.9 44.7 34.6 27.4 18.8 20.3

T able 5.2: Normalized compression p erformances of the compared binary

image compression formats

whic h is the standard yielding highest compression. The third b est in this

p erformance comparison is GIF89a, a paten ted metho d emplo ying LZW. It

should b e noted that GIF89a is the de facto In ternet standard for the loss-

less compression of binary images, due to its go o d and robust compression

p erformance.
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Figure 5.2: T est image 1: a letter page. This image is obtained b y subsam-

pling CCITT test image no.1
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Figure 5.3: T est image 2: a dra wing. This image is obtained b y subsampling

CCITT test image no.2
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Figure 5.4: T est image 3: a page com bining handwriting and a banner. This

image is obtained b y subsampling CCITT test image no.8
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Figure 5.5: T est image 4: a halftone v ersion of lake

Figure 5.6: T est image 5: a halftone picture of the author
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Figure 5.7: T est image 6: a handwritten letter
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Figure 5.8: T est image 7: a banner

Figure 5.9: T est image 8: a scien ti�c plot
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Chapter 6

Application: Ov erhead

Compression

In image and video compression applications, it is often useful to emplo y

o v erhead information whic h giv es a general description of the picture or the

sequence. This o v erhead information enables the co dec to use di�eren t tec h-

niques or parameters for di�eren t parts of the image or the sequence, th us

increasing the p erformance. V ery often, this o v erhead is in the form of seg-

men tation information (e.g. [42], [43], [44], [45], [46 ], [47 ], [48 ]), or in the form

of a switc hing information (suc h as MOTION/NO-MOTION and INTER/

INTRA switc hes in [49] and in [50]).

The compression of o v erhead information is a quite non-trivial task. First

of all, data statistics v ary signi�can tly according to some in ternal parameters,

and large v ariations in statistics can b e exp ected from image to image or from

sequence to sequence. Th us, it is not so e�cien t to emplo y a non-adaptiv e

metho d suc h as Hu�man co ding. Secondly , the data comes in c h unks of

small sizes. This mak es con v en tional adaptiv e metho ds often a w orse c hoice,

b ecause there is little `time' to adapt.

This c hapter studies t w o examples for the application of hierarc hical en u-

merativ e co ding to the compression of o v erhead information. First section

is ab out the compression of quadtree segmen tation information. The sec-

ond section applies hierarc hical en umerativ e co ding to the compression of

switc hing information.

81



6.1 Compression of Quadtree

Represen tation

Quadtree represen tation is a data structure whic h has b een originally pro-

p osed for represen ting the shap e of a region [51], and b ecame p opular in image

and video co ding applications as a w a y to represen t some sort of segmen ta-

tion information. It is particularly p opular in sc hemes emplo ying v ariable

blo c ksize transform co ding or v ariable blo c ksize v ector quan tization ([43],

[44 ], [45], [46], [52 ], [53], [54]).

Figure 6.1: A 128x128 p ortion of the test image p epp ers , divided in to square

blo c ks of sizes 64 � 64, 32 � 32, 16 � 16, and 8 � 8

Consider the image in Figure 6.1, whic h has b een divided in to square

blo c ks of v ariable size. Eac h square blo c k has b een obtained b y splitting

a bigger size square blo c k in to four. This segmen tation can b e represen ted

uniquely b y a quadtree. The lea v es of the quadtree corresp ond to the �-

nal (i.e non-splitted) square blo c ks, whereas the no des corresp ond to those

square blo c ks whic h ha v e b een splitted in to four. When eac h splitted blo c k is
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scanned in the order top-left, top-right, b ottom-left, b ottom-right , the quadtree

asso ciated with the segmen tation in Figure 6.1 will ha v e the form sho wn in

Figure 6.2.

Figure 6.2: The quadtree asso ciated with the segmen tation in Figure 6.1.

No des are denoted b y circles, and they corresp ond to splitted blo c ks. Lea v es

are denoted b y squares, and they corresp ond to non-splitted blo c ks.

The enco ded compact represen tation of the quadtree consists of the split

decisions made for eac h blo c k. Naturally , the scanning of the tree is from top

la y ers to b ottom la y ers. In most of the practical applications, the quadtree

enco ding starts from an in termediate la y er, implying that ab o v e la y ers ha v e

yielded all splits. There is also usually a minim um blo c k size, whic h implies

that no splits o ccur in b elo w la y ers. Let us consider the enco ding of the

quadtree in Figure 6.2. If w e started with blo c ks of size 64 � 64, and the

minim um blo c k size w ere set as 8 � 8, the quadtree represen tation bits w ould

b e as follo ws:

� La y er 1: split decisions for blo c ks of size 64 � 64. There are 4 suc h

blo c ks, th us there should b e 4 bits.

{ 1101

� La y er 2: split decisions for blo c ks of size 32 � 32, whic h ha v e resulted

from splits in la y er 1. Three of the blo c ks ha v e b een splitted in la y er

1, eac h yielding four 32 � 32 blo c ks. Th us, there are 3 � 4 = 12 bits for

this la y er.
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{ 0011 1111 1001

� La y er 3: split decisions for blo c ks of size 16 � 16, whic h ha v e resulted

from splits in la y er 2. Eigh t of the blo c ks ha v e b een splitted in la y er 2,

eac h yielding four 16 � 16 blo c ks. Th us, there are 8 � 4 = 32 bits for

this la y er.

{ 0000 0000 0000 0000 0000 0000 1000 0000

� La y er 4: since 8 � 8 is the minim um blo c k size, there are no bits for

this la y er.

6.1.1 Exp erimen tal Setup

When decomp osing in to v ariable blo c k sizes, the split strategy w as adopted

from [44], the reason for the preference b eing simplicit y . According to this

strategy , a blo c k is splitted in to four if the subblo c k a v erages for an y t w o of

the subblo c ks are signi�can tly di�eren t. In other w ords, for a blo c k at la y er

l with subblo c k a v erages m

l

( i ), i = 0 ; 1 ; 2 ; 3 the decision rule is

� If max

( i;j )

j m

l

( i ) � m

l

( j ) j > t

l

,

{ Split the blo c k

� Else,

{ Do not split the blo c k

where t

l

is a threshold asso ciated with la y er l .

Exp erimen ts w ere p erformed on sev en standard test images, eac h ha ving

a size of 512 � 512. The maxim um blo c k size w as c hosen to b e 64 � 64,

and the minim um blo c k size w as 8 � 8. The resultan t quadtrees ha v e four

la y ers, requiring bit transmission for three la y ers. The la y er asso ciated with

64 � 64 blo c ks will b e referred to as la y er 1 in further text. Similarly , la y er 2

is asso ciated with 32 � 32 blo c ks, and la y er 3 is asso ciated with 16 � 16 blo c ks.

F or the con v enience of represen ting the thresholds with one parameter, the

thresholds for la y er 2 and for la y er 3 w ere set to b e a constan t m ultiple of

the threshold for la y er 1. The relations are t

2

= 3 : 5 � t

1

, t

3

= 6 � t

1

. Three

di�eren t v alues of t

1

w ere used for eac h image, resulting in three di�eren t
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Figure 6.3: Quadtree segmen tations of test image p epp ers . The upp er one

has t

l

= 5, and the lo w er one has t

l

= 25.
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segmen tations. Figure 6.3 sho ws the segmen tations of the p epp ers image for

t

l

= 5 and t

l

= 25. The dep endence of quadtree segmen tation on in ternal

parameters is quite visible in this �gure.

The quadtree bits of di�eren t la y ers w ere compressed separately . There

are t w o reasons for this: �rstly , the bit sequences of di�eren t la y ers exhibit

di�eren t statistics, and there is no p oin t in enco ding them join tly . Secondly ,

the length of input in la y er 2 is kno wn to deco der only after la y er 1 bits

ha v e b een deco ded, and the length of input in la y er 3 is kno wn only after

la y er 2 bits ha v e b een deco ded. Enco ding the la y ers join tly w ould cause

complications in the determination of the input length.

The hierarc hical en umerativ e enco der con�guration used for the compres-

sion of the quadtree bit sequences is the baseline sc heme with parameters

n

0

= 64, n

1

= 8, n

2

= 4, and n

p

= 2 for p > 2.

Sometime s, the quadtree bit sequence is quite random. In these cases,

hierarc hical en umerativ e co der has the risk of yielding a bit sequence whic h

is longer than the input sequence. T o increase the robustness of the co der,

an explicitly transmitted 1-bit switc h is emplo y ed. If this �rst bit is a 0, no

en umerativ e co ding is in v olv ed and the deco der in terprets the follo wing bits

as uncompressed quadtree bits. If the �rst bit is a 1, hierarc hical en umerativ e

deco ding pro ceeds in the normal w a y . The enco der sets the switc h to 0 when

it sees that hierarc hical en umerativ e co de w ould increase the bit length.

6.1.2 Results

The results of the robusti�ed HENUC are compared to the results of similarly

robusti�ed v ersion of con text-based arithmetic co ding ([34],[35]), and to the

results of 16-sym b ol Hu�man co ding. F or Hu�man co ding, separate Hu�man

tables w ere used for separate la y ers, and statistics w ere obtained from the

test images. No cost w as assumed for represen ting the Hu�man tree. The

results for Hu�man co ding m ust b e in terpreted as an upp er b ound on the

p erformance of this metho d.

T able 6.1 sho ws the n um b er of bits sp en t b y eac h metho d for represen ting

the quadtree segmen tation of sev en sequences according to three di�eren t v al-

ues of the threshold t

1

. It can b e seen from the last ro ws that the robusti�ed

hierarc hical en umerativ e co ding sc heme p erforms b etter than the others.

It can b e argued that ev en the uncompressed length of the quadtree bit

sequence w ould ha v e a negligibly small share in the o v erall bits for enco ding
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Threshold Sequence Uncompressed Arith. C. Hu�man HENUC

bab o on 876 879 845 826

bridge 1104 1107 1099 1013

couple 944 947 885 867

t

1

= 5 goldhill 908 911 870 866

lak e 1008 1011 981 956

p epp ers 1012 1015 914 924

plane 776 779 730 763

bab o on 332 335 172 144

bridge 472 475 293 277

couple 428 431 299 284

t

1

= 15 goldhill 388 391 235 216

lak e 672 675 537 522

p epp ers 600 603 451 423

plane 440 443 368 359

bab o on 212 215 107 84

bridge 292 295 161 145

couple 240 243 134 111

t

1

= 25 goldhill 212 215 110 97

lak e 452 423 305 256

p epp ers 396 399 266 215

plane 264 267 185 153

Av erage 572.8 574.2 473.7 452.4

P ercen tage 100 100.3 82.7 79.0

T able 6.1: P erformance comparison for the compression of quadtree bits

the picture

1

, and th us there is little need for further compression. After all,

none of the metho ds is compressing so m uc h on the a v erage. This argumen t

can b e v alid from a practical p oin t of view. Ho w ev er, the main signi�cance of

this exp erimen t is its b enc hmarking v alue, b ecause quadtree bit sequence is

a non trivial real w orld data whic h is c hallenging in terms of compressibilit y .

1

The share of quadtree information is not negligible in video co ding, particularly for

the v ery lo w bit rate case
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6.2 Compression of Switc hing Information

Images and video sequences are generally comp osed of segmen ts exhibiting

di�eren t c haracteristics. F or example, an image ma y ha v e smo othly v arying

regions, edges, or texture. Similarly , a frame of a video sequence ma y ha v e

mo ving regions or still regions, or regions that ha v e app eared for the �rst

time in that frame. The robustness and p erformance of a video or image

compression sc heme can b e increased b y emplo ying di�eren t tec hniques for

segmen ts of di�eren t c haracteristics. F or example, MPEG-2 [49] and ITU-

T H.263 [50 ] video co ding standards ha v e macroblo c ks of t yp e INTER or

INTRA , of t yp e MOTION or NO-MOTION , etc.

The switc hing information, whic h is usually in the form of a binary or

ternary map, is signalled explicitly , with or without compression.

Consider a h yp othetical image compression sc heme whic h divides the im-

age in to 8 � 8 blo c ks, and switc hes b et w een t w o di�eren t metho ds for enco ding

the blo c ks, dep ending on the spatial activit y of the blo c k. What needs to

b e transmitted as side information is a binary map of smo oth blo c ks v er-

sus detaile d blo c ks. Figure 6.4 sho ws a sample decomp osition of 512 � 512

p epp ers image in to smo oth v ersus detaile d regions comp osed of 8 � 8 blo c ks,

where detaile d blo c ks are highligh ted. Our exp erimen ts of this section are

fo cused on the compressed represen tation of the switc hing b et w een smo oth

and detaile d blo c ks.

6.2.1 Exp erimen tal Setup

Decomp osition in to smo oth v ersus detaile d regions is p erformed b y thresh-

olding the energy of eac h blo c k in its high frequency DCT [33] co e�cien ts.

The classi�cation algorithm for eac h blo c k is as follo ws:

� Apply a DCT to the blo c k. Let d ( i; j ) denote the DCT co e�cien t with

indices ( i; j ), where 0 � i; j � 7.

� Find the energy e

hf

in the high fr e quency DCT co e�cien ts b y summing

up the squares of d ( i; j ) v alues for all ( i; j ) pairs suc h that i + j > 2.

� If e

hf

> THR ,

{ Set the blo c k as detaile d

� Else,
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Figure 6.4: 512 � 512 p epp ers image decomp osed in to smo oth v ersus detaile d

regions comp osed of 8 � 8 blo c ks. Detaile d blo c ks are highligh ted.

{ Set the blo c k as smo oth

Exp erimen ts w ere p erformed on sev en standard test images, eac h ha ving

a size of 512 � 512. The resulting switc hing information is in the form of

binary images of size 64 � 64. These binary images w ere enco ded b y the

sc heme describ ed in Section 5.1 (DPCM follo w ed b y baseline sc heme).

Three di�eren t v alues of THR w ere used for eac h image, resulting in three

di�eren t decomp ositions.

6.2.2 Results

The results of the DPCM-baseline cascade is compared to the results of

DPCM-arithmetic co ding cascade. F or the p erformance ev aluation of the

arithmetic co der, the baseline sc heme w as replaced b y the free soft w are b y

Mo�at et al. based on [34] and [35 ] with adaptiv e �xed-con text bit-based

mo del option.

T able 6.2 sho ws the n um b er of bits sp en t b y the t w o metho ds for rep-

resen ting the switc hing information. It can b e seen from the table that
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Threshold Sequence Uncompressed Arithmetic Co ding HENUC

bab o on 4096 1626 1401

bridge 4096 1458 1139

couple 4096 2842 2615

T H R = 35

2

goldhill 4096 2584 2339

lak e 4096 1834 1627

p epp ers 4096 3562 3302

plane 4096 2322 2080

bab o on 4096 2290 2110

bridge 4096 3130 2849

couple 4096 2890 2706

T H R = 100

2

goldhill 4096 2400 2132

lak e 4096 3282 3022

p epp ers 4096 2162 2113

plane 4096 2226 2144

bab o on 4096 2506 2194

bridge 4096 2914 2639

couple 4096 1754 1523

T H R = 160

2

goldhill 4096 832 596

lak e 4096 2106 1887

p epp ers 4096 1258 1126

plane 4096 1570 1496

Av erage 4096.0 2264 2049.5

P ercen tage 100.0 55.3 50.0

T able 6.2: P erformance comparison for the compression of switc hing infor-

mation

hierarc hical en umerativ e co der outp erforms con text based arithmetic co der

consisten tly for ev ery image-threshold com bination, yielding ab out 10% less

bits on the a v erage.
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Chapter 7

Application: DCT Based Image

Compression

The Discrete Cosine T ransform (DCT) [33 ] has b een v ery p opular in image

and video compression, due to its high e�ciency in pac king the energy to

few transform co e�cien ts, and due to the existence of n umerous fast imple-

men tation metho ds ([33], [55]). Most p opular standards for image and video

compression, suc h as JPEG ([56 ],[57 ]), MPEG-2 ([49]), and H.263 [50] are

DCT-based sc hemes. A t ypical DCT based image co ding sc heme consists of

three basic stages:

� Dividing the image in to non-o v erlapping blo c ks of size 8x8 or 16x16,

and applying t w o-dimensional DCT to eac h blo c k,

� Quan tizing the DCT co e�cien ts to discrete lev els,

� En trop y co ding of the quan tized DCT co e�cien ts.

This c hapter studies the in tegration of hierarc hical en umerativ e co ding to

a DCT based image co ding sc heme as the en trop y co der of the quan tized DCT

co e�cien ts. A greyscale image input is assumed throughout the c hapter, but

an extension to color images is straigh tforw ard. In the �rst section, the

o v erview of a t ypical DCT based image co der is presen ted. The second

section describ es the emplo ym en t of hierarc hical en umerativ e enco der as the

en trop y co der in suc h a sc heme. Exp erimen tal setup and results are presen ted

in the last section.
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7.1 Ov erview of a T ypical DCT Based

Image Co der

The blo c k diagram of a t ypical DCT based image enco der is sho wn in Figure

7.1, and the blo c k diagram of the asso ciated deco der is sho wn in Figure

7.2. The details of the mo dules in these �gures are explained in the next

subsections.

DCT Quantizer Entropy Coder

Input Image

bitstream

8x8 blocks

Figure 7.1: The blo c k diagram of a t ypical DCT based image enco der

Entropy Decoder Normalizer Inverse DCT

Reconstructed Image

bitstream

Figure 7.2: The blo c k diagram of a t ypical DCT based image deco der

7.1.1 DCT

There are sev eral v ersions of DCT [33]. The most p opular v ersion, named

DCT-II , is considered here.

The input to the DCT mo dule is an 8x8 blo c k of image intensity values ,

and the output is an 8x8 blo c k of DCT c o e�cients . Image in tensit y v alues

are t ypically represen ted b y 8-bit unsigned in tegers. Let f ( i; j ) ; 0 � i; j � 7

denote the in tensit y v alue of the pixel ha ving a v ertical o�set i and horizon tal

o�set j from the upp er-left corner of the 8x8 image blo c k. Similarly , let
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F ( u; v ) ; 0 � u; v � 7 denote the DCT co e�cien t ha ving a v ertical o�set

u and horizon tal o�set v from the upp er-left corner of the output 8x8 DCT

blo c k. The DCT mo dule computes the DCT co e�cien ts according to the

follo wing equation:

F ( u; v ) =

C ( u ) C ( v )

4

7

X

i =0

7

X

j =0

f ( i; j ) cos

 

(2 i + 1) u�

16

!

cos

 

(2 j + 1) v �

16

!

(7.1)

where C (0) =

1

p

2

and C ( m ) = 1 for m 6= 0.

Statistically , most of the blo c k energy is pac k ed to lo w-frequency co ef-

�cien ts, i.e. those co e�cien ts ha ving smaller indices u and v . The lo w est

frequency co e�cien t, F (0 ; 0), is often referred to as the DC c o e�cient , and

is linearly prop ortional to the mean v alue of the image blo c k. The other

co e�cien ts are called A C c o e�cients .

The in v erse DCT mo dule of the deco der p erforms the rev erse op eration:

it tak es an 8x8 DCT blo c k as input, and computes the 8x8 reconstructed

image blo c k according to the follo wing equation:

f ( x; y ) =

1

4

7

X

i =0

7

X

j =0

C ( u ) C ( v ) F ( u; v ) cos

 

(2 i + 1) u�

16

!

cos

 

(2 j + 1) v �

16

!

(7.2)

7.1.2 Quan tization

The DCT co e�cien ts tak e on v alues in a con tin uous range (i.e. they do

not tak e on discrete v alues), whereas the en trop y co der requires a �nite-

alphab et source as input. So, the DCT co e�cien ts need to b e rounded to

discrete lev els b efore b eing fed to the en trop y co ding stage. The pro cess of

rounding to discrete lev els is called quantization , and the mo dule p erforming

this pro cess is called quantizer (Figure 7.1). Quan tization is an irrev ersible

mapping, and it is the stage where loss is in tro duced to ac hiev e compression.

There is a trade-o� b et w een the amoun t of loss and the n um b er of bits

required for represen tation, and this trade-o� is con trolled b y the quan tizer:

as the n um b er of discrete lev els of the quan tizer is increased, the in tro duced

loss is decreased, and the n um b er of bits required to represen t the quan tized

co e�cien ts is increased.

93



In order to ha v e 
exibilit y in compression ratios, most sc hemes in v olv e

a mo di�able parameter or a v ector of mo di�able parameters that de�ne the

n um b er of discrete lev els of the quan tizer. F or example, JPEG uses a uniform

quan tizer, and emplo ys an -assumed or explicitly transmitted- quan tization

table of size 8x8. The table consists of in teger en tries, and eac h en try Q ( u; v )

of the quan tization table de�nes the quantizer step size , the distance b et w een

t w o consecutiv e discrete lev els, for quan tizing the DCT co e�cien t F ( u; v ).

The quan tization is p erformed b y dividing eac h DCT co e�cien t b y the cor-

resp onding parameter in the quan tization table, and rounding the result in to

the nearest in teger. H.263, on the other hand, emplo ys a single quantization

p ar ameter (qp) for all of the A C co e�cien ts.

The quan tizer output is an 8x8 blo c k of in teger indices. A t the deco der

side, these indices m ust b e translated bac k to DCT co e�cien t v alues via a

scaling op eration. This scaling op eration is sometimes called inverse quan-

tization , sometimes de quantization , and sometimes normalization . W e will

refer to it as normalization , and the mo dule p erforming normalization as

normalizer (Figure 7.2). Normalization is a one-to-one mapping parameter-

ized b y a quan tization parameter or b y a v ector of quan tization parameters.

The mapping is determined b y the asso ciated quan tization sc heme. F or ex-

ample in JPEG, whic h uses a uniform quan tizer, the mapping is simply the

m ultiplication of the index b y the asso ciated en try in the quan tization table.

7.1.3 En trop y Co ding

In the en trop y co ding stage, the 8x8 blo c k of quan tization indices of the

DCT co e�cien ts (or shortly quan tized DCT co e�cien ts) are compressed.

En trop y co der exploits the fact that most of the energy is compacted in to

lo w-frequency co e�cien ts, and that man y of the high-frequency co e�cien ts

are zeros.

Hu�man co ding and arithmetic co ding are the t w o fa v orite metho ds for

the en trop y co ding of quan tized DCT co e�cien ts. Hu�man co ding is more

p opular, due to its simplicit y and the paten ts in v olv ed in arithmetic co ding.

F or example in JPEG, b oth arithmetic co ding and Hu�man co ding ha v e b een

sp eci�ed, but the baseline mo de uses Hu�man co ding. Arithmetic co ding is

rep orted [57] to pro duce 5-10% b etter compression than Hu�man co ding in

JPEG.

When Hu�man co ding is emplo y ed, the DC co e�cien t is usually co ded

separately , using a separate Hu�man table or �xed bits. F or example, the
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v 0 1 2 3 4 5 6 7

u

0 - 1 5 6 14 15 27 28

1 2 4 7 13 16 26 29 42

2 3 8 12 17 25 30 41 43

3 9 11 18 24 31 40 44 53

4 10 19 23 32 39 45 52 54

5 20 22 33 38 46 51 55 60

6 21 34 37 47 50 56 59 61

7 35 36 48 49 57 58 62 63

T able 7.1: P osition of eac h A C co e�cien t in the zigzag scanned sequence

basic INTRA mo de of H.263 uses 8-bit �xed represen tation for the DC co e�-

cien t, whereas JPEG uses prediction from the DC co e�cien t of the previously

enco ded blo c k follo w ed b y a Hu�man co de with a distinct table. The tric kier

part is the en trop y co ding of A C co e�cien ts.

Hu�man co ding of A C co e�cien ts is comp osed of three steps:

� Con v erting the t w o-dimensional (2-D) blo c k in to a one-dimensional

(1-D) sequence

� Decomp osition of the 1-D sequence in to amplitude-runlength pairs

� Hu�man co ding of the amplitude-runlength pairs

Con v ersion of the 2-D blo c k of quan tized A C co e�cien ts in to a 1-D se-

quence is p erformed according to a zigzag scanning order, an order whic h

scans the co e�cien ts according to an ascending order of sum of indices u and

v . T able 7.1 sho ws the p osition of eac h A C co e�cien t in the 1-D sequence.

The 1-D sequence obtained b y zigzag scanning t ypically has man y con-

secutiv e zeros, esp ecially to w ards the end of the sequence. In order to exploit

this b eha viour, the zigzag sequence is translated in to a sequence of amplitude-

runlength pairs. Eac h amplitude-runlength pair is asso ciated with a nonzero

co e�cien t. The amplitude �eld con tains the v alue of the nonzero co e�cien t,

and the runlength �eld con tains the n um b er of consecutiv e zeros preceding the

nonzero co e�cien t. The mapping from the zigzag sequence to the sequence

of amplitude-runlength pairs is one-to-one. In other w ords, the sequence of

95



amplitude-runlengt h pairs can uniquely represen t the zigzag sequence. Ho w-

ev er, the n um b er of items in the amplitude-runlength pair sequence is not

kno wn to the deco der. So, there m ust b e a direct or indirect mec hanism to

signal the n um b er of pairs in the sequence. A common w a y (e.g. [56]) is

to use a sp ecial tok en, an end-of-blo ck (EOB) signal, after sending the last

amplitude-runlengt h pair of the blo c k.

The source alphab et of the Hu�man co der consists of the amplitude-

runlength pairs and the EOB tok en. Allo cating a separate Hu�man co dew ord

for eac h p ossible pair requires a large Hu�man table. T o k eep the length of

the table reasonably small, trunc ate d Hu�man co des [58 ] can b e used. In a

truncated Hu�man co de emplo ying a Hu�man co de table of size N , separate

co dew ords are assigned for the most probable N � 1 ev en ts, and the N

th

ev en t is an esc ap e co de, whic h denotes that the pair is not in the table. The

esc ap e co de is follo w ed b y a �xed bit represen tation for the amplitude and/or

runlength. Another common metho d to reduce the required table size (e.g.

[50 ]) is assigning co dew ords for p ositiv e amplitudes only , and sending the

1-bit sign information explicitly .

7.1.4 An Example

Consider an example 8x8 blo c k of pixels, the v alues of whic h are tabulated

in T able 7.2.

j 0 1 2 3 4 5 6 7

i

0 158 164 172 167 146 123 117 124

1 132 149 172 164 154 140 144 144

2 149 162 159 152 163 158 159 167

3 171 164 147 152 151 154 167 155

4 170 175 153 150 175 177 178 180

5 158 176 160 149 165 155 155 170

6 136 150 138 149 158 169 171 172

7 139 145 145 164 170 177 177 180

T able 7.2: Pixel v alues of an 8x8 image blo c k, sampled from the middle part

of 512x512 test image b ab o on

The t w o-dimensional DCT of the sample 8x8 image blo c k is tabulated in
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v 0 1 2 3 4 5 6 7

u

0 1260.7 -13.1 -0.3 -7.5 -2.2 -16.1 -10.4 0.6

1 -33.5 62.8 -18.1 -24.1 1.9 8.3 5.1 7.6

2 -32.4 4.4 -31.8 -21.0 5.5 8.2 6.1 -4.1

3 -4.2 35.2 2.3 -5.7 1.4 -10.1 0.2 2.0

4 11.0 12.0 6.2 13.3 6.5 9.2 -2.0 -3.5

5 -19.7 13.0 9.4 5.5 1.3 5.5 -3.7 -5.5

6 8.6 14.9 3.4 -3.9 4.8 -10.6 2.1 1.8

7 14.0 -16.8 2.6 7.9 -1.2 -8.1 1.4 -1.1

T able 7.3: DCT of the 8x8 image blo c k of T able 7.2

T able 7.3. As can b e seen from the table, most of the energy is cum ulated

to lo w frequency co e�cien ts, particularly to the DC co e�cien t.

If w e emplo y a uniform quan tizer with a step size of 20 for all of the

co e�cien ts, the quan tized DCT co e�cien ts will b e as in T able 7.4. This

quan tization results in a ro ot-mean-square error of 5.55, or equiv alen tly a

p eak signal-to-noise ratio of 33.3 dB, for the example blo c k.

v 0 1 2 3 4 5 6 7

u

0 63 -1 0 0 0 -1 -1 0

1 -2 3 -1 -1 0 0 0 0

2 -2 0 -2 -1 0 0 0 0

3 0 2 0 0 0 -1 0 0

4 1 1 0 1 0 0 0 0

5 -1 1 0 0 0 0 0 0

6 0 1 0 0 0 -1 0 0

7 1 -1 0 0 0 0 0 0

T able 7.4: Quan tization indices for the DCT blo c k of T able 7.3. Uniform

quan tizer with a step size of 20 is used.

A t this p oin t, let us assume that the DC co e�cien t is enco ded using

a �xed bit represen tation, and concen trate on the en trop y co ding of A C

co e�cien ts. There are 21 nonzero A C co e�cien ts. So, decomp osing the
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zigzag scanned blo c k yields 21 amplitude-runlength pairs. These pairs are

listed in T able 7.5. The righ t column of the table lists the n um b er of bits for

eac h pair when a custom Hu�man table, trained o v er 7 pictures for 5 di�eren t

quan tizer step sizes, is used for en trop y co ding. According to the table, the

total n um b er of bits used for enco ding the blo c k is 107. The uncompressed

�xed-bit represen tation of the image blo c k requires 8 � 64 = 512 bits, so the

compression ratio for this blo c k is

512

107

= 4 : 79.

Ev en t Bits

(-1, 0) 3

(-2, 0) 4

(-2, 0) 4

( 3, 0) 5

(-1, 2) 6

( 1, 2) 6

( 2, 0) 4

(-2, 0) 4

(-1, 0) 3

(-1, 1) 5

(-1, 1) 5

( 1, 1) 5

(-1, 0) 3

( 1, 1) 5

(-1, 4) 7

( 1, 4) 7

( 1, 1) 5

( 1, 0) 3

(-1, 0) 3

(-1, 3) 6

(-1, 15) 11

EOB 3

T otal 107

T able 7.5: A mplitude-runlength pairs obtained from the zigzag scan of the

quan tized DCT blo c k of T able 7.4. Asso ciated n um b er of bits are for a

custom Hu�man table.
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7.2 Hierarc hical En umerativ e Co ding of

DCT Co e�cien ts

7.2.1 Rearrangemen t of DCT Co e�cien ts

As men tioned in Section 2.2, hierarc hical en umerativ e co ding sc hemes assume

that the input signal is lo cally stationary . A rearrangemen t of the input se-

quence in a w a y to increase the r ange of stationarity w ould impro v e the

compression p erformance ( R ange of stationarity refers to the a v erage length

of a blo c k of consecutiv e input sym b ols whic h can b e considered more-or-less

stationary). Quan tized DCT co e�cien ts of the image are th us rearranged b e-

fore the application of hierarc hical en umerativ e co ding. This rearrangemen t

is describ ed b elo w.

Consider an image of size M � N , where b oth M and N are in teger

m ultiple s of 8. Let I

8 � 8

( m; n ) denote the 8 � 8 input image blo c k whose

upp er left corner has a v ertical distance 8 � m and a horizon tal distance 8 � n

from the upp er-left corner of the input image. Let D C T

m;n

( u; v ) denote the

DCT co e�cien t with indices ( u; v ) in the 8 � 8 DCT of I

8 � 8

( m; n ). Let

r denote the 1-D rearranged sequence of quan tized DCT co e�cien ts. The

rearrangemen t form ula is

r

�

M � N

8

u +

M � N

64

v +

N

8

m + n

�

= D C T

m;n

( u; v ) (7.3)

where r ( p ) denotes the p

th

elemen t of r . DCT co e�cien ts of the same fre-

quencies are collected together in r .

7.2.2 Hierarc hical En umerativ e Co ding of Rearranged

Sequence

The �rst M � N = 64 elemen ts of r are DC co e�cien ts. They can b e co ded in

�xed-bit represen tation, or enco ded b y a cascade of DPCM and hierarc hical

en umerativ e enco ding. In the latter case, the �rst M � N = 64 elemen ts of r are

replaced b y DPCM prediction error, whereas in the former case they w ould

b e excluded from r .

The elemen ts of r are in teger v alues. The enco ding of r is p erformed in

three stages:
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� Enco ding of a binary map indicating the p ositions of the nonzero ele-

men ts of r , using the baseline hierarc hical en umerativ e co ding sc heme

of Section 2.2,

� Uncompressed enco ding of the signs of the nonzero co e�cien ts,

� Hierarc hical en umerativ e co ding of the magnitudes of the nonzero co-

e�cien ts.

Let the sequence of magnitudes of the nonzero co e�cien ts b e denoted

b y x . All the elemen ts of x are lo w er b ounded b y 1. T o exploit this, eac h

elemen t of x is decremen ted b y one b efore en umerativ e enco ding. After the

decremen t, x b ecomes a sequence of nonnegativ e in tegers.

The hierarc hical en umerativ e co ding of a sequence of nonnegativ e in te-

gers requires one basic mo di�cation on the baseline sc heme of Section 2.2:

replacing the LD c o der (Section 1.5.1) of the lo w est la y er with an EBI c o der

(Section 2.1). Of course, the upp er b ounds ( M v alues men tioned in Section

2.1) for the EBI c o ders of all la y ers m ust b e set appropriately . The upp er

b ounds can b e set to su�cien tly large v alues for practical reasons.

An alternativ e emplo ymen t of hierarc hical en umerativ e co ding, whic h

w orks almost equally w ell, is decomp osing the sequence x in to bit planes,

and enco ding the bit planes via the baseline sc heme.

7.3 Exp erimen tal Setup and Results

Exp erimen ts w ere p erformed on sev en standard test images, eac h ha ving a

size of 512 � 512. DCT blo c k size w as c hosen to b e 8x8. A uniform quan tizer

w as emplo y ed for quan tizing the DCT co e�cien ts, and �v e di�eren t quan tizer

step sizes w ere used for eac h image.

The results for hierarc hical en umerativ e co ding of quan tized DCT co e�-

cien ts w ere compared to the results for Hu�man co ding of the same quan tized

DCT co e�cien ts. The statistics for the Hu�man co de w ere obtained from

the test images. No cost w as assumed for represen ting the Hu�man tree.

The results for Hu�man co ding can b e in terpreted as an upp er b ound on its

p erformance.

It w as assumed that DC co e�cien ts are transmitted using a �xed-bit

represen tation, and the bits for the DC co e�cien ts w ere not included in the

comparison.
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T able 7.6 sho ws the n um b er of bits sp en t b y eac h metho d for the repre-

sen tation of quan tized A C co e�cien ts, as w ell as the image qualit y for eac h

image-quan tizer step size pair. PSNR (P eak Signal to Noise Ratio) is used

as a measure of image qualit y . PSNR is computed b y

P S N R = 10 � log

10

�

255 � 255

M S E

�

(7.4)

where M S E (Mean Square Error) is the a v erage of the squares of the pixel-

wise di�erences b et w een the original and reconstructed images.

The a v erage n um b er of bits sp en t b y Hu�man co ding is 179630 whereas

the a v erage n um b er of bits sp en t b y hierarc hical en umerativ e co ding is 172965.

Hierarc hical en umerativ e co der sp ends 3.7% less bits on the a v erage. Consid-

ering that the Hu�man statistics w ere p erformed on the test sequences, this

visible di�erence indicates that the p erformance of hierarc hical en umerativ e

co ding is sup erior to that of Hu�man co ding in DCT-based image compres-

sion.
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Sequence QSS=8 QSS=16 QSS=24 QSS=32 QSS=40

PSNR 37.59 32.06 29.24 27.45 26.18

bab o on Hu�man 637920 345113 222718 156503 115722

HENUC 594569 328438 211326 144291 104914

PSNR 37.79 32.04 29.17 27.42 26.23

bridge Hu�man 622798 338181 211302 142173 100769

HENUC 587316 323458 203164 135325 94989

PSNR 38.18 34.12 31.92 30.41 29.31

couple Hu�man 348195 176506 114739 82912 63818

HENUC 338011 174869 113496 80368 60480

PSNR 38.40 34.35 32.10 30.86 29.90

goldhill Hu�man 286281 143250 95997 71680 57080

HENUC 279036 143340 92729 68424 53724

PSNR 37.68 33.06 31.07 29.78 28.79

lak e Hu�man 431874 191603 116814 84420 65863

HENUC 408468 192713 120977 86629 66618

PSNR 37.86 34.64 33.15 32.05 31.14

p epp ers Hu�man 266871 103832 68049 51846 42117

HENUC 254798 108587 70258 51692 40348

PSNR 39.84 36.01 33.78 32.25 31.09

plane Hu�man 231826 125381 85607 65058 52466

HENUC 230292 124931 83655 62200 48475

PSNR 38.21 33.79 31.53 30.07 28.99

Av erage Hu�man 401796 202466 130103 93041 70743

HENUC 382904 198535 127333 89372 66689

T able 7.6: P erformance comparison for the en trop y co ding of quan tized A C

co e�cien ts
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Chapter 8

Application: W a v elet Based

Image Compression

W a v elets ha v e b een in tro duced in [59 ] for the expansion of �nite-energy sig-

nals. Later, it w as sho wn in [60] that there are orthonormal w a v elet bases,

whic h enable a compact w a v elet represen tation. Then, as an alternativ e non-

redundan t basis family , biorthogonal w a v elet bases w ere in tro duced in [61]

and in [62]. A v ery fast implem en tation of w a v elet transform w as describ ed

in [63 ]. The k ey features of w a v elet represen tation are

� Ha ving go o d lo calization prop erties in b oth spatial and F ourier domains

� Multiresolution analysis

� V ery lo w computational complexit y of implem en tation

� Go o d data compaction for images and sp eec h

Due to the ab o v e features, w a v elet represen tation b ecame quic kly p op-

ular in signal pro cessing applications. W a v elet transform co ding b ecame a

fa v ourite metho d for image compression [64], [65 ], [66]. The in tro duction of

em b edded zerotree co ding [67 ] b o osted the p opularit y of w a v elet based im-

age co ding, b ecause it pro vided a gen uine m ultiresolution bitstream together

with a high compression ratio. The zerotree enco ding metho d exploits the

correlation b et w een consecutiv e resolution lev els, and its compression p erfor-

mance can b e increased further if the prop ert y of emb e dde dness is sacri�ced.
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The impro v ed v ersions of this metho d [68], [69], [70], [71] are among the state-

of-the-art tec hniques in still image compression, signi�can tly outp erforming

the DCT [72 ].

The aim of this c hapter is to sho w that hierarc hical en umerativ e co ding

is a feasible en trop y co ding option in a w a v elet based image co ding sc heme.

In the �rst section, the o v erview of a w a v elet based image co der is presen ted.

The second section describ es the emplo ym en t of hierarc hical en umerativ e

enco der as the en trop y co der of w a v elet co e�cien ts. Exp erimen tal setup and

results are the last section.

8.1 Ov erview of a W a v elet Based Image

Co der

8.1.1 Multiscale Represen tation of an Image

W a v elet theory pro vides a to ol for appro ximating an image at di�eren t scales.

The appro ximation of an image at scale 2

j

is giv en b y a linear com bination of

orthonormal basis functions f �

j

m;n

g

m;n 2 Z

of the scale 2

j

. The basis functions

of a scale are shifted replicas of eac h other, and generated from a con tin uous-

time sc aling function � ( x; y ) according to the follo wing relation:

�

j

m;n

( x; y ) = 2

j

� (2

j

x � m; 2

j

y � n ) (8.1)

It is common to comp ose the scaling function b y taking the tensor pro d-

uct of a one-dimensional scaling function b y itself. In this case, the scal-

ing function is separable, and the basis functions can b e represen ted as

�

j

m;n

( x; y ) = �

j

m

( x ) �

j

n

( y ).

The appro ximation of a con tin uous-time image f ( x; y ) at resolution scale

2

j

is giv en b y

f

j

( x; y ) =

X

m;n 2 Z

h f ; �

j

m;n

i �

j

m;n

( x; y ) (8.2)

where h� ; �i denotes inner pro duct. The appro ximation is uniquely represen ted

b y a set of co e�cien ts S

j

m;n

= 2

j

h f ; �

j

m;n

i . The sequence S

j

= f S

j

m;n

g

m;n 2 Z

is

referred to as the discr ete appr oximation of f at the r esolution 2

j

. In most

of the digital image pro cessing applications, the original discrete-time image
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is in terpreted as the appro ximation of a con tin uous-time image at resolution

scale 2

0

.

Consider the comp onen ts of f whic h can b e represen ted at scale 2

j +1

,

and cannot b e represen ted at scale 2

j

. These comp onen ts, to b e called

detail c omp onents in further text, are spanned b y an orthonormal basis

f  

j;d

m;n

g

m;n 2 Z; d =1 ; 2 ; 3

. These basis functions can b e group ed in to three:

� those spanning the horizon tal details only ( d = 1)

� those spanning the v ertical details only ( d = 2)

� those spanning horizon tal and v ertical details join tly ( d = 3)

The basis functions within eac h group are shifted replicas of eac h other,

and generated from the con tin uous-time wavelet functions  

d

( x; y ) according

to the follo wing relation:

 

j;d

m;n

( x; y ) = 2

j

 

d

(2

j

x � m; 2

j

y � n ) (8.3)

F or the separable case, whic h w e will consider from no w on, 2-D w a v elet

functions are giv en b y the tensor pro ducts of 1-D w a v elet and scaling func-

tions:

 

1

( x; y ) = � ( x )  ( y ) (8.4)

 

2

( x; y ) =  ( x ) � ( y ) (8.5)

 

3

( x; y ) =  ( x )  ( y ) (8.6)

Then, the detail comp onen ts are represen ted b y the follo wing sets of co-

e�cien ts:

� D

j; 1

m;n

= 2

j

h f ; �

j

m

 

j

n

i

� D

j; 2

m;n

= 2

j

h f ;  

j

m

�

j

n

i

� D

j; 3

m;n

= 2

j

h f ;  

j

m

 

j

n

i

The sequences D

d

j

= f D

j;d

m;n

g

m;n 2 Z; d =1 ; 2 ; 3

are referred to as the details of

f at the r esolution 2

j +1

.
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8.1.2 W a v elet T ransform of an Image

W a v elet transform is usually implem en ted as a p yramidal structure, as pro-

p osed in [63 ]. It w as sho wn in [63] that S

j

can b e computed from S

j +1

b y

lo w pass �ltering follo w ed b y subsampling b y 2 in b oth directions:

S

j

m;n

=

X

k ;l 2 Z

S

j +1

k ;l

~

h (2 m � k ; 2 n � l ) (8.7)

~

h is a separable 2-D lo w pass �lter obtained according to

~

h ( m; n ) = h ( � m ) h ( � n ) (8.8)

where the 1-D lo w-pass k ernel h is giv en b y

h ( n ) = 2

� 1 = 2

h �

� 1

0

; �

0

n

i (8.9)

Similarly , the detail sequences D

d

j

are computed from S

j +1

b y

D

j;d

m;n

=

X

k ;l 2 Z

S

j +1

k ;l

~g

d

(2 m � k ; 2 n � l ) (8.10)

f ~g

d

g

d =1 ; 2 ; 3

are separable 2-D high pass �lters obtained according to

~g

1

( m; n ) = h ( � m ) g ( � n ) (8.11)

~g

2

( m; n ) = g ( � m ) h ( � n ) (8.12)

~g

3

( m; n ) = g ( � m ) g ( � n ) (8.13)

where the 1-D high-pass k ernel g is giv en b y

g ( n ) = 2

� 1 = 2

h  

� 1

0

; �

0

n

i (8.14)

Note that h and g c haracterizes the w a v elet decomp osition sc heme. One

stage of the p yramidal implem e n tation structure is sho wn in Figure 8.1.

W a v elet transform is implem e n ted b y cascading sev eral of these stages, eac h

time feeding the output S

j

sequence to the input of the next stage. The

n um b er of cascaded stages J of an implem en tation is referred to as the or der

(or depth ) of the w a v elet represen tation.

The w a v elet transform of an N � N image is an N � N arra y of w a v elet

co e�cien ts. The la y out of the output arra y for a w a v elet transform of depth

J = 3 is depicted in Figure 8.2.
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Figure 8.1: One stage of the p yramidal w a v elet decomp osition structure
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Figure 8.2: La y out of the w a v elet transform for depth J = 3

The blo c k diagram of one stage of the in v erse transform is sho wn in

Figure 8.3. Note that the r e c onstruction �lters

^

h and ^g are not iden tical to

the synthesis �lters h and g . When biorthogonal w a v elets are used, analysis

and syn thesis �lters are related according to the follo wing equations:

^g = ( � 1)

n

h (1 � n ) (8.15)
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Figure 8.3: One stage of the p yramidal w a v elet reconstruction structure

g = ( � 1)

n

^

h (1 � n ) (8.16)

X

n

h ( n )

^

h ( n + 2 k ) =

(

1 ; k = 0

0 ; else

(8.17)

Most common analysis �lter pair used in w a v elet based image co ding

applications is 9-7 tap Daub ec hies' biorthogonal �lter [61]. F or this particular

case, h has 9 taps, and g has 7 taps.

8.1.3 Quan tization and En trop y Co ding of

W a v elet Co e�cien ts: A Case Study

In this subsection, the sc heme presen ted in [68 ] will b e summarized as a

case study on the quan tization and en trop y co ding of w a v elet transform co-

e�cien ts. The sc heme is named \Morphological Represen tation of W a v elet

Data" (MR WD) b y its authors.

A scalar uniform quan tizer with a deadzone is used for the quan tization

of the co e�cien ts. Then, the quan tized co e�cien ts are enco ded as follo ws:

� Enco de the co e�cien ts in S

� J

b y:

{ Apply DPCM,

{ Enco de the magnitudes of prediction error b y arithmetic co ding,

{ Enco de the signs of nonzero prediction errors.
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� Enco de the sequences f D

d

j

g separately , according to the order

j = � J ; � J + 1 ; : : : ; � 1. F or eac h sequence, enco de the co e�cien ts in

the follo wing three steps:

{ Enco de the signi�c anc e map , i.e. a binary map whic h indicates

whether eac h co e�cien t is nonzero or not,

{ Enco de the magnitudes of the nonzero co e�cien ts b y arithmetic

co ding,

{ Enco de the signs of the nonzero co e�cien ts.

The most tric ky part of this enco ding sc heme is the enco ding of the

signi�c anc e map . The 2-D map is decomp osed in to t w o 1-D v ectors a and b

b y a uniquely deco dable and data dep enden t mapping. This w a y , intr ab and

and interb and dep endencies of the signi�cance map is exploited ( Intr ab and

dep endency refers to the spatial correlation of the signi�cance map within

eac h sequence D

d

j

, and interb and dep endency refers to the correlation b et w een

D

d

j

and D

d

j +1

). The �rst v ector a consists of those p oin ts whic h ha v e b een

predicted to b e signi�can t from the p ar ent subb and (the detail sequence at

one lo w er resolution). The second v ector b consists of those p oin ts whic h

are predicted to b e insigni�can t b y the paren t subband, wher e as predicted

to b e signi�can t b y the activit y in the neigh b oring p oin ts. T ypically , the

p oin ts in b are less lik ely to b e signi�can t than the p oin ts in a . A third data

structure ClusterHe ads , whic h is a set of relativ e p oin t co ordinates, aids the

unique deco dabilit y of signi�cance map from a and b . ClusterHe ads m ust b e

signalled explicitly , but the o v erhead of transmitting it is statistically small.

The decomp osition of the signi�cance map for D

d

� J

is as follo ws:

� Raster scan the signi�cance map. F or eac h previously un visited signif-

ican t p oin t ( i; j ),

1. App end ( i; j ) to ClusterHe ads .

2. App end the signi�cance v alue (0=zero, 1=nonzero) at the previ-

ously un visited neigh b ors of ( i; j ) to b . Set ( i; j ) and its neigh b ors

as visite d .

3. Execute Step (2) recursiv ely for eac h neigh b or of ( i; j ) ha ving a

signi�cance v alue of 1.
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Note that for the �rst detail sequence D

d

� J

, there are no elemen ts in a .

This is b ecause there is no paren t subband for the lo w est resolution. The

decomp osition of the signi�cance map for f D

d

j

g

� J <j � 1

is p erformed b y the

follo wing steps:

1. Raster scan the signi�cance map. F or eac h previously un visited p oin t

( i; j ) suc h that D

d

j � 1

( b i= 2 c ; b j = 2 c ) is nonzero,

(a) App end the signi�cance v alue at ( i; j ) and at the previously un vis-

ited neigh b ors of ( i; j ) to a . Set ( i; j ) and its neigh b ors as visite d .

(b) Execute Step (1a) recursiv ely for eac h neigh b or of ( i; j ) ha ving a

signi�cance v alue of 1.

2. Raster scan the signi�cance map. F or eac h previously un visited signif-

ican t p oin t ( i; j ):

(a) App end ( i; j ) to ClusterHe ads .

(b) App end the signi�cance v alue at the previously un visited neigh-

b ors of ( i; j ) to b . Set ( i; j ) and its neigh b ors as visite d .

(c) Execute Step (2b) recursiv ely for eac h neigh b or of ( i; j ) ha ving a

signi�cance v alue of 1.

An y un visited p oin ts left are kno wn to b e zero. After this decomp osition,

a and b are enco ded separately , using arithmetic co ding. ClusterHe ads is

enco ded b y a �xed-bit represen tation.

8.2 Emplo ymen t of Hierarc hical

En umerativ e Co ding in MR WD

Arithmetic co ding w as prop osed in MR WD for the enco ding of the follo wing

data:

� Magnitudes of the DPCM prediction error for S

� J

,

� The binary sequences a and b for eac h D

d

j

,
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� Magnitudes of nonzero co e�cien ts for eac h D

d

j

.

When hierarc hical en umerativ e co ding is emplo y ed instead of arithmetic

co ding, these data are enco ded as follo ws:

� Magnitudes of the DPCM prediction error are decomp osed in to bit

planes. The bit planes are enco ded b y the baseline sc heme of Section

2.2.

� The binary sequences a and b are enco ded directly b y the baseline

sc heme.

� Magnitudes of nonzero detail co e�cien ts are decremen ted b y one. The

resulting v ector is decomp osed in to bit planes, and the bit planes are

enco ded b y the baseline sc heme.

8.3 Exp erimen tal Setup and Results

Exp erimen ts w ere p erformed on sev en standard test images, eac h ha ving a

size of 512 � 512. Daub ec hies' 9-7 biorthogonal �lter [61] w as used in the

w a v elet transform, and a depth of 4 w as c hosen. The magnitudes of w a v elet

transform co e�cien ts are depicted in Figure 8.4 for one of the test images.

A uniform quan tizer with a 100% wider deadzone around 0 w as emplo y ed

for quan tizing the w a v elet co e�cien ts, and three di�eren t quan tizer step sizes

w ere used for eac h image.

The results for hierarc hical en umerativ e co ding w ere compared to the

results for arithmetic co ding. T able 8.1 sho ws the n um b er of bits sp en t b y

eac h metho d for the represen tation of quan tized w a v elet co e�cien ts, as w ell

as the PSNR for eac h image-quan tizer step size pair.

The a v erage n um b er of bits sp en t b y arithmetic co ding is 246363, whereas

the a v erage n um b er of bits sp en t b y hierarc hical en umerativ e co ding is 247535.

The di�erence is less than 0.5%. W e can sa y that hierarc hical en umerativ e

co ding is almost as go o d as arithmetic co ding for this application. It is w orth

men tioning that hierarc hical en umerativ e co der p erformed sligh tly b etter in

the enco ding of the binary v ectors a and b , while the p erformance of arith-

metic co ding w as sligh tly b etter for enco ding the co e�cien t magnitudes. A

sc heme whic h uses HENUC for the enco ding of a and b , and arithmetic co ding

for the enco ding of co e�cien t magnitudes w ould p erform b est.
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Figure 8.4: The magnitudes of w a v elet transform co e�cien ts for the test

image b ab o on . F or b etter visibilit y , di�eren t bands are scaled with di�eren t

factors.Scaling factor is 2

j +5

for D

d

j

, and 1 for S

� 4

.
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Sequence QSS=10 QSS=20 QSS=40

PSNR 37.94 32.53 27.97

bab o on Arithmetic Co ding 614509 358824 170629

HENUC 612756 358560 171903

PSNR 38.22 32.72 28.04

bridge Arithmetic Co ding 592649 354933 170962

HENUC 601066 360339 173819

PSNR 38.58 34.41 30.54

couple Arithmetic Co ding 375889 197451 95397

HENUC 376328 198893 96625

PSNR 38.92 34.85 30.93

goldhill Arithmetic Co ding 328220 156568 77402

HENUC 327309 156504 78035

PSNR 38.35 33.54 30.09

lak e Arithmetic Co ding 442874 220455 98693

HENUC 447543 223226 99852

PSNR 38.44 35.02 32.47

p epp ers Arithmetic Co ding 294448 116425 56780

HENUC 296854 116845 57035

PSNR 40.21 36.27 32.52

plane Arithmetic Co ding 246118 134565 69834

HENUC 243193 132774 68782

PSNR 38.67 34.19 30.37

Av erage Arithmetic Co ding 413530 219889 105671

HENUC 415007 221020 106579

T able 8.1: P erformance comparison for the en trop y co ding of quan tized

w a v elet co e�cien ts in MR WD sc heme.
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Chapter 9

Discussion

A no v el en trop y co ding to ol, named HENUC ( H ierarc hical ENU merativ e

C o ding), w as presen ted in this thesis. The k ey features of HENUC can b e

listed as:

� Reasonable computational complexit y : a hierarc hical en umerativ e co der

p erforms sligh tly o v er t w o additions p er input sym b ol, and it is com-

putationally simpler than an arithmetic co der.

� Go o d and robust compression p erformance

� No dep endence on a priori statistics

� F ast adaptation to c hanges in signal c haracteristics

As opp osed to Hu�man co ding or arithmetic co ding, HENUC do es not

explicitly manipulate outcome probabilities. Instead, the signal is hierarc hi-

cally decomp osed in to e quipr ob able outc ome sets . In fact, arithmetic co ding

can almost fully mim ic HENUC b y using a sp eci�c hierarc hical algorithm for

probabilit y generation and up dating. Ho w ev er, this w ould b e an \exp ensiv e

em ulation", since the computational complexit y of this arithmetic co der -and

of arithmetic co ding in general- is higher than that of HENUC . Computa-

tional simplicit y is not the only adv an tage of HENUC o v er an arithmetic

co der emplo ying a con v en tional probabilit y estimation algorithm. The other

t w o basic adv an tages are:

� HENUC adapts faster to the c hanges in signal c haracteristics. This has

b een clearly observ ed in the exp erimen ts presen ted in Chapter 4. The
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fast adaptation also manifests itself in the e�cien t compression of data

that comes in small c h unks, as presen ted in Chapter 6.

� HENUC has more resistance to error. In aritmetic co ding, sym b ols

are not isolated in the bitstream, and ev en a 1-bit error w ould prop-

agate through the whole bitstream. The error propagation b eha viour

of HENUC is m uc h b etter: sym b ols are isolated within kno wn blo c k

b oundaries, and a 1-bit error w ould propagate only un til blo c k b ound-

ary . P articularly for the lo w est la y er, whic h consumes most of the bits,

a 1-bit error w ould not propagate more than n

0

sym b ols, where n

0

is

t ypically less than 100. This sym b ol isolation prop ert y of HENUC also

allo ws parallel implem en tati ons of enco der and deco der.

The underlying assumption of HENUC ab out the input data mo del is

lo c al stationarity as opp osed to the stationarity assumption of man y en trop y

co ders. This can b e view ed as the main reason for its faster adaptation.

The results presen ted in the application c hapters of this thesis sho w that a

lo cally stationary data mo del can b e used e�ectiv ely in image compression

applications.

The incorp oration of HENUC to a wide range of image compression ap-

plications w ere presen ted in this thesis. This, together with the go o d results

obtained for eac h application, sho ws that HENUC is a 
exible, go o d and

robust en trop y co ding alternativ e in image compression. Considering that

this w as ac hiev ed b y few assumptions ab out the nature of image data (in

fact the only assumption w as lo cal stationarit y), HENUC can b e exp ected to

p erform w ell also in the compression of other real-w orld data suc h as sp eec h

or biomedical signals.

As a �nal w ord, it is w orth men tioning t w o p oten tial p o w ers of HENUC

that w ere not fully assessed in this thesis:

� It is simple to calculate the con tribution of one input sym b ol or a small

group of input sym b ols to the total n um b er of resulting bits. This can

b e v ery useful in sc hemes emplo ying rate-distortion optimization.

� It w as p oin ted out that HENUC is e�cien t in the compression of data

that comes in small c h unks. This ma y b e a k ey feature in the compact

represen tation of obje ct-oriente d data, whic h t ypically consists of sev-

eral to man y �elds, eac h �eld b eing in the form of small-c h unk data.

Obje ct-oriente d represen tations will b e more and more common in the

future, so the signi�cance of this feature can b e exp ected to increase.
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