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PREF A CE

I lik e to w o rk in a va riet y of �elds

in o rder to sp read my mistak es mo re thinly .

| VICTOR KLEE (1999)

This booklet con tains draft material that I'm circulating to exp erts in the

�eld, in hop es that they can help remo v e its most egregious errors b efore to o

man y other p eople see it. I am also, ho w ev er, p osting it on the In ternet for

courageous and/or random readers who don't mind the risk of reading a few

pages that ha v e not y et reac hed a v ery mature state. Bewar e: This material has

not y et b een pro ofread as thoroughly as the man uscripts of V olumes 1, 2, and 3

w ere at the time of their �rst prin tings. And those carefully-c hec k ed v olumes,

alas, w ere subsequen tly found to con tain thousands of mistak es.

Giv en this ca v eat, I hop e that m y errors this time will not b e so n umerous

and/or obtrusiv e that y ou will b e discouraged from reading the material carefully .

I did try to mak e it b oth in teresting and authoritativ e, as far as it go es. But the

�eld is so v ast, I cannot hop e to ha v e surrounded it enough to corral it completely .

Therefore I b eg y ou to let me kno w ab out an y de�ciencies y ou disco v er.

T o put the material in con text, this is Section 7.2.1.7 of a long, long c hapter

on com binatorial algorithms. Chapter 7 will ev en tually �ll three v olumes (namely

V olumes 4A, 4B, and 4C), assuming that I'm able to remain health y . It will

b egin with a short review of graph theory , with emphasis on some highligh ts

of signi�can t graphs in The Stanford GraphBase, from whic h I will b e dra wing

man y examples. Then comes Section 7.1, whic h deals with the topic of bit wise

manipulations. (I drafted ab out 60 pages ab out that sub ject in 1977, but

those pages need extensiv e revision; mean while I'v e decided to w ork for a while

on the material that follo ws it, so that I can get a b etter feel for ho w m uc h

to cut.) Section 7.2 is ab out generating all p ossibilities, and it b egins with

Section 7.2.1: Generating Basic Com binatorial P atterns | whic h, in turn, b egins

with Section 7.2.1.1, \Generating all n -tuples," Section 7.2.1.2, \Generating all

p erm utations," : : : , Section 7.2.1.6, \Generating all trees." (Readers of the

presen t b o oklet should ha v e already lo ok ed at those sections, drafts of whic h are

a v ailable as Pre-F ascicles 2A, 2B, 3A, 3B, and 4A.) The stage is no w set for the

main con ten ts of this b o oklet, Section 7.2.1.7: \History and further references."

Section 7.2.2 will deal with bac ktrac king in general. And so it will con tin ue, if

all go es w ell; an outline of the en tire Chapter 7 as curren tly en visaged app ears

on the taocp w ebpage that is cited on page ii.

iii
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iv PREF A CE

W riting ab out history is extraordinarily di�cult, not only b ecause the source

materials are widely scattered but also b ecause I m ust op erate at the limit of m y

abilit y to understand languages other than English. F urthermore, facts ab out

real life are m uc h more complicated than facts ab out mathematics. No summary

can adequately con v ey the true feelings of an era or the true spirit of a culture,

y et the story that I'm trying to tell in this section co v ers man y cen turies of

dev elopmen t in man y di�eren t parts of the w orld. The story is fascinating, and

man y parts of it do not seem to ha v e b een told b efore, at least not in English.

Therefore I'm k een to ha v e professional historians of mathematics tak e a lo ok at

what I'v e b een able to piece together, hoping that they will not b e to o sho c k ed

b y blunders that ha v e resulted from m y presen t ignorance and/or incomp etence.

I hop e also to get advice from p eople of man y di�eren t cultures who kno w of

relev an t traditions that ha v e not y et b een w ell studied b y professional historians.

The answ er to exercise 6 p oses t w o historical problems that I ha v en't b een

able to resolv e.

I shall happily pa y a �nder's fee of $2.56 for eac h error in this draft when it is

�rst rep orted to me, whether that error b e t yp ographical, tec hnical, or historical.

The same rew ard holds for items that I forgot to put in the index. And v aluable

suggestions for impro v emen ts to the text are w orth 32/ c eac h. (F urthermore, if

y ou �nd a b etter solution to an exercise, I'll actually rew ard y ou with immortal

glory instead of mere money , b y publishing y our name in the ev en tual b o ok: � )

Cross references to y et-un written material sometimes app ear as `00'; this

imp ossible v alue is a placeholder for the actual n um b ers to b e supplied later.

Happ y reading!

Stanfor d, California D. E. K.

12 Octob er 2004
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0 COMBINA TORIAL ALGORITHMS (F4B)

[This subject] has a relation

to almost every sp ecies of useful kno wledge

that the mind of man can b e emplo y ed up on.

| JAMES BERNOULLI, Ars Conjectandi (1713)

7.2.1.7. History and further references. Early w ork on the generation of

com binatorial patterns b egan as civilization itself w as taking shap e. The story

is quite fascinating, and w e will see that it spans man y cultures in man y parts of

the w orld, with ties to p o etry , m usic, and religion. There is space here to discuss

only some of the principal highligh ts; but p erhaps a few glimpses in to the past

will stim ulate the reader to dig deep er in to the ro ots of the sub ject, as the w orld

gets ev er smaller and as global sc holarship con tin ues to adv ance.

Lists of binary n -tuples can b e traced bac k thousands of y ears to ancien t

China, India, and Greece. The most notable source | b ecause it still is a b est-

selling b o ok in mo dern translations | is the Chinese I Ching or Yijing , whose

name means \the Bible of Changes." This b o ok, whic h is one of the �v e classics

of Confucian wisdom, consists essen tially of 2

6

= 64 c hapters; and eac h c hapter

is sym b olized b y a hexagram formed from six lines, eac h of whic h is either

(\yin") or (\y ang"). F or example, hexagram 1 is pure y ang, ; hexagram 2

is pure yin, ; and hexagram 64 in termixes yin and y ang, with y ang on top: .

Here is the complete list:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48

49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64

( 1 )

This arrangemen t of the 64 p ossibilities is called King W en's ordering, b ecause

the basic text of the I Ching has traditionally b een ascrib ed to King W en (c. 1100

B . C .), the legendary progenitor of the Chou dynast y . Ancien t texts are, ho w ev er,

notoriously di�cult to date reliably , and mo dern historians ha v e found no solid

evidence that an y one actually compiled suc h a list of hexagrams b efore the third

cen tury B . C .

Notice that the hexagrams of ( 1 ) o ccur in pairs: Those with o dd n um b ers are

immediately follo w ed b y their top-to-b ottom re
ections, except when re
ection

w ould mak e no c hange; and the eigh t symmetrical diagrams are paired with

their complemen ts (1 = 2, 27 = 28, 29 = 30 , 61 = 62). Hexagrams that are

comp osed from t w o trigrams that represen t the four basic elemen ts hea v en ( ),

earth ( ), �re ( ), and w ater ( ) ha v e also b een placed judiciously . Otherwise

the arrangemen t app ears to b e essen tially random, as if a p erson un trained in

mathematics k ept listing di�eren t p ossibilities un til b eing unable to come up

with an y more. A few in triguing patterns do exist b et w een the pairs, but no

more than are presen t b y coincidence in the digits of � (see 3.3{( 1 )).

0



7.2.1.7 HISTOR Y AND FUR THER REFERENCES 1

Yin and y ang represen t complemen tary asp ects of the elemen tary forces of

nature, alw a ys in tension, alw a ys c hanging. The I Ching is somewhat analogous

to a thesaurus in whic h the hexagrams serv e as an index to accum ulated wisdom

ab out fundamen tal concepts lik e giving ( ), receiving ( ), mo dest y ( ), jo y

( ), fello wship ( ), withdra w al ( ), p eace ( ), con
ict ( ), organization

( ), corruption ( ), immaturit y ( ), elegance ( ), etc. One can c ho ose

a pair of hexagrams at random, obtaining the second from the �rst b y , sa y ,

indep enden tly c hanging eac h yin to y ang or vice v ersa with probabilit y 1/4; this

tec hnique yields 4096 w a ys to p onder existen tial m ysteries, as w ell as a Mark o v

pro cess b y whic h c hange itself migh t p erhaps giv e meaning to life.

A strictly logical w a y to arrange the hexagrams w as ev en tually in tro duced

ab out A . D . 1060 b y Shao Y ung. His ordering, whic h pro ceeded lexicographically

from to to to to to � � � to to (reading eac h hexagram from

b ottom to top), w as m uc h more user-friendly than the King W en order, b ecause

a random pattern could no w b e found quic kly . When G. W. Leibniz learned

ab out this sequence of hexagrams in 1702, he jump ed to the erroneous conclusion

that Chinese mathematicians had once b een familiar with binary arithmetic.

[See F rank Sw etz, Mathematics Magazine 76 (2003), 276{291. F urther details

ab out the I Ching can b e found, for example, in Joseph Needham's Science and

Civilisation in China 2 (Cam bridge Univ ersit y Press, 1956), 304{345; R. J. Lynn,

The Classic of Changes (New Y ork: Colum bia Univ ersit y Press, 1994).]

Another ancien t Chinese philosopher, Y ang Hsiung, prop osed a system based

on 81 ternary tetragrams instead of 64 binary hexagrams. His Canon of Supreme

Mystery , written c. 2 B . C ., has recen tly b een translated in to English b y Mic hael

Nylan (Alban y , New Y ork: 1993). Y ang describ ed a complete, hierarc hical ter-

nary tree structure in whic h there are 3 regions, with 3 pro vinces in eac h region,

3 departmen ts in eac h pro vince, 3 families in eac h departmen t, and 9 short p o ems

called \appraisals" for eac h family , hence 729 appraisals in all | making almost

exactly 2 appraisals for ev ery da y in the y ear. His tetragrams w ere arranged in

strict lexicographic order when read top-to-b ottom: , , , , , , ,

: : : , . In fact, as explained on page 28 of Nylan's b o ok, Y ang presen ted a simple

w a y to compute the rank of eac h tetragram, as if using a radix-3 n um b er system.

Th us he w ould not ha v e b een surprised or impressed b y Shao Y ung's systematic

ordering of binary hexagrams, although Shao liv ed more than 1000 y ears later.

Indian proso dy . Binary n -tuples w ere studied in a completely di�eren t con text

b y pundits in ancien t India, who in v estigated the p o etic meters of sacred V edic

c han ts. Syllables in Sanskrit are either short ( . ) or long ( _ ), and the study

of syllable patterns is called \proso dy ." Mo dern writers use the sym b ols ^

and � � instead of . and _ . A t ypical V edic v erse consists of four lines with

n syllables p er line, for some n � 8; proso dists therefore sough t a w a y to classify

all 2

n

p ossibilities. The classic w ork Chandah

.

� s� astra b y Pi _ngala, written b efore

A . D . 400 and probably m uc h earlier (the exact date is quite uncertain), describ ed

pro cedures b y whic h one could readily �nd the index k of an y giv en pattern of

^ s and � � s, as w ell as to �nd the k th pattern, giv en k . In other w ords, Pi _ngala

explained ho w to r ank an y giv en pattern as w ell as to unr ank an y giv en index;

1



2 COMBINA TORIAL ALGORITHMS (F4B) 7.2.1.7

th us he w en t b ey ond the w ork of Y ang Hsiung, who had considered ranking but

not unranking. Pi _ngala's metho ds w ere also related to exp onen tiation, as w e

ha v e noted earlier in connection with Algorithm 4.6.3A.

The next imp ortan t step w as tak en b y a proso dist named Ked� ara in his

w ork Vr

.

ttaratn� ak ara , though t to ha v e b een written in the 8th cen tury . Ked� ara

ga v e a step-b y-step pro cedure for listing all the n -tuples from � �� �� � : : : � � to

^ � �� � : : : � � to � � ^ � � : : : � � to ^^ � � : : : � � to � �� � ^ : : : � � to ^ � � ^ : : : � �

to � � � to ^^^ : : : ^ , essen tially Algorithm 7.2.1.1M in the case of radix 2. His

metho d ma y w ell ha v e b een the �rst-ev er explicit algorithm for com binatorial

sequence generation. [See B. v an No oten, J. Indian Philos. 21 (1993), 31{50.]

P o etic meters can also b e regarded as rh ythms, with one b eat for eac h ^

and t w o b eats for eac h � � . An n -syllable pattern can in v olv e b et w een n and 2 n

b eats, but m usical rh ythms suitable for marc hing or dancing generally are based

on a �xed n um b er of b eats. Therefore it w as natural to consider the set of all

sequences of ^ s and � � s that ha v e exactly m b eats, for �xed m . Suc h patterns

are no w called Morse co de sequences of length m , and w e kno w from exercise

4.5.3{32 that there are exactly F

m +1

of them. F or example, the 21 sequences

when m = 7 are

^ � �� �� � , � � ^ � �� � , ^^^ � �� � , � �� � ^ � � , ^^ � � ^ � � ,

^ � � ^^ � � , � � ^^ ^ � � , ^^^^^ � � , � �� �� � ^ ,

^^ � �� � ^ , ^ � � ^ � � ^ , � � ^^ � � ^ , ^^^^ � � ^ ,

^ � �� � ^^ , � � ^ � � ^^ , ^^^ � � ^^ , � �� � ^^^ ,

^^ � � ^^^ , ^ � � ^^^^ , � � ^^^^^ , ^^^^^^^ .

( 2 )

In this w a y Indian proso dists w ere led to disco v er the Fib onacci sequence, as w e

ha v e observ ed in Section 1.2.8.

Moreo v er, the anon ymous author of Pr� akr

.

ta P ai � ngala (c. 1320) disco v ered

elegan t algorithms for ranking and unranking with resp ect to m -b eat rh ythms.

T o �nd the k th pattern, one starts b y writing do wn m ^ s, then expresses the

di�erence d = F

m +1

� k as a sum of Fib onacci n um b ers F

j

1

+ � � � + F

j

t

; here F

j

1

is the largest Fib onacci n um b er that is � d and F

j

2

is the largest � d � F

j

1

, etc.,

con tin uing un til the remainder is zero. Then b eats j � 1 and j are to b e c hanged

from ^^ to � � , for j = j

1

, : : : , j

t

. F or example, to get the 5th elemen t of ( 2 )

w e compute 21 � 5 = 16 = 13 + 3 = F

7

+ F

4

; the answ er is ^^ � � ^ � � .

A few y ears later, N� ar� ay an

.

a P an

.

d

.

ita treated the more general problem of

�nding all comp ositions of m whose parts are � q , where q is any giv en p ositiv e

in teger. As a consequence he disco v ered the q th order Fib onacci sequence

5.4.2{( 4 ), whic h w as destined to b e used 600 y ears later in p olyphase sorting;

he also dev elop ed the corresp onding ranking and unranking algorithms. [See

P armanand Singh, Historia Mathematica 12 (1985), 229{244, and exercise 15.]

Pi _ngala ga v e sp ecial co de-names to all the three-syllable meters,

� �� �� � = m (m), � �� � ^ = t (t),

^ � �� � = y (y), ^ � � ^ = j (j),

� � ^ � � = r (r), � � ^^ = B (bh),

^^ � � = s (s), ^^^ = n (n),

( 3 )

2



7.2.1.7 HISTOR Y AND FUR THER REFERENCES 3

and studen ts of Sanskrit ha v e b een exp ected to memorize them ev er since.

Someb o dy long ago devised a clev er w a y to recall these co des, b y in v en ting

the nonsense w ord yam� at� ar� ajabh� anasalag� am ( ymAtArAjBAnslgAm ); the p oin t

is that the ten syllables of this w ord can b e written

y a

^

m� a

� �

t� a

� �

r� a

� �

ja

^

bh� a

� �

na

^

sa

^

la

^

g� am

� �

( 4 )

and eac h three-syllable pattern o ccurs just after its co de name. The origin of

y am� a : : : lag� am is obscure, but Subhash Kak [ Indian J. History of Science 35

(2000), 123{127] has traced it bac k at least to C. P . Bro wn's Sanskrit Proso dy

(1869), page 28; th us it quali�es as the earliest kno wn app earance of a \de Bruijn

cycle" that enco des binary n -tuples.

Mean while, in Europ e. Classic Greek p o etry w as, similarly , based on groups

of short and/or long syllables called \metrical feet," analogous to bars of m usic.

Eac h basic t yp e of fo ot acquired a Greek name; for example, t w o short syllables

` ^ ^ ' w ere called a pyrrhic , and t w o long syllables ` � �� � ' w ere called a sp onde e ,

b ecause those rh ythms w ere used resp ectiv ely in a song of w ar ( purrÐqh ) or a

song of p eace ( spondaÐ ). Greek names for metric feet w ere so on assimilated in to

Latin and ev en tually in to mo dern languages, including English:

^ arsis

� � thesis

^^ p yrrhic

^ � � iam bus

� � ^ tro c hee

� �� � sp ondee

^^^ tribrac h

^^ � � anap est

^ � � ^ amphibrac h

^ � �� � bacc hius

� � ^^ dact yl

� � ^ � � amphimacer

� �� � ^ palim bacc hius

� �� �� � molossus

^^^^ pro celeusmatic

^^^ � � fourth p�on

^^ � � ^ third p�on

^^ � �� � minor ionic

^ � � ^^ second p�on

^ � � ^ � � diiam bus

^ � �� � ^ an tispast

^ � �� �� � �rst epitrite

� � ^^^ �rst p�on

� � ^^ � � c horiam bus

� � ^ � � ^ ditro c hee

� � ^ � �� � second epitrite

� �� � ^^ ma jor ionic

� �� � ^ � � third epitrite

� �� �� � ^ fourth epitrite

� �� �� �� � disp ondee

( 5 )

Alternativ e names, lik e \c horee" instead of \tro c hee," or \cretic" instead of

\amphimacer," w ere also in common use. Moreo v er, b y the time Diomedes wrote

his Latin grammar (appro ximately A . D . 375), eac h of the 32 �ve -syllable feet

had acquired at least one name. Diomedes also p oin ted out the relation b et w een

complemen tary patterns; he stated for example that tribrac h and molossus are

\ c ontr arius ," as are amphibrac h and amphimacer. But he also regarded dact yl

as the con trary of anap est, and bacc hius as the con trary of palim bacc hius, al-

though the literal meaning of p alimb ac chius is actually \rev erse bacc hius." Greek

proso dists had no standard order in whic h to list the individual p ossibilities, and

3



4 COMBINA TORIAL ALGORITHMS (F4B) 7.2.1.7

the form of the names mak es it clear that no connection to a radix-t w o n um b er

system w as con templated. [See H. Keil, Grammatici Latini 1 (1857), 474{482;

W. v on Christ, Metrik der Griec hen und R• omer (1879), 78{79.]

Surviving fragmen ts of a w ork b y Aristo xen us called Elemen ts of Rh ythm

(c. 325 B . C .) sho w that the same terminology w as applied also to m usic. And

indeed, the same traditions liv ed on after the Renaissance; for example, w e �nd

on page 32 of A thanasius Kirc her's Musurgia Univ ersalis 2 (Rome: 1650), and

Kirc her w en t on to describ e all of the three-note and four-note rh ythms of ( 5 ) .

Early lists of p erm utations. W e'v e traced the history of form ulas for coun ting

p erm utations in Section 5.1.2; but non trivial lists of p erm utations w ere not

published un til h undreds of y ears after the form ula n ! w as disco v ered. The �rst

suc h tabulation curren tly kno wn w as compiled b y the Italian ph ysician Shabb etai

Donnolo in his commen tary on the k abbalistic Sefer Y etzirah , written in A . D . 946.

T able 1 sho ws his list for n = 5 as it w as subsequen tly prin ted in W arsa w (1884).

(The Hebrew letters in this table are t yp eset in a rabbinical fon t traditionally

used for commen taries; notice that the letter c hanges its shap e to when it

app ears at the left end of a w ord.) Donnolo w en t on to list 120 p erm utations

of the six-letter w ord , all b eginning with shin ( ); then he noted that

120 more could b e obtained with eac h of the other �v e letters in fron t, making

720 in all. His lists in v olv ed groupings of six p erm utations, but in a haphazard

fashion that led him in to error (see exercise 4). Although he knew ho w man y

p erm utations there w ere supp osed to b e, and ho w man y should start with a giv en

letter, he eviden tly didn't ha v e an algorithm for generating them.

T able 1

A MEDIEV AL LIST OF PERMUT A TIONS

A complete list of all 720 p erm utations of f a ; b ; c ; d ; e ; f g app eared on pages

668{671 of Jeremias Drexel's Orbis Pha • ethon (Munic h: 1629; also on pages 526{

531 of the Cologne edition in 1631). He o�ered it as pro of that a man with six

4



7.2.1.7 HISTOR Y AND FUR THER REFERENCES 5

guests could seat them di�eren tly at lunc h and dinner ev ery da y for a y ear |

altogether 360 da ys, b ecause there w ere �v e da ys of fasting during Holy W eek.

Shortly afterw ards, Marin Mersenne exhibited all 720 p erm utations of the six

tones f ut ; re ; mi ; fa ; sol ; la g , on pages 111{115 of his T raitez de la V oix et des

Chan ts (V olume 2 of Harmonie Univ erselle , 1636); then on pages 117{128 he

presen ted the same data in m usical notation:

Drexel's table w as organized lexicographically b y columns; Mersenne's tables

w ere lexicographic with resp ect to the order ut < re < mi < fa < sol < la,

b eginning with \ut,re,mi,fa,sol,la" and ending with \la,sol,fa,mi,re,ut." W e sa w

in Section 7.2.1.2 that the imp ortan t idea of plain c hanges, Algorithm 7.2.1.2P ,

w as in v en ted in England a few y ears later.

Metho ds for listing all p erm utations of a m ultiset with r ep e ate d elemen ts

w ere often misundersto o d b y early authors. F or example, when Bh� ask ara exhib-

ited the p erm utations of f 4 ; 5 ; 8 ; 8 ; 8 g in section 271 of his L

�

�l� av at

�

� (c. 1150), he

ga v e them in the follo wing order:

4 8 5 5 5 8 4 5 5 5 5 4 8 5 5 5 8 4 5 5 5 5 4 8 5

5 5 8 4 5 5 5 5 4 8 5 5 5 8 4 4 5 8 5 5 4 5 5 8 5

4 5 5 5 8 8 5 4 5 5 8 5 5 4 5 8 5 5 5 4 5 4 5 8 5

5 8 5 4 5 5 5 4 5 8 5 5 8 5 4 5 4 5 5 8 5 8 5 5 4

( 6 )

Mersenne used a sligh tly more sensible but not completely systematic order on

page 131 of his b o ok when he listed sixt y anagrams of the Latin name IESVS .

When A thanasius Kirc her w an ted to illustrate the 30 p erm utations of a �v e-

note melo dy on pages 10 and 11 of Musurgia Univ ersalis 2 (1650), this lac k of a

system got him in to trouble (see exercise 5):

( 7 )

But John W allis knew b etter. On page 117 of his Discourse of Com binations

(1685) he correctly listed the 60 anagrams of \messes" in lexicographic order, if

w e let m < e < s ; and on page 126 he recommended resp ecting alphab etic order

\that w e ma y b e the more sure, not to miss an y ."

W e will see later that the Indian mathematician N� ar� ay an

.

a P an

.

d

.

ita had al-

ready dev elop ed a theory of p erm utation generation in the 14th cen tury , although

his w ork remained almost totally unkno wn.

5
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Seki's list. T ak ak azu Seki (1642{1708) w as a c harismatic teac her and researc her

who rev olutionized the study of mathematics in 17th-cen tury Japan. While he

w as studying the elimination of v ariables from sim ultaneous homogeneous equa-

tions, he w as led to expressions suc h as a

1

b

2

� a

2

b

1

and a

1

b

2

c

3

� a

1

b

3

c

2

+

a

2

b

3

c

1

� a

2

b

1

c

3

+ a

3

b

1

c

2

� a

3

b

2

c

1

, whic h w e no w recognize as determinants.

In 1683 he published a b o oklet ab out this disco v ery , in tro ducing an ingenious

sc heme for listing all p erm utations in suc h a w a y that half of them w ere \aliv e"

(ev en) and the other half w ere \dead" (o dd). Starting with the case n = 2, when

`1 2 ' w as aliv e and ` 2 1' w as dead, he form ulated the follo wing rules for n > 2:

1) T ak e ev ery liv e p erm utation for n � 1, increase all its elemen ts b y 1, and insert

1 in fron t. This rule pro duces ( n � 1)! = 2 \basic p erm utations" of f 1 ; : : : ; n g .

2) F rom eac h basic p erm utation, form 2 n others b y rotation and re
ection:

a

1

a

2

: : : a

n � 1

a

n

; a

2

: : : a

n � 1

a

n

a

1

; : : : ; a

n

a

1

a

2

: : : a

n � 1

; ( 8 )

a

n

a

n � 1

: : : a

2

a

1

; a

1

a

n

a

n � 1

: : : a

2

; : : : ; a

n � 1

: : : a

2

a

1

a

n

: ( 9 )

If n is o dd, those in the �rst ro w are aliv e and those in the second ro w are

dead; if n is ev en, those in eac h ro w are alternativ ely aliv e, dead, : : : , dead.

F or example, when n = 3 the only basic p erm utation is 1 2 3 . Th us 1 2 3, 2 3 1,

3 1 2 are aliv e while 3 2 1, 1 3 2, 2 1 3 are dead, and w e'v e successfully generated the

six terms of a 3 � 3 determinan t. The basic p erm utations for n = 4 are 1 2 3 4,

1 3 4 2, 1 4 2 3; and from, sa y , 1 3 4 2 w e get a set of eigh t, namely

+ 1 3 4 2 � 3 4 2 1 + 4 2 1 3 � 2 1 3 4 + 2 4 3 1 � 1 2 4 3 + 3 1 2 4 � 4 3 2 1 ; ( 10 )

alternately aliv e (+) and dead ( � ). A 4 � 4 determinan t therefore includes the

terms a

1

b

3

c

4

d

2

� a

3

b

4

c

2

d

1

+ � � � � a

4

b

3

c

2

d

1

and sixteen others.

Seki's rule for p erm utation generation is quite prett y , but unfortunately it

has a serious problem: It do esn't w ork when n > 4. His error seems to ha v e

gone unrecognized for h undreds of y ears. [See Y. Mik ami, The Dev elopmen t of

Mathematics in China and Japan (1913), 191{199; T ak ak azu Seki's Collected

W orks (Osak a: 1974), 18{20, : : ; and exercises 7{8.]

Lists of com binations. The earliest exhaustiv e list of c ombinations kno wn to

ha v e surviv ed the ra v ages of time app ears in the last b o ok of Su � sruta's w ell-kno wn

Sanskrit treatise on medicine, Chapter 63, written b efore A . D . 600 and p erhaps

m uc h earlier. Noting that medicine can b e sw eet, sour, salt y , p epp ery , bitter,

and/or astringen t, Su � sruta's b o ok diligen tly listed the (15 ; 20 ; 15 ; 6 ; 1 ; 6) cases

that arise when those qualities o ccur t w o, three, four, �v e, six, and one at a time.

Bh� ask ara rep eated this example in sections 110{114 of L

�

�l� av at

�

� , and observ ed

that the same reasoning applies to six-syllable p o etic meters with a giv en n um b er

of long syllables. But he simply men tioned the totals, (6 ; 15 ; 20 ; 15 ; 6 ; 1), without

listing the com binations themselv es. In sections 274 and 275, he observ ed that

the n um b ers ( n )( n � 1) : : : ( n � k + 1) = ( k ( k � 1) : : : (1)) en umerate c omp ositions

(that is, ordered partitions) as w ell as com binations; again he ga v e no list.

T o avoid p rolixit y this is treated in a b rief manner;

fo r the science of calculation is an o cean without b ounds.

| Bh � ask a ra (c. 1150)

6
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An isolated but in teresting list of com binations app eared in the remark able

algebra text Al-B� ahir �'l-h

.

is� ab ( The Shining Bo ok of Calculation ), written b y

al-Sama w'al of Baghdad when he w as only 19 y ears old (1144). In the closing

part of that w ork he presen ted a list of

�

10

6

�

= 210 sim ultaneous linear equations

in 10 unkno wns:

Al-Sama w'al's Arabic original Equiv alen t mo dern notation

65 654321 m (1) x

1

+ x

2

+ x

3

+ x

4

+ x

5

+ x

6

= 65

70 754321 o (2) x

1

+ x

2

+ x

3

+ x

4

+ x

5

+ x

7

= 70

75 854321 ~ (3) x

1

+ x

2

+ x

3

+ x

4

+ x

5

+ x

8

= 75

.

.

.

.

.

.

91 1098764 ¢ • (209) x

4

+ x

6

+ x

7

+ x

8

+ x

9

+ x

10

= 91

10 0 1098765 Ý • (210) x

5

+ x

6

+ x

7

+ x

8

+ x

9

+ x

10

= 100

( 11 )

Eac h com bination of ten things tak en six at a time yielded one of his equa-

tions. His purp ose w as eviden tly to demonstrate that o v er-determined equations

can still ha v e a unique solution | whic h in this case w as ( x

1

; x

2

; : : : ; x

10

) =

(1 ; 4 ; 9 ; 16 ; 25 ; 10 ; 15 ; 20 ; 25 ; 5). [Salah Ahmad and Roshdi Rashed, Al-B� ahir en

Alg � ebre d'As-Sama w'al (Damascus: 1972), 77{82, 248 { 231 .]

Rolling dice. Some glimmerings of elemen tary com binatorics arose also in

mediev al Europ e, esp ecially in connection with the question of listing all p ossible

outcomes when three dice are thro wn. There are, of course,

�

8

3

�

= 56 w a ys to

c ho ose 3 things from 6 when rep etitions are allo w ed. Gam bling w as o�cially pro-

hibited; y et these 56 w a ys b ecame rather w ell kno wn. In ab out A . D . 965, Bishop

Wib old of Cam brai in northern F rance devised a game called Ludus Clericalis,

so that mem b ers of the clergy could enjo y rolling dice while remaining pious.

His idea w as to asso ciate eac h p ossible roll with one of 56 virtues, according to

the follo wing table:

q q q

lo v e

q

q

q

q

q

q

q

q

q

q

p ersev erance q

q

q

q

q

q

q

qq

q hospitalit y q

q

q

q

qq

q q

q

q

q

q

q

morti�cation

q q

q

q

faith

q

q

qq

q q

qq

q kindness q

q

q

q

q

q

q

q

q

q

q

econom y q

q

q

q

q

qq

q q

q

qq

q inno cence

q q

q

q

q

hop e

q

q

qq

q q

q

qq

q mo dest y q

q

q

qq

q q

qq

q patience q

q

q

q

q

qq

q q

q

q

q

q

q

con trition

q q

q

qq

q justice

q

q

qq

q q

q

q

q

q

q

resignation q

q

q

qq

q q

q

qq

q zeal q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

confession

q q

q

q

qq

q prudence

q

q

q

qq

q q

q

qq

q gen tleness q

q

q

qq

q q

q

q

q

q

q

p o v ert y q

qq

q q

qq

q q

qq

q maturit y

q q

q

q

q

q

q

q

temp erance

q

q

q

qq

q q

q

q

q

q

q

generosit y q

q

q

q

qq

q q

q

qq

q softness q

qq

q q

qq

q q

q

qq

q solicitude

q

q

q

q

q

courage

q

q

q

q

q

q

q

q

q

q

q

q

q

wisdom q

q

q

q

qq

q q

q

q

q

q

q

virginit y q

qq

q q

qq

q q

q

q

q

q

q

constancy

q

q

q

q

q

q

p eace q

q

q

q

q

q

remorse q

q

q

q

q

q

q

q

q

q

q

q

q

q

resp ect q

qq

q q

q

qq

q q

q

qq

q in telligence

q

q

q

q

qq

q c hastit y q

q

q

q

q

q

q

jo y q

q

q

q

q

q

q

q

q

piet y q

qq

q q

q

qq

q q

q

q

q

q

q

sighing

q

q

q

q

q

qq

q mercy q

q

q

q

q

qq

q sobriet y q

q

q

q

q

q

q

qq

q indulgence q

qq

q q

q

q

q

q

q

q

q

q

q

q

q

w eeping

q

q

q

q

q

q

q

q

q

ob edience q

q

q

q

q

q

qq

q satisfaction q

q

q

q

q

q

q

q

qq

q pra y er q

q

qq

q q

q

qq

q q

q

qq

q c heerfulness

q

q

q

q

q

q

q

fear q

q

q

q

q

q

q

q

q

q

sw eetness q

q

q

q

q

q

q

q

q

q

q

q

a�ection q

q

qq

q q

q

qq

q q

q

q

q

q

q

compassion

q

q

q

q

q

qq

q foresigh t q

q

q

q

q

q

q

q

clev erness q

q

q

q

qq

q q

qq

q judgmen t q

q

qq

q q

q

q

q

q

q

q

q

q

q

q

q

self-con trol

q

q

q

q

q

q

qq

q discretion q

q

q

q

q

q

qq

q simplicit y q

q

q

q

qq

q q

q

qq

q vigilance q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

h umilit y

Pla y ers to ok turns, and the �rst to roll eac h virtue acquired it. After all p ossibil-

ities had arisen, the most virtuous pla y er w on. Wib old noted that lo v e ( c aritas )

is the b est virtue of all. He ga v e a complicated scoring system b y whic h t w o

virtues could b e com bined if the sum of pips on all six of their dice w as 21; for

7
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example, lo v e + h umilit y or c hastit y + in telligence could b e paired in this w a y ,

and suc h com binations rank ed ab o v e an y individual virtue. He also considered

more complex v arian ts of the game in whic h v o w els app eared on the dice instead

of sp ots, so that virtues could b e claimed if their v o w els w ere thro wn.

Wib old's table of virtues w as presen ted in lexicographic order, as ab o v e,

when it w as �rst describ ed b y Bald � eric in his Chronicon Cameracense , ab out

150 y ears later. [ P atrologia Latina 134 (P aris: 1884), 1007{1016.] But another

mediev al man uscript presen ted the p ossible dice rolls in quite a di�eren t order:

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

qq

q q

q

qq

q q

q

qq

q q

qq

q q

qq

q q

qq

q q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q q q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

qq

q

q

q

q

q

q

q

q

q

q

q

q

q

q

qq

q q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

qq

q q

q

qq

q q

q

q

q

q

q

q

q

qq

q q

q

qq

q q

qq

q q

q

qq

q q

q

qq

q q

q

q

q

q

qq

q q

q

qq

q q

q

q

q

qq

q q

q

qq

q

q

q

qq

q q

qq

q q

q

q

q

q

q

q

qq

q q

qq

q q

q

qq

q q

qq

q q

qq

q q

q

q

q

qq

q q

qq

q q

q

q

qq

q q

qq

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

qq

q q

q

q

q

q

q

q

qq

q q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

qq

q

q

q

q

q

q

qq

q q

q

q

q

q

q

q

q

q

q

q

q q q

q

q

q

q

q

q

q q

q

q

qq

q

q q

q

qq

q

q q

q

q

q

q q

q

q

q

q

q

q

q

q

q

q

qq

q q

qq

q q

q

qq

q q

qq

q q

q

q

q

qq

q q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

qq

q q

q

q

q

q

q

q

q

q

q

qq

q

q

q

q

q

q

q

q

q

q

q

q

q

q

qq

q q

q

q

q

q

q

q

q

q

q

q

q

qq

q q

q

q

q

q

q

q

q

q

q

q

qq

q q

q

q

q

q

q

q

q

q

q

qq

q

q

q

q

q

q

q

q

q

q

q

q

q

qq

q q

q

q

q

qq

q q

q

q

q

q

qq

q q

qq

q q

q

q

q

qq

q q

qq

q

q

q

q

q

q

q

q

q

qq

q q

q

q

q

q

q

q

q

q

q

qq

q q

q

q

q

qq

q q

q

q

q

q

q

qq

q q

q

q

q

( 12 )

In this case the author knew ho w to deal with rep eated v alues, but had no system-

atic w a y to handle the cases in whic h all dice w ere di�eren t; so he listed q

q

q

q

q

q

q

qq

q q

q

q

t wice and forgot q

q

q

q

q

q

q

q

q

q

q

. [See M. G. Kendall, Biometrik a 43 (1956), 1{14.]

An am using p o em en titled \Chaunce of the Dyse," attributed to John

Lydgate, w as written in the early 1400s for use at parties. Its op ening v erses

in vite eac h p erson to thro w three dice; then the remaining v erses, whic h are

indexed in decreasing lexicographic order from q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

q

to q

q

q

q

q

q

q

q

q

q

q

q

q

q

qq

q to � � � to

q q q

,

giv e 56 c haracter sk etc hes that ligh t-heartedly describ e the thro w er. [The full

text w as published b y E. P . Hammond in Englisc he Studien 59 (1925), 1{16;

a translation in to mo dern English w ould b e desirable.]

I p ra y to go d that euery wight ma y caste

Vp on three dyse ryght as is in hys herte

Whether he b e rechelesse o r stedfaste

So mo ote he la wghen outher elles smerte

He that is gilt y his lyfe to converte

They that in trouthe haue su�red many a thro w e

Mo ote ther chaunce fal as they mo ote b e kno w e.

| The Chaunce of the Dyse (c. 1410)

Ramon Llull. Signi�can t ripples of com binatorial concepts also emanated

from an energetic and quixotic Catalan p o et, no v elist, encyclop edist, educator,

m ystic, and missionary named Ramon Llull (c. 1232{1316). Llull's approac h to

kno wledge w as essen tially to iden tify basic principles and then to con template

com bining them in all p ossible w a ys.

F or example, one c hapter in his Ars Comp endiosa In v eniendi V eritatem

(c. 1274) b egan b y en umerating sixteen attributes of Go d: Go o dness, greatness,

eternit y , p o w er, wisdom, lo v e, virtue, truth, glory , p erfection, justice, generosit y ,

mercy , h umilit y , so v ereign t y , and patience. Then Llull wrote

�

16

2

�

= 120 short

essa ys of ab out 80 w ords eac h, considering Go d's go o dness as related to greatness,

8



7.2.1.7 HISTOR Y AND FUR THER REFERENCES 9

Go d's go o dness re eternit y , and so on, ending with Go d's so v ereign t y as related

to patience. In another c hapter he considered sev en virtues (faith, hop e, c harit y ,

justice, prudence, fortitude, temp erance) and sev en vices (glutton y , lust, greed,

sloth, pride, en vy , anger), with

�

14

2

�

= 91 sub c hapters to deal with eac h pair in

turn. Other c hapters w ere systematically divided in a similar w a y , in to

�

8

2

�

= 28,

�

15

2

�

= 105,

�

4

2

�

= 6, and

�

16

2

�

= 120 subsections. (One w onders what migh t ha v e

happ ened if he had b een familiar with Wib old's list of 56 virtues; w ould he ha v e

pro duced commen taries on all

�

56

2

�

= 1540 of their pairs?)

Fig. 44. Illustrations in a man uscript presen ted b y Ramon Llull to

the doge of V enice in 1280. [F rom his Ars Demonstrativ a , Biblioteca

Marciana, VI 200, folio 3

v

.]

Llull illustrated his metho dology b y dra wing circular diagrams lik e those in

Figure 44. The left-hand circle in this illustration, Deus , names sixteen divine

attributes | essen tially the same sixteen listed earlier, except that lo v e ( amor )

w as no w called will ( voluntas ), and the �nal four w ere no w resp ectiv ely simplicit y ,

rank, mercy , and so v ereign t y . Eac h attribute is assigned a co de letter, and

the illustration depicts their in terrelations as the complete graph K

16

on v er-

tices (B ; C ; D ; E ; F ; G ; H ; I ; K ; L ; M ; N ; O ; P ; Q ; R) . The righ t-hand �gure, virtutes

et vitia , sho ws the sev en virtues ( b; c; d; e; f ; g ; h ) in terlea v ed with the sev en vices

( i; k ; l ; m; n; o; p ); in the original man uscript virtues app eared in blue ink while

vices app eared in red. Notice that in this case his illustration depicted t w o

indep enden t complete graphs K

7

, one of eac h color. (He no longer b othered to

compare eac h individual virtue with eac h individual vice, since ev ery virtue w as

clearly b etter than ev ery vice.)

Llull used the same approac h to write ab out medicine: Instead of jux-

tap osing theological concepts, his Lib er Principiorum Medicin� (c. 1275) con-

sidered com binations of symptoms and treatmen ts. And he also wrote b o oks

9
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Fig. 45. Llullian illustrations

from a man uscript presen ted to

the queen of F rance, c. 1325.

[Badisc he Landesbibliothek Karls-

ruhe, Co dex St. P eter p erg. 92,

folios 28

v

and 39

v

.]

on philosoph y , logic, jurisprudence, astrology , zo ology , geometry , rhetoric, and

c hiv alry | more than 200 w orks in all. It m ust b e admitted, ho w ev er, that m uc h

of this material w as highly rep etitiv e; mo dern data compression tec hniques w ould

probably reduce Llull's output to a size m uc h less than that of, sa y , Aristotle.

He ev en tually decided to simplify his system b y w orking primarily with

groups of nine things. See, for example, Fig. 45, where circle A no w lists only the

�rst nine of Go d's attributes (B ; C ; D ; E ; F ; G ; H ; I ; K) . The

�

9

2

�

= 36 asso ciated

pairs (BC ; BD ; : : : ; IK) app ear in the stairstep c hart at the righ t of that circle. By

adding t w o more virtues, namely patience and compassion | as w ell as t w o more

vices, namely lying and inconsistency | he could treat virtues vis-� a-vis virtues

and vices vis-� a-vis vices with the same c hart. He also prop osed using the same

c hart to carry out an in teresting sc heme for v oting, in an election with nine

candidates [see I. McLean and J. London, Studia Lulliana 32 (1992), 21{37].

The encircled triangles at the lo w er left of Fig. 45 illustrate another k ey

asp ect of Llull's approac h. T riangle (B ; C ; D) stands for (di�erence, concordance,

con trariness); triangle (E ; F ; G) stands for (b eginning, middle, ending); and trian-

gle (H ; I ; K) stands for (greater, equal, less). These three in terlea v ed app earances

of K

3

represen t three kinds of three-v alued logic. (Llull had exp erimen ted earlier

with other suc h triplets, notably `(true, unkno wn, false)'.) W e can get an idea

10
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of ho w he used the triangles b y considering ho w he dealt with com binations of

the four basic elemen ts (earth, air, �re, w ater): All four elemen ts are di�eren t;

earth is concordan t with �re, whic h concords with air, whic h concords with

w ater, whic h concords with earth; earth is con trary to air, and �re is con trary

to w ater; these considerations complete an analysis with resp ect to triangle

(B ; C ; D) . T urning to triangle (E ; F ; G) , he noted that v arious pro cesses in nature

b egin with one elemen t dominating another; then a transition or middle state

o ccurs, un til a goal is reac hed, lik e air b ecoming w arm. F or triangle (H ; I ; K) he

said that in general w e ha v e �re > air > w ater > earth with resp ect to their

\spheres," their \v elo cities," and their \nobilities"; nev ertheless w e also ha v e,

for example, air > �re with resp ect to supp orting life, while air and �re ha v e

equal v alue when they are w orking together.

Llull pro vided the v ertical table at the righ t of Fig. 45 as a further aid. (See

exercise 11 b elo w.) He also in tro duced mo v able concen tric wheels, lab eled with

the letters (B ; C ; D ; E ; F ; G ; H ; I ; K) and with other names, so that man y things

could b e con templated sim ultaneously . In this w a y a faithful practitioner of the

Llullian art could b e sure to ha v e all the bases co v ered.

Sev eral cen turies later, A thanasius Kirc her published an extension of Llull's

system as part of a large tome en titled Ars Magna Sciendi (Amsterdam: 1669),

with �v e mo v able wheels accompan ying page 173 of that b o ok. Kirc her also

extended Llull's rep ertoire of complete graphs K

n

b y pro viding illustrations of

complete bipartite graphs K

m;n

; for example, Fig. 46 is tak en from page 171 of

Kirc her's b o ok, and his page 170 con tains a glorious picture of K

18 ; 18

.

Fig. 46. K

9 ; 9

as presen ted b y A thanasius Kirc her in 1669.

It is an investigative and inventive a rt.

When ideas a re combined in all p ossible w a ys,

the new combinations sta rt the mind thinking along novel channels

and one is led to discover fresh truths and a rguments.

| MARTIN GARDNER, Logic Machines and Diagrams (1958)

The most extensiv e mo dern dev elopmen t of Llull-lik e metho ds is p erhaps

The Sc hillinger System of Musical Comp osition b y Joseph Sc hillinger (New Y ork:

11
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Carl Fisc her, 1946), a remark able t w o-v olume w ork that presen ts theories of

rh ythm, melo dy , harmon y , coun terp oin t, comp osition, orc hestration, etc., from

a com binatorial p ersp ectiv e. On page 56, for example, Sc hillinger lists the 24

p erm utations of f a; b; c; d g in the Gra y-co de order of plain c hanges (Algorithm

7.2.1.2P); then on page 57 he applies them not to pitc hes but rather to rh ythms,

to the durations of notes. On page 364 he exhibits the symmetrical cycle

(2 ; 0 ; 3 ; 4 ; 2 ; 5 ; 6 ; 4 ; 0 ; 1 ; 6 ; 2 ; 3 ; 1 ; 4 ; 5 ; 3 ; 6 ; 0 ; 5 ; 1) ; ( 13 )

a univ ersal cycle of 2-com binations for the sev en ob jects f 0 ; 1 ; 2 ; 3 ; 4 ; 5 ; 6 g ; in

other w ords, ( 13 ) is an Eulerian trail in K

7

: All

�

7

2

�

= 21 pairs of digits o ccur

exactly once. Suc h patterns are grist for a comp oser's mill. But w e can b e

grateful that Sc hillinger's b etter studen ts (lik e George Gersh win) did not commit

themselv es en tirely to a strictly mathematical sense of aesthetics.

T acquet, v an Sc ho oten, and Izquierdo. Three additional b o oks related to

our story w ere published during the 1650s. Andr � e T acquet wrote a p opular text,

Arithmetic� Theoria et Praxis (Louv ain: 1656), that w as reprin ted and revised

often during the next �ft y y ears. Near the end, on pages 376 and 377, he ga v e a

pro cedure for listing com binations t w o at a time, then three at a time, etc.

F rans v an Sc ho oten's Exercitationes Mathematic� (Leiden: 1657) w as more

adv anced. On page 373 he listed all com binations in an app ealing la y out

a

b: ab

c: ac: bc: abc

d: ad: bd: abd: cd: acd: bcd: abcd

( 14 )

and he pro ceeded on the next few pages to extend this pattern to the letters e ,

f , g , h , i , k , \et sic in in�nitum." On page 376 he observ ed that one can replace

( a; b; c; d ) b y (2 ; 3 ; 5 ; 7) in ( 14 ) to get the divisors of 210 that exceed unit y:

2

3 6

5 10 15 30

7 14 21 42 35 70 105 210

( 15 )

And on the follo wing page he extended the idea to

a

a: aa

b: ab: aab

c: ac: aac: bc: abc: aabc

( 16 )

thereb y allo wing t w o a 's. He didn't really understand this extension, though; his

next example

a

a: aa

a: aaa

b: ab: aab: aaab

b: bb: abb: aabb: aaabb

( 17 )

12
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w as b otc hed, indicating the limits of his kno wledge at the time. (See exercise 13.)

On page 411 v an Sc ho oten observ ed that the w eigh ts ( a; b; c; d ) = (1 ; 2 ; 4 ; 8) could

b e assigned in ( 14 ) , leading to

1

2 3

4 5 6 7

8 9 10 11 12 13 14 15

( 18 )

after addition. But he didn't see the connection with radix-2 arithmetic.

Sebasti� an Izquierdo's t w o-v olume w ork Pharus Scien tiarum (Ly on: 1659),

\The Ligh thouse of Science," included a nicely organized discussion of com bina-

torics en titled Disputatio 23, De Com binatione . He ga v e a detailed discussion of

four k ey parts of Stanley's Tw elv efold W a y , namely the n -tuples, n -v ariations,

n -m ulticom binations, and n -com binations of m ob jects that app ear in the �rst

t w o ro ws and the �rst t w o columns of T able 7.2.1.4{1.

In Sections 81{85 of De Com binatione he listed all com binations of m letters

tak en n at a time, for 1 � n � 5 and n � m � 9, alw a ys in lexicographic order;

he also listed them for m = 10 and 20 in the cases n = 2 and 3. But when

he listed the m

n

variations of m things tak en n at a time, he c hose a more

complicated ordering (see exercise 14).

Izquierdo w as �rst to disco v er the form ula

�

m + n � 1

n

�

for com binations of m

things tak en n at a time with unlimited rep etition; this rule app eared in x 48{ x 51

of his w ork. But in x 105, when he attempted to list all suc h com binations in the

case n = 3, he didn't kno w that there w as a simple w a y to do it. In fact, his

listing of the 56 cases for m = 6 w as rather lik e the old, a wkw ard ordering of ( 12 ).

Com binations with rep etition w ere not w ell understo o d un til James Ber-

noulli's Ars Conjectandi , \The Art of Guessing," came out in 1713. In P art 2,

Chapter 5, Bernoulli simply listed the p ossibilities in lexicographic order, and

sho w ed that the form ula

�

m + n � 1

n

�

follo ws b y induction as an easy consequence.

The n ull case. Before w e conclude our discussion of early w ork on com binations,

w e should not forget a small y et noble step tak en b y John W allis on page 110

of his Discourse of Com binations (1685), where he sp eci�cally considered the

com bination of m things tak en 0 at a time: \It is manifest, That, if w e w ould

take None , that is, if w ould le ave A l l ; there can b e but one case thereof, what

ev er b e the Num b er of things exp osed." F urthermore, on page 113, he knew that

�

0

0

�

= 1: \(for, here, to tak e all, or to lea v e all, is but one and the same case.)"

Ho w ev er, when he ga v e a table of n ! for n � 24, he did not go so far as to

p oin t out that 0! = 1, or that there is exactly one p erm utation of the empt y set.

The w ork of N � ar � ay an

.

a. A remark able monograph en titled Gan

.

ita Kaum ud � �

(\T reatise on Calculation"), written b y N� ar� ay an

.

a P an

.

d

.

ita in 1356, has recen tly

b ecome kno wn in detail to sc holars outside of India for the �rst time, thanks

to an English translation b y P armanand Singh [ Gan

.

ita Bh� arat � � 20 (1998), 25{

82; 21 (1999), 10{73; 22 (2000), 19{85; 23 (2001), 18{82; 24 (2002), 35{98].

Chapter 13 of his w ork, subtitled A _nk a P� a � sa (\Concatenation of Num b ers"), w as

dev oted to com binatorial generation. Indeed, although the 97 \sutras" of this

13
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c hapter w ere rather cryptic, they presen ted a comprehensiv e theory of the sub ject

that an ticipated dev elopmen ts in the rest of the w orld b y sev eral h undred y ears.

F or example, N� ar� ay an

.

a dealt with p erm utation generation in sutras 49{55a,

where he ga v e algorithms to list all p erm utations of a set in decreasing colex or-

der, together with algorithms to rank a giv en p erm utation and to unrank a giv en

serial n um b er. In this w a y he essen tially disco v ered the factorial represen tation

of p ositiv e in tegers. Then in sutras 57{60 he extended the algorithms to handle

general m ultisets; for example, he listed the p erm utations of f 1 ; 1 ; 2 ; 4 g as

1124 ; 1214 ; 2114 ; 1142 ; 1412 ; 4112 ; 1241 ; 2141 ; 1421 ; 4121 ; 2411 ; 4211 ;

again in decreasing colex order.

N� ar� ay an

.

a's sutras 88{92 dealt with systematic generation of com binations.

Besides illustating the com binations of f 1 ; : : : ; 8 g tak en 3 at a time, namely

(678 ; 578 ; 478 ; : : : ; 134 ; 124 ; 123) ;

he also considered a bit-string represen tation of these com binations in the rev erse

order ( incr e asing colex):

(11100000 ; 11010000 ; 10110000 ; : : : ; 00010011 ; 00001011 ; 00000111) :

He almost, but not quite, disco v ered Theorem 7.2.1.3L.

Th us w e can legitimately regard N� ar� ay an

.

a P an

.

d

.

ita as the founder of the

science of com binatorial generation | ev en though, lik e man y other pioneers who

w ere signi�can tly \ahead of their time," his w ork on the sub ject nev er b ecame

w ell kno wn ev en in his o wn coun try .

P erm utable p o etry . Let's turn no w to a curious question that attracted

the atten tion of sev eral prominen t mathematicians in the sev en teen th cen tury ,

b ecause it sheds considerable ligh t on the state of com binatorial kno wledge in

Europ e at that time. A Jesuit priest named Bernard Bauh uis had comp osed a

famous one-line tribute to the Virgin Mary , in Latin hexameter:

T ot tibi sun t dotes, Virgo, quot sidera c�lo. ( 19 )

[\Thou hast as man y virtues, O Virgin, as there are stars in hea v en"; see

his Epigrammatum Libri V (Cologne: 1615), 49.] His v erse inspired Erycius

Putean us, a professor at the Univ ersit y of Louv ain, to write a b o ok en titled

Pietatis Thaumata (An t w erp: 1617), presen ting 1022 p erm utations of Bauh uis's

w ords. F or example, Putean us wrote

107 T ot dotes tibi, quot c�lo sun t sidera, Virgo.

270 Dotes tot, c�lo sun t sidera quot, tibi Virgo.

329 Dotes, c�lo sun t quot sidera, Virgo tibi tot.

384 Sidera quot c�lo, tot sun t Virgo tibi dotes.

725 Quot c�lo sun t sidera, tot Virgo tibi dotes.

949 Sun t dotes Virgo, quot sidera, tot tibi c�lo.

1022 Sun t c�lo tot Virgo tibi, quot sidera, dotes.

( 20 )

14
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He stopp ed at 1022, b ecause 1022 w as the n um b er of visible stars in Ptolem y's

w ell-kno wn catalog of the hea v ens.

The idea of p erm uting w ords in this w a y w as w ell kno wn at the time; suc h

w ordpla y w as what Julius Scaliger had called \Proteus v erses" in his P o etices

Libri Septem (Ly on: 1561), Bo ok 2, Chapter 30. The Latin language lends itself

to p erm utations lik e ( 20 ), b ecause Latin w ord endings tend to de�ne the function

of eac h noun, making the relativ e w ord order m uc h less imp ortan t to the meaning

of a sen tence than it is in English. Putean us did state, ho w ev er, that he had

sp eci�cally a v oided unsuitable p erm utations suc h as

Sidera tot c�lo, Virgo, quot sun t tibi dotes, ( 21 )

b ecause they w ould place an upp er b ound on the Virgin's virtues rather than a

lo w er b ound. [See pages 12 and 103 of his b o ok.]

Of course there are 8! = 40 ; 320 w a ys to p erm ute the w ords of ( 19 ) . But

that w asn't the p oin t; most of those w a ys don't \scan." Eac h of Putean us's 1022

v erses ob ey ed the strict rules of classical hexameter , the rules that had b een

follo w ed b y Greek and Latin p o ets since the da ys of Homer and V ergil, namely:

i) Eac h w ord consists of syllables that are either long ( � � ) or short ( ^ );

ii) The syllables of eac h line b elong to one of 32 patterns,

n

� � ^^

� �� �

o n

� � ^^

� �� �

o n

� � ^^

� �� �

o n

� � ^^

� �� �

o

� � ^^

n

� � ^

� �� �

o

: ( 22 )

In other w ords there are six metrical feet, where eac h of the �rst four is either a

dact yl or a sp ondee in the terminology of ( 5 ) ; the �fth fo ot should b e a dact yl,

and the last is either tro c hee or sp ondee.

The rules for long v ersus short syllables in Latin p o etry are somewhat tric ky

in general, but the eigh t w ords of Bauh uis's v erse can b e c haracterized b y the

follo wing patterns:

tot = � � ; tibi =

n

^^

^ � �

o

; sun t = � � ; dotes = � �� � ;

Virgo =

n

� � ^

� �� �

o

; quot = � � ; sidera = � � ^^; c�lo = � �� � : ( 23 )

Notice that p o ets had t w o c hoices when they used the w ords `tibi' or `Virgo'.

Th us, for example, ( 19 ) �ts the hexameter pattern

� �

T ot

^

ti-

^

bi

� �

sun t

� �

do-

� �

tes,

� �

Vir-

� �

go,

� �

quot

� �

si-

^

de-

^

ra

� �

c�-

� �

lo.

( 24 )

(Dact yl, sp ondee, sp ondee, sp ondee, dact yl, sp ondee; \dum-diddy dum-dum

dum-dum dum-dum dum-diddy dum-dum." The commas represen t sligh t pauses,

called \c�suras," when the w ords are read; they don't concern us here, although

Putean us inserted them carefully in to eac h of his 1022 p erm utations.)

A natural question no w arises: If w e p erm ute Bauh uis's w ords at random,

what are the o dds that they scan? In other w ords, ho w man y of the p erm utations

ob ey rules (i) and (ii), giv en the syllable patterns in ( 23 ) ? G. W. Leibniz raised

15
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this question, among others, in his Dissertatio de Arte Com binatoria (1666), a

w ork published when he w as applying for a p osition at the Univ ersit y of Leipzig.

A t this time Leibniz w as just 19 y ears old, largely self-taugh t, and his under-

standing of com binatorics w as quite limited; for example, he b eliev ed that there

are 600 p erm utations of f ut ; ut ; re ; mi ; fa ; sol g and 480 of f ut ; ut ; re ; re ; mi ; fa g ,

and he ev en stated that ( 22 ) represen ts 76 p ossibilities instead of 32. [See x 5 and

x 8 in his Problem 6.]

But Leibniz did realize that it w ould b e w orth while to dev elop general

metho ds for coun ting all p erm utations that are \useful," in situations when

man y p erm utations are \useless." He considered sev eral examples of Proteus

v erses, en umerating some of the simpler ones correctly but making man y errors

when the w ords w ere complicated. Although he men tioned Putean us's w ork, he

didn't attempt to en umerate the scannable p erm utations of ( 19 ) .

A m uc h more successful approac h w as in tro duced a few y ears later b y Jean

Prestet in his

�

El � emens des Math � ematiques (P aris: 1675), 342{438. Prestet ga v e

a clear exp osition leading to the conclusion that exactly 2196 p erm utations of

Bauh uis's v erse w ould yield a prop er hexameter. Ho w ev er, he so on realized that

he had forgotten to coun t quite a few cases | including those n um b ered 270,

384, and 725 in ( 20 ) . So he completely rewrote this material when he published

Nouv eaux

�

El � emens des Math � ematiques in 1689. P ages 127{133 of Prestet's new

b o ok w ere dev oted to sho wing that the true n um b er of scannable p erm utations

w as 3276, almost 50% larger than his previous total.

Mean while John W allis had treated the problem in his Discourse of Com bi-

nations (London: 1685), 118{119, published as a supplemen t to his T reatise of

Algebra . After explaining wh y he b eliev ed the correct n um b er to b e 3096, W allis

admitted that he ma y ha v e o v erlo ok ed some p ossibilities and/or coun ted some

cases more than once; \but I do not, at presen t, discern either the one and other."

An anon ymous review er of W allis's w ork remark ed that the true n um b er of

metrically correct p erm utations w as actually 2580 | but he ga v e no pro of [ Acta

Eruditorum 5 (1686), 289]. The review er w as almost certainly G. W. Leibniz

himself, although no clue to the reasoning b ehind the n um b er 2580 has b een

found among Leibniz's v oluminous unpublished notes.

Finally James Bernoulli en tered the picture. In his inaugural lecture as

Dean of Philosoph y at the Univ ersit y of Basel, 1692, he men tioned the tot-

tibi en umeration problem and stated that a careful analysis is necessary to

obtain the correct answ er | whic h, he said, w as 3312(!). His pro of app eared

p osth umously in the �rst edition of his Ars Conjectandi (1713), 79{81. [Those

pages w ere, inciden tally , omitted from later editions of that famous b o ok, and

from his collected w orks, b ecause he didn't actually in tend them for publication;

a pro ofreader had inserted them b y mistak e. See Die W erk e v on Jak ob Bernoulli

3 (Basel: Birkh• auser, 1975), 78, 98{106, 108, 154{155.]

So who w as righ t? Are there 2196 scannable p erm utations, or 3276, or 3096,

or 2580, or 3312? W. A. Whit w orth and W. E. Hartley considered the question

anew in The Mathematical Gazette 2 (1902), 227{228, where they eac h presen ted

elegan t argumen ts and concluded that the true total w as in fact none of the

16
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ab o v e. Their join t answ er, 2880, represen ted the �rst time that an y t w o math-

ematicians had indep enden tly come to the same conclusion ab out this problem.

But exercises 20 and 21, b elo w, rev eal the truth: Bernoulli is vindicated,

and ev eryb o dy else w as wrong. Moreo v er, a study of Bernoulli's systematic

and carefully inden ted 3-page deriv ation indicates that he w as successful c hie
y

b ecause he adhered faithfully to a discipline that w e no w call the b acktr ack

metho d . W e shall study the bac ktrac k metho d thoroughly in Section 7.2.2, where

w e will also see that the tot-tibi question is readily solv ed as a sp ecial case of

the exact c over pr oblem .

Even the wisest and most p rudent p eople often su�er from

what Logicians call insu�cient enumeration of cases .

| JAMES BERNOULLI (1692)

Set partitions. The partitions of a set seem to ha v e b een studied �rst in Japan,

where a parlor game called genji-ko (\Genji incense") b ecame p opular among

upp erclass p eople ab out A . D . 1500. The host of a gathering w ould secretly select

�v e pac k ets of incense, some of whic h migh t b e iden tical, and he w ould burn

them one at a time. The guests w ould try to discern whic h of the scen ts w ere

the same and whic h w ere di�eren t; in other w ords, they w ould try to guess whic h

of the $

5

= 52 partitions of f 1 ; 2 ; 3 ; 4 ; 5 g had b een c hosen b y their host.

Fig. 47. Diagrams used to represen t set partitions

in 16th cen tury Japan. [F rom a cop y in the collec-

tion of T amaki Y ano at Saitama Univ ersit y .]

So on it b ecame customary to represen t the 52 p ossible outcomes b y diagrams

lik e those in Fig. 47. F or example, the upp ermost diagram of that illustration,

when read from righ t to left, w ould indicate that the �rst t w o scen ts are iden tical

and so are the last three; th us the partition is 1 2 j 3 4 5 . The other t w o diagrams,

similarly , are pictorial w a ys to represen t the resp ectiv e partitions 1 2 4 j 3 5 and

1 j 2 4 j 3 5. As an aid to memory , eac h of the 52 patterns w as named after a

c hapter of Lady Murasaki's famous 11th-cen tury T ale of Genji , according to the

follo wing sequence [ Encyclop edia Jap onic� (T oky o: Sanseido, 1910), 1299]:

( 25 )

(Once again, as w e'v e seen in man y other examples, the p ossibilities w ere not

arranged in an y particularly logical order.)

17
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The app ealing nature of these genji-k o patterns led man y families to adopt

them as heraldic crests. F or example, the follo wing st ylized v arian ts of ( 25 ) w ere

found in standard catalogs of kimono patterns early in the 20th cen tury:

[See F umie Adac hi, Japanese Design Motifs (New Y ork: Do v er, 1972), 150{153.]

Early in the 1700s, T ak ak azu Seki and his studen ts b egan to in v estigate the

n um b er of set partitions $

n

for arbitrary n , inspired b y the kno wn result that

$

5

= 52. Y oshisuk e Matsunaga found form ulas for the n um b er of set partitions

when there are k

j

subsets of size n

j

for 1 � j � t , with k

1

n

1

+ � � � + k

t

n

t

= n

(see the answ er to exercise 1.2.5{21). He also disco v ered the basic recurrence

relation 7.2.1.5{( 14 ) , namely

$

n +1

=

�

n

0

�

$

n

+

�

n

1

�

$

n � 1

+

�

n

2

�

$

n � 2

+ � � � +

�

n

n

�

$

0

; ( 26 )

b y whic h the v alues of $

n

can readily b e computed.

Matsunaga's disco v eries remained unpublished un til Y oriyuki Arima's b o ok

Sh � uki Sanp� o came out in 1769. Problem 56 of that b o ok ask ed the reader to

solv e the equation \ $

n

= 678570 " for n ; and Arima's answ er, w ork ed out in

detail (with credit duly giv en to Matsunaga), w as n = 11.

Shortly afterw ards, Masanobu Sak a studied the n um b er

�

n

k

	

of w a ys that

an n -set can b e partitioned in to k subsets, in his w ork Sanp� o-Gakk ai (1782). He

disco v ered the recurrence form ula

n

n + 1

k

o

= k

n

n

k

o

+

n

n

k � 1

o

; ( 27 )

and tabulated the results for n � 11. James Stirling, in his Metho dus Di�eren-

tialis (1730), had disco v ered the n um b ers

�

n

k

	

in a purely algebraic con text; th us

Sak a w as the �rst p erson to realize their com binatorial signi�cance.

An in teresting algorithm for listing set partitions w as subsequen tly devised

b y T oshiaki Honda (see exercise 23). F urther details ab out genji-k o and its rela-

tion to the history of mathematics can b e found in Japanese articles b y T amaki

Y ano, Sugaku Seminar 34 , 11 (No v. 1995), 58{61; 34 , 12 (Dec. 1995), 56{60.

Set partitions remained virtually unkno wn in Europ e un til m uc h later, ex-

cept for three isolated inciden ts. First, George and/or Ric hard Puttenham

published The Arte of English P o esie in 1589, and pages 70{72 of that b o ok

18
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con tain diagrams similar to those of genji-k o. F or example, the sev en diagrams

( 28 )

w ere used to illustrate p ossible rh yme sc hemes for 5-line p o ems, \whereof some

of them b e harsher and unpleasaun ter to the eare then other some b e." But this

visually app ealing list w as incomplete (see exercise 24).

Second, an unpublished man uscript of G. W. Leibniz from the late 1600s

sho ws that he had though t ab out partitions in to a small n um b er of subsets, but

with almost no success. He en umerated

�

n

2

	

b y a v ery cum b ersome metho d,

whic h w ould not ha v e led him to see readily that

�

n

2

	

= 2

n � 1

� 1. He attempted

to compute

�

n

3

	

and

�

n

4

	

only for n � 5, and made sev eral n umerical slips

leading to incorrect answ ers. [See E. Knoblo c h, Studia Leibnitiana Supplemen ta

11 (1973), 229{233; 16 (1976), 316{321.]

The third Europ ean app earance of set partitions had a completely di�eren t

c haracter. John W allis dev oted the third c hapter of his Discourse of Com bina-

tions (1685) to questions ab out \aliquot parts," the prop er divisors of n um b ers,

and in particular he studied the set of all w a ys to factor a giv en in teger. This

question is equiv alen t to the study of multiset partitions; for example, the factor-

izations of p

3

q

2

r are essen tially the same as the partitions of f p; p; p; q ; q ; r g , when

p , q , and r are prime n um b ers. W allis devised an excellen t algorithm for listing

all factorizations of a giv en in teger n , essen tially an ticipating Algorithm 7.2.1.5M

(see exercise 26). But he didn't in v estigate the imp ortan t sp ecial cases that arise

when n is the p o w er of a prime (equiv alen t to in teger partitions) or when n is

squarefree (equiv alen t to set partitions). Th us, although W allis w as able to solv e

the more general problem, its complexities parado xically de
ected him from dis-

co v ering partition n um b ers, Bell n um b ers, or Stirling subset n um b ers, or from de-

vising simple algorithms that w ould generate in teger partitions or set partitions.

In teger partitions. P artitions of in tegers arriv ed on the scene ev en more

slo wly . Bishop Wib old (c. 965) knew the partitions of n in to exactly three

parts � 6. So did Galileo, who wrote a memo ab out them (c. 1627) and also

studied their frequency of o ccurrence as rolls of three dice. [\Sopra le scop erte de

i dadi," in Galileo's Op ere , V olume 8, 591{594; he listed partitions in decreasing

lexicographic order.]

Mersenne listed the partitions of 9 in to an y n um b er of parts, on page 130 of

his T raitez de la V oix et des Chan ts (1636). With eac h partition 9 = a

1

+ � � � + a

k

he also computed the m ultinomial co e�cien t 9! = ( a

1

! : : : a

k

!); as w e'v e seen earlier,

he w as in terested in coun ting v arious melo dies, and he knew for example that

there are 9! = (3! 3! 3!) = 1680 melo dies on the nine notes f a; a; a; b; b; b; c; c; c g .

But he failed to men tion the cases 8 + 1 and 3 + 2 + 1 + 1 + 1 + 1, probably

b ecause he hadn't listed the p ossibilities in an y systematic w a y .

Leibniz considered t w o-part partitions in Problem 3 of his Dissertatio de

Arte Com binatoria (1666), and his unpublished notes sho w that he subsequen tly

sp en t considerable time trying to en umerate the partitions that ha v e three or
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more summands. He called them \discerptions," or (less frequen tly) \divul-

sions" | in Latin of course | or sometimes \sections" or \disp ersions" or ev en

\partitions." He w as in terested in them primarily b ecause of their connection

with the monomial symmetric functions

P

x

a

1

i

1

x

a

2

i

2

: : : . But his man y attempts

led to almost total failure, except in the case of three summands, when he almost

(but not quite) disco v ered the form ula for

�

�

n

3

�

�

in exercise 7.2.1.4{31. F or example,

he carelessly coun ted only 21 partitions of 8, forgetting the case 2 + 2 + 2 + 1 + 1;

and he got only 26 for p (9), after missing 3 + 2 + 2 + 2, 3 + 2 + 2 + 1 + 1,

2 + 2 + 2 + 1 + 1 + 1, and 2 + 2 + 1 + 1 + 1 + 1 + 1 | in spite of the fact that

he w as trying to list partitions systematically in decreasing lexicographic order.

[See E. Knoblo c h, Studia Leibnitiana Supplemen ta 11 (1973), 91{258; 16 (1976),

255{337; Historia Mathematica 1 (1974), 409{430.]

Abraham de Moivre had the �rst real success with partitions, in his pap er

\A Metho d of Raising an in�nite Multinomial to an y giv en P o w er, or Extracting

an y giv en Ro ot of the same" [ Philosophical T ransactions 19 (1697), 619{625 and

Fig. 5]. He pro v ed that the co e�cien t of z

m + n

in ( az + bz

2

+ cz

3

+ � � � )

m

has

one term for eac h partition of n ; for example, the co e�cien t of z

m +6

is

�

m

6

�

a

m � 6

b

6

+ 5

�

m

5

�

a

m � 5

b

4

c + 4

�

m

4

�

a

m � 4

b

3

d + 6

�

m

4

�

a

m � 4

b

2

c

2

+ 3

�

m

3

�

a

m � 3

b

2

e + 6

�

m

3

�

a

m � 3

b c d + 2

�

m

2

�

a

m � 2

b f +

�

m

3

�

a

m � 3

c

3

+ 2

�

m

2

�

a

m � 2

c e +

�

m

2

�

a

m � 2

d

2

+

�

m

1

�

a

m � 1

g : ( 29 )

If w e set a = 1, the term with exp onen ts b

i

c

j

d

k

e

l

: : : corresp onds to the partition

with i 1s, j 2s, k 3s, l 4s, etc. Th us, for example, when n = 6 he essen tially

presen ted the partitions in the order

111111 ; 11112 ; 1113 ; 1122 ; 114 ; 123 ; 15 ; 222 ; 24 ; 33 ; 6 : ( 30 )

He explained ho w to list the partitions recursiv ely , as follo ws (but in di�eren t

language related to his o wn notation): F or k = 1, 2, : : : , n , start with k and

app end the (previously listed) partitions of n � k whose smallest part is � k .

[My solution] w as o rdered to b e published in the T ransactions,

not so much as a matter relating to Pla y ,

but as containing some general Sp eculations

not unw o rthy to b e considered b y the Lovers of T ruth.

| ABRAHAM DE MOIVRE (1717)

P . R. de Mon tmort tabulated all partitions of n um b ers � 9 in to � 6 parts

in his Essa y d'Analyse sur les Jeux de Hazard (1708), in connection with dice

problems. His partitions w ere listed in a di�eren t order from ( 30 ); for example,

111111 ; 21111 ; 2211 ; 222 ; 3111 ; 321 ; 33 ; 411 ; 42 ; 51 ; 6 : ( 31 )

He probably w as una w are of de Moivre's prior w ork.

So far almost none of the authors w e'v e b een discussing actually describ ed

the pro cedures b y whic h they generated com binatorial patterns. W e can only

infer their metho ds, or lac k thereof, b y studying the lists that they actually pub-

lished. F urthermore, in rare cases suc h as de Moivre's pap er where a tabulation
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metho d was explicitly describ ed, the author assumed that all patterns for the

�rst cases 1, 2, : : : , n � 1 had b een listed b efore it w as time to tac kle the case of

order n . No metho d for generating patterns \on the 
y ," mo ving directly from

one pattern to its successor without lo oking at auxiliary tables, w as actually

explained b y an y of the authors w e ha v e encoun tered, except for Ked� ara and

N� ar� ay an

.

a. T o da y's computer programmers naturally prefer metho ds that are

more direct and need little memory .

Roger Joseph Bosco vic h published the �rst direct algorithm for partition

generation in Giornale de' Letterati (Rome, 1747), on pages 393{404 together

with t w o foldout tables facing page 404. His metho d, whic h pro duces for n = 6

the resp ectiv e outputs

111111 ; 11112 ; 1122 ; 222 ; 1113 ; 123 ; 33 ; 114 ; 24 ; 15 ; 6 ; ( 32 )

generates partitions in precisely the rev erse order from whic h they are visited b y

Algorithm 7.2.1.4P; and his metho d w ould indeed ha v e b een featured in Section

7.2.1.4, except for the fact that the rev erse order turns out to b e sligh tly easier

and faster than the order that he had c hosen.

Bosco vic h published sequels in Giornale de' Letterati (Rome, 1748), 12{27

and 84{99, extending his algorithm in t w o w a ys. First, he considered generating

only partitions whose parts b elong to a giv en set S , so that sym b olic m ultinomials

with sparse co e�cien ts could b e raised to the m th p o w er. (He said that the gcd

of all elemen ts of S should b e 1; in fact, ho w ev er, his metho d could fail if 1 =2 S .)

Second, he in tro duced an algorithm for generating partitions of n in to m parts,

giv en m and n . Again he w as unluc ky: A sligh tly b etter w a y to do that task,

Algorithm 7.2.1.4H, w as found subsequen tly , diminishing his c hances for fame.

Hinden burg's h yp e. The in v en tor of Algorithm 7.2.1.4H w as Carl F riedric h

Hinden burg, who also redisco v ered N� ar� ay an

.

a's Algorithm 7.2.1.2L, a winning

tec hnique for generating m ultiset p erm utations. Unfortunately , these small suc-

cesses led him to b eliev e that he had made rev olutionary adv ances in mathemat-

ics | although he did condescend to remark that other p eople suc h as de Moivre,

Euler, and Lam b ert had come close to making similar disco v eries.

Hinden burg w as a protot ypical o v erac hiev er, extremely energetic if not in-

spired. He founded or cofounded German y's �rst professional journals of math-

ematics (published 1786{1789 and 1794{1800), and con tributed long articles to

eac h. He serv ed sev eral times as academic dean at the Univ ersit y of Leipzig,

where he w as also the Rector in 1792. If he had b een a b etter mathematician,

German mathematics migh t w ell ha v e 
ourished more in Leipzig than in Berlin

or G• ottingen.

But his �rst mathematical w ork, Besc hreibung einer ganz neuen Art, nac h

einem b ek ann ten Gesetze fortgehende Zahlen durc h Abz• ahlen o der Abmessen

b equem und sic her zu �nden (Leipzig: 1776), amply foreshado w ed what w as to

come: His \ganz neue" (\completely new") idea in that b o oklet w as simply

to giv e com binatorial signi�cance to the digits of n um b ers written in decimal

notation. Incredibly , he concluded his monograph with large foldout sheets that
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con tained a table of the n um b ers 0000 through 9999 | follo w ed b y t w o other

tables that listed the ev en n um b ers and o dd n um b ers separately(!).

Hinden burg published letters from p eople who praised his w ork, and in vited

them to con tribute to his journals. In 1796 he edited Sammlung com binatorisc h-

analytisc her Abhandlungen , whose subtitle stated (in German) that de Moivre's

m ultinomial theorem w as \the most imp ortan t prop osition in all of mathematical

analysis." Ab out a dozen p eople joined forces to form what b ecame kno wn as

Hinden burg's Com binatorial Sc ho ol, and they published thousands of pages �lled

with esoteric sym b olism that m ust ha v e impressed man y nonmathematicians.

The w ork of this Sc ho ol w as not completely trivial from the standp oin t

of computer science. F or example, H. A. Rothe, who w as Hinden burg's b est

studen t, noticed that there is a simple w a y to go from a Morse co de sequence

to its lexicographic successor or predecessor. Another studen t, J. C. Burkhardt,

observ ed that Morse co de sequences of length n could also b e generated easily

b y �rst considering those with no dashes, then one dash, then t w o, etc. Their

motiv ation w as not to tabulate p o etic meters of n b eats, as it had b een in India,

but rather to list the terms of the con tin uan t p olynomials K ( x

1

; x

2

; : : : ; x

n

),

Eq. 4.5.3{( 4 ) . [See Arc hiv f • ur reine und angew andte Mathematik 1 (1794), 154{

194.] F urthermore, on page 53 of Hinden burg's 1796 Sammlung cited ab o v e,

G. S. Kl • ugel in tro duced a w a y to list all p erm utations that has subsequen tly

b ecome kno wn as Ord-Smith's algorithm; see Eqs. ( 23 ){( 26 ) in Section 7.2.1.2.

Hinden burg b eliev ed that his metho ds deserv ed equal time with algebra,

geometry , and calculus in the standard curriculum. But he and his disciples

w ere com binatorialists who only made com binatorial lists. Burying themselv es

in form ulas and formalisms, they rarely disco v ered an y new mathematics of real

in terest. Eugen Netto has admirably summarized their w ork in M. Can tor's

Gesc hic h te der Mathematik 4 (1908), 201{219. \F or a while they con trolled

the German mark et; ho w ev er, most of what they dug up so on sank in to a not-

en tirely-deserv ed oblivion."

The sad outcome w as that com binatorial studies in general got a bad name.

Gustaf Mittag-Le�er, who assem bled a magni�cen t library of mathematical liter-

ature ab out 100 y ears after Hinden burg's death, decided to place all suc h w ork on

a sp ecial shelf mark ed \Decaden ta." And this category still p ersists in the library

of Sw eden's Institut Mittag-Le�er to da y , ev en as that institute attracts w orld-

class com binatorial mathematicians whose researc h is an ything but decaden t.

Lo oking on the brigh t side, w e ma y note that at least one go o d b o ok did

emerge from all of this activit y . Andreas v on Ettingshausen's Die com bina-

torisc he Analysis (Vienna: 1826) is notew orth y as the �rst text to discuss com-

binatorial generation metho ds in a p erspicuous w a y . He discussed the general

principles of lexicographic generation in x 8, and applied them to construct go o d

w a ys to list all p erm utations ( x 11), com binations ( x 30), and partitions ( x 41{ x 44).

Where w ere the trees? W e'v e no w seen that lists of tuples, p erm utations,

com binations, and partitions w ere compiled rather early in h uman history , b y

in terested and in teresting researc hers. Th us w e'v e accoun ted for the ev olution
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of the topics studied in Sections 7.2.1.1 through 7.2.1.5, and our story will b e

complete if w e can trace the origins of tree generation, Section 7.2.1.6.

But the historical record of that topic b efore the adv en t of computers is

virtually a blank page, with the exception of a few 19th-cen tury pap ers b y Arth ur

Ca yley . Ca yley's ma jor w ork on trees, originally published in 1875 and reprin ted

on pages 427{460 of his Collected Mathematical P ap ers , V olume 4, w as climaxed

b y a large foldout illustration that exhibited all the free trees with 9 or few er

unlab eled v ertices. Earlier in that pap er he had also illustrated the nine oriente d

trees with 5 v ertices. The metho ds he used to pro duce those lists w ere quite

complicated, completely di�eren t from Algorithm 7.2.1.6O and exercise 7.2.1.6{

90. All free trees with up to 10 v ertices w ere listed man y y ears later b y F. Harary

and G. Prins [ Acta Math. 101 (1958), 158{162], who also w en t up to n = 12 in

the cases of free trees with no no des of degree 2 or with no symmetries.

The trees most dearly b elo v ed b y computer scien tists | binary trees or the

equiv alen t ordered forests or nested paren theses | are ho w ev er strangely absen t

from the literature. W e sa w in Section 2.3.4.5 that man y mathematicians of the

1700s and 1800s had learned ho w to coun t binary trees, and w e also kno w that

the Catalan n um b ers C

n

en umerate dozens of di�eren t kinds of com binatorial

ob jects. Y et nob o dy seems to ha v e published an actual list of the C

4

= 14

ob jects of order 4 in any of these guises, m uc h less the C

5

= 42 ob jects of

order 5, b efore 1950. (Except indirectly: The 42 genji-k o diagrams in ( 25 ) that

ha v e no in tersecting lines turn out to b e equiv alen t to the 5-no de binary trees

and forests. But this fact w as not learned un til the 20th cen tury .)

There are a few isolated instances where authors of y ore did prepare lists of

C

3

= 5 Catalan-related ob jects. Ca yley , again, w as �rst; he illustrated the binary

trees with 3 in ternal no des and 4 lea v es as follo ws in Philosophical Magazine 18

(1859), 374{378:

( 33 )

(That same pap er also illustrated another sp ecies of tree, equiv alen t to so-called

w eak orderings.) Then, in 1901, E. Netto listed the �v e w a ys to insert paren theses

in to the expression ` a + b + c + d ':

( a + b ) + ( c + d ) ; [( a + b ) + c ] + d; [ a + ( b + c )] + d; a + [( b + c ) + d ] ; a + [ b + ( c + d )] : ( 34 )

[ Lehrbuc h der Com binatorik , x 122.] And the �v e p erm utations of f +1 ; +1 ; +1 ;

� 1 ; � 1 ; � 1 g whose partial sums are nonnegativ e w ere listed in the follo wing w a y

b y P aul Erd} os and Irving Kaplansky [ Scripta Math. 12 (1946), 73{75]:

1 + 1 + 1 � 1 � 1 � 1 ; 1 + 1 � 1 + 1 � 1 � 1 ; 1 + 1 � 1 � 1 + 1 � 1 ;

1 � 1 + 1 + 1 � 1 � 1 ; 1 � 1 + 1 � 1 + 1 � 1 : ( 35 )

Ev en though only �v e ob jects are in v olv ed, w e can see that the orderings in ( 33 )

and ( 34 ) w ere basically catc h-as-catc h-can; only ( 35 ) , whic h matc hes Algorithm

7.2.1.6P , w as systematic and lexicographic.

W e should also note brie
y the w ork of W alther v on Dyc k, since man y recen t

pap ers use the term \Dyc k w ords" to refer to strings of nested paren theses. Dyc k
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w as an educator kno wn for co-founding the Deutsc hes Museum in Munic h, among

other things. He wrote t w o pioneering pap ers ab out the theory of free groups

[ Math. Annalen 20 (1882), 1{44; 22 (1883), 70{108]. Y et the so-called Dyc k

w ords ha v e at b est a ten uous connection to his actual researc h: He studied the

w ords on f x

1

; x

� 1

1

; : : : ; x

k

; x

� 1

k

g that reduce to the empt y string after rep eatedly

erasing adjacen t letter-pairs of the forms x

i

x

� 1

i

or x

� 1

i

x

i

; the connection with

paren theses and trees arises only when w e limit erasures to the �rst case, x

i

x

� 1

i

.

Th us w e ma y conclude that, although an explosion of in terest in binary trees

and their cousins o ccurred after 1950, suc h trees represen t the only asp ect of our

story whose historical ro ots are rather shallo w.

After 1950. Of course the arriv al of electronic computers c hanged ev erything.

The �rst computer-orien ted publication ab out com binatorial generation metho ds

w as a note b y C. B. T ompkins, \Mac hine attac ks on problems whose v ariables

are p erm utations" [ Pro c. Symp. Applied Math. 6 (1956), 202{205]. Thousands

more w ere destined to follo w.

Sev eral articles b y D. H. Lehmer, esp ecially his \T eac hing com binatorial

tric ks to a computer" in Pro c. Symp. Applied Math. 10 (1960), 179{193, pro v ed

to b e extremely in
uen tial in the early da ys. [See also Pro c. 1957 Canadian

Math. Congress (1959), 160{173; Pro c. IBM Scien ti�c Computing Symp osium

on Com binatorial Problems (1964), 23{30; and Chapter 1 of Applied Com bina-

torial Mathematics , edited b y E. F. Bec k en bac h (Wiley , 1964), 5{31.] Lehmer

represen ted an imp ortan t link to previous generations. F or example, Stanford's

library records sho w that he had c hec k ed out Netto's Lehrbuc h der Com binatorik

in Jan uary of 1932.

The main publications relev an t to particular algorithms that w e'v e studied

ha v e already b een cited in previous sections, so there is no need to rep eat them

here. But textb o oks and monographs that �rst put pieces of the sub ject together

in a coheren t framew ork w ere also of great imp ortance. Three b o oks, in partic-

ular, w ere esp ecially notew orth y with resp ect to establishing general principles:

� Elemen ts of Com binatorial Computing b y Mark B. W ells (P ergamon Press,

1971), esp ecially Chapter 5.

� Com binatorial Algorithms b y Alb ert Nijenh uis and Herb ert S. Wilf (Aca-

demic Press, 1975). A second edition w as published in 1978, con taining

additional material, and Wilf subsequen tly wrote Com binatorial Algorithms:

An Up date (Philadelphia: SIAM, 1989).

� Com binatorial Algorithms: Theory and Practice b y Edw ard M. Reingold,

Jurg Niev ergelt, and Narsingh Deo (Pren tice{Hall, 1977), esp ecially the

material in Chapter 5.

Carla Sa v age's surv ey article ab out Gra y co des in SIAM Review 39 (1997),

605{629, w as another milestone.

W e noted ab o v e that algorithms to generate Catalan-coun ted ob jects w ere

not in v en ted un til computer programmers dev elop ed an app etite for them. The

�rst suc h algorithms to b e published w ere not cited in Section 7.2.1.6 b ecause
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they ha v e b een sup erseded b y b etter tec hniques; but it is appropriate to list

them here. First, H. I. Scoins ga v e t w o recursiv e algorithms for ordered tree

generation, in the same pap er w e ha v e cited with resp ect to the generation of

oriente d trees [ Mac hine In telligence 3 (1968), 43{60]. His algorithms dealt with

binary trees represen ted as bit strings that w ere essen tially equiv alen t to P olish

pre�x notation or to nested paren theses. Then Mark W ells, in Section 5.5.4 of his

b o ok cited ab o v e, generated binary trees b y represen ting them as noncrossing

set partitions. And Gary Knott [ CA CM 20 (1977), 113{115] ga v e recursiv e

ranking and unranking algorithms for binary trees, represen ting them via the

inorder-to-preorder p erm utations q

1

: : : q

n

of T able 7.2.1.6{3.

A recen t in tro duction to the en tire sub ject can b e found in Chapters 2

and 3 of Com binatorial Algorithms: Generation, En umeration, and Searc h b y

Donald L. Kreher and Douglas R. Stinson (CR C Press, 1999).

F rank Rusk ey is preparing a b o ok en titled Com binatorial Generation that

will con tain a thorough treatmen t and a comprehensiv e bibliograph y . He has

made w orking drafts of sev eral c hapters a v ailable on the In ternet.

EXERCISES

Man y of the exercises b elo w ask a mo dern reader to �nd and/or to correct errors in

the literature of b ygone da ys. The p oin t is not to gloat o v er ho w smart w e are in the

21st cen tury; the p oin t is rather to understand that ev en the pioneers of a sub ject can

stum ble. One go o d w a y to learn that a set of ideas is not really as simple as it migh t

seem to to da y's computer scien tists and mathematicians is to observ e that some of the

w orld's leading think ers had to struggle with the concepts when they w ere new.

1. [ 15 ] Do es the sub ject of computing arise in the I Ching ?

x 2. [ M30 ] ( The genetic c o de. ) DNA molecules are strings of \n ucleotides" on the

4-letter alphab et f T ; C ; A ; G g , and most protein molecules are strings of \amino acids" on

the 20-letter alphab et f A ; C ; D ; E ; F ; G ; H ; I ; K ; L ; M ; N ; P ; Q ; R ; S ; T ; V ; W ; Y g . Three

consecutiv e n ucleotides xy z form a \co don," and a strand x

1

y

1

z

1

x

2

y

2

z

2

: : : of DNA

sp eci�es the protein f ( x

1

; y

1

; z

1

) f ( x

2

; y

2

; z

2

) : : : , where f ( x; y ; z ) is the elemen t in ro w z

and column y of matrix x in the arra y

0

B

B

@

F S Y C

F S Y C

L S � �

L S � W

1

C

C

A

0

B

B

@

L P H R

L P H R

L P Q R

L P Q R

1

C

C

A

0

B

B

@

I T N S

I T N S

I T K R

M T K R

1

C

C

A

0

B

B

@

V A D G

V A D G

V A E G

V A E G

1

C

C

A

.

(Here ( T ; C ; A ; G ) = (1 ; 2 ; 3 ; 4); for example, f ( CAT ) is the elemen t in ro w 1 and column 3

of matrix 2, namely H.) Enco ding pro ceeds un til a co don leads to the stopp er ` � '.

a) Sho w that there is a simple w a y to map eac h co don in to a hexagram of the I Ching ,

with the prop ert y that the 21 p ossible outcomes f A ; C ; D ; : : : ; W ; Y ; �g corresp ond

to 21 c onse cutive hexagrams of the King W en ordering ( 1 ) .

b) Is that a sensational disco v ery?

3. [ 20 ] What is the million th meter that has 30 b eats, in colex ordering analogous

to ( 2 ) ? What is the rank of ^^^ � � ^ � � � � ^^^ ^ � �� � ^^ ^^ ^^^ � � ^ � � ?

4. [ 19 ] Analyze the imp erfections of Donnolo's list of p erm utations in T able 1.

5. [ 16 ] What's wrong with Kirc her's list of �v e-note p erm utations in ( 7 ) ?
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6. [ 25 ] Mersenne published a table of the �rst 64 factorials on pages 108{110 of his

T raitez de la V oix et des Chan ts (1636). His v alue for 64! w as � 2 : 2 � 10

89

; but it should

ha v e b een � 1 : 3 � 10

89

. Find a cop y of his b o ok and try to �gure out where he erred.

7. [ 20 ] What p erm utations of f 1 ; 2 ; 3 ; 4 ; 5 g are \aliv e" and \dead" according to Seki's

rules ( 8 ) and ( 9 ) ?

x 8. [ M27 ] Mak e a patc h to ( 9 ) so that Seki's pro cedure will b e correct.

9. [ 15 ] F rom ( 11 ) , deduce the Arabic w a y to write the Arabic n umerals (0 ; 1 ; :::; 9).

x 10 . [ H M27 ] In Ludus Clericalis, what is the exp ected n um b er of times the three dice

are rolled b efore all p ossible virtues are acquired?

11. [ 21 ] Decipher the v ertical table at the righ t of Llull's Fig. 45. What 20 com bina-

torial ob jects do es it represen t? Hint: Don't b e misled b y t yp ographic errors.

12. [ M20 ] Relate Sc hillinger's univ ersal cycle ( 13 ) to the univ ersal cycle of P oinsot in

exercise 7.2.1.3{106.

13. [ 21 ] What should v an Sc ho oten ha v e written, instead of ( 17 ) ? Giv e also the

corresp onding tableau for com binations of the m ultiset f a; a; a; b; b; c g .

x 14 . [ 20 ] Complete the follo wing sequence, from x 95 of Izquierdo's De Com binatione :

ABC ABD ABE A CD A CE A CB ADE ADB ADC AEB : : : .

15. [ 20 ] (N� ar� ay an

.

a P an

.

d

.

ita, 1356.) Design an algorithm to generate all comp ositions

of n in to parts � q , namely all ordered partitions n = a

1

+ � � � + a

t

, where 1 � a

j

� q

for 1 � j � t and t is arbitrary . Illustrate y our metho d when n = 7 and q = 3.

16. [ H M27 ] Analyze the algorithm of exercise 15.

17. [ 10 ] T ric k question: Leibniz published his Dissertatio de Arte Com binatoria in

1666. Wh y w as that a particularly auspicious y ear, p erm utation wise?

18. [ 17 ] In whic h of Putean us's v erses ( 20 ) is `tibi' treated as ^ � � instead of ^^ ?

19. [ M25 ] T o commemorate the visit of three illustrious noblemen to Dresden in 1617,

a p o et published 1617 p erm utations of the hexameter v erse

Dan t tria jam Dresd�, ceu sol dat, lumina lucem.

\Three giv e no w to Dresden, as the sun giv es, ligh ts to ligh t." [Gregor Kleppis, Proteus

P o eticus (Leipzig: 1617).] Ho w man y p erm utations of those w ords w ould actually scan

prop erly? Hint: The v erse has dact yls in the �rst and �fth feet, sp ondees elsewhere.

20. [ H M30 ] Let f ( p; q ; r ; s; t ) b e the n um b er of w a ys to mak e ( o

p

; o

q

; o

r

) b y concate-

nating the strings f s � o; t � oo g , when p + q + r = s + 2 t . F or example, f (2 ; 3 ; 2; 3 ; 2) = 5

b ecause the �v e w a ys are

( o o; o oo; oo ) ; ( o o; oo o; oo ) ; ( oo; o o o; oo ) ; ( oo; o oo; o o ) ; ( oo; oo o; o o ) :

a) Sho w that f ( p; q ; r ; s; t ) = [ u

p

v

q

w

r

z

s

] 1 = ( (1 � z u � u

2

)(1 � z v � v

2

)(1 � z w � w

2

) ) .

b) Use the function f to en umerate the scannable p erm utations of ( 19 ) , sub ject to

the additional condition that the �fth fo ot do esn't b egin in the middle of a w ord.

c) No w en umerate the remaining cases.

x 21 . [ M40 ] Lo ok up the original discussions of the tot-tibi problem that w ere published

b y Prestet, W allis, Whit w orth, and Hartley . What errors did they mak e?

22. [ 20 ] What order of the 52 genji-k o diagrams corresp onds to Algorithm 7.2.1.5H ?
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7.2.1.7 HISTOR Y AND FUR THER REFERENCES 27

x 23 . [ 23 ] Early in the 1800s, T oshiaki Honda ga v e a recursiv e rule for generating all par-

titions of f 1 ; : : : ; n g . His algorithm pro duced them in the follo wing order when n = 4:

Can y ou guess the corresp onding order for n = 5? Hint: See ( 26 ) .

24. [ 15 ] The 16th-cen tury author of The Arte of English P o esie w as in terested only in

rh yme sc hemes that are \complete" in the sense of exercise 7.2.1.5{34; in other w ords,

ev ery line should rh yme with at least one other. F urthermore, the sc heme should

b e \indecomp osable" in the sense of exercise 7.2.1.2{100: A partition lik e 1 2 j 3 4 5

decomp oses in to a 2-line p o em follo w ed b y a 3-line p o em. And the sc heme shouldn't

consist trivially of lines that all rh yme with eac h other. Under these conditions, is ( 28 )

a complete list of 5-line rh yme sc hemes?

x 25 . [ H M25 ] Ho w man y n -line rh yme sc hemes satisfy the constrain ts of exercise 24?

x 26 . [ 25 ] Let a , b , and c b e prime n um b ers. John W allis listed all p ossible factorizations

of a

3

b

2

c as follo ws: cbbaaa , cbbaa � a , bcaaa � b , bbaaa � c , cbba � aa , cbba � a � a , cbaa � ba ,

cbaa � b � a , bbaa � ca , bbaa � c � a , caaa � bb , caaa � b � b , baaa � cb , baaa � c � b , cbb � aaa ,

cbb � aa � a , cbb � a � a � a , cba � baa , cba � ba � a , cba � aa � b , cba � b � a � a , bba � caa , bba � ca � a ,

bba � aa � c , bba � c � a � a , caa � bb � a , caa � ba � b , caa � b � b � a , baa � cb � a , baa � ca � b , baa � ba � c ,

baa � c � b � a , aaa � cb � b , aaa � bb � c , aaa � c � b � b , cb � ba � aa , cb � ba � a � a , cb � aa � b � a ,

cb � b � a � a � a , bb � ca � aa , bb � ca � a � a , bb � aa � c � a , bb � c � a � a � a , ca � ba � ba , ca � ba � b � a ,

ca � aa � b � b , ca � b � b � a � a , ba � ba � c � a , ba � aa � c � b , ba � c � b � a � a , aa � c � b � b � a ,

c � b � b � a � a � a . What algorithm did he use to generate them in this order?

x 27 . [ 24 ] In what order w ould W allis ha v e generated all factorizations of the n um b er

abcde = 5 � 7 � 11 � 13 � 17? Giv e y our answ er as a sequence of genji-k o diagrams.

x 28 . [ H M31 ] The set partition 1 4 j 2 5 j 3 6 can b e represen ted b y a genji-k o diagram suc h

as ; but ev ery suc h diagram for this partition m ust ha v e at least three places where

lines cross, and crossings are sometimes considered undesirable. Ho w man y partitions

of f 1 ; : : : ; n g ha v e a genji-k o diagram in whic h the lines cross at most once?

29. [ M20 ] What is the co e�cien t of a

i

1

1

a

i

2

2

: : : z

m + n

in ( a

0

z + a

1

z

2

+ a

2

z

3

+ � � � )

m

?

(See ( 29 ) .)

30. [ 20 ] Compare de Moivre's and de Mon tmort's orders for partitions, ( 30 ) and ( 31 ) ,

with Algorithm 7.2.1.4P .

31. [ 21 ] (R. J. Bosco vic h, 1748.) List all partitions of 20 for whic h all parts are 1, 7,

or 10. Also design an algorithm that lists all suc h partitions of an y giv en in teger n > 0.
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28 ANSWERS TO EXER CISES 7.2.1.7

SECTION 7.2.1.7

1. P erhaps under hexagram 21, \crunc hing" ( ); ho w ev er, the ancien t commen tators

related this hexagram more to la w enforcemen t than to the in teraction of electrons.

2. (a) F or the �rst n ucleotide in the co don, let ( T ; C ; A ; G ) b e resp ectiv ely represen ted

b y (

. .

. .

. .

. .

;

. .

. .

. .

. .

;

. .

. .

. .

. .

;

. .

. .

. .

. .

); represen t the second n ucleotide, similarly , b y (

. .

. .

. .

. .

;

. .

. .

. .

. .

;

. .

. .

. .

. .

;

. .

. .

. .

. .

); repre-

sen t the third b y (

. .

. .

. .

. .

;

. .

. .

. .

. .

;

. .

. .

. .

. .

;

. .

. .

. .

. .

); and sup erimp ose those three represen tations. Th us,

for example, hexagram n um b er 34 is =

. .

. .

. .

. .

+

. .

. .

. .

. .

+

. .

. .

. .

. .

; it represen ts the co don TTC ,

whic h maps to the amino acid F. Under this corresp ondence, hexagrams 34 through 54

inclusiv e map in to the resp ectiv e v alues (F ; G ; L ; Q ; W ; D ; S ; � ; P ; Y ; K ; A ; I ; T ; N ; H ; M ;

R ; V ; E ; C). Moreo v er, the three hexagrams that map to ` � ' are n um b ers 1, 9, and 41,

namely , , and , whic h mean \creation", \taming," and \remo v al of excess" in

the I Ching | all quite appropriate for the notion of completing a protein.

(b) Consider the

�

64

6 ; 6 ; 6 ; 4 ; 4 ; 4 ; 4 ; 4 ; 3 ; 3 ; 2 ; 2 ; 2 ; 2 ; 2 ; 2 ; 2 ; 2 ; 2 ; 1 ; 1

�

� 2 : 3 � 10

69

w a ys to p erm ute

the elemen ts of the 4 � 4 � 4 genetic co de arra y . Exactly

2402880402175789790003993681964551328451668718750 1855 53920 00000 0 � 2 : 4 � 10

63

of them con tain at least one run of 21 distinct consecutiv e elemen ts. [Using the principle

of inclusion and exclusion one can sho w that an y m ultiset f ( n

1

+ 1) � x

1

; : : : ; ( n

r

+1) � x

r

g

with r distinct elemen ts and n

r

= 0 has exactly

( n + 1)

�

n

n

1

; : : : ; n

r

�

r ! �

r

X

k =1

( n + 1 � k ) k ! ( r � k )! a

k

X

0 � d

1

;:::;d

r

� 1

d

1

+ ��� + d

r

= k

�

n � k

n

1

� d

1

; : : : ; n

r

� d

r

�

suc h p erm utations, where n = n

1

+ � � � + n

r

and a

k

is the n um b er of indecomp osable

p erm utations with k elemen ts (exercise 7.2.1.2{100).] Th us only ab out one out of ev ery

million p erm utations has the stated prop ert y .

But there are 4!

3

�

6

2 ; 2 ; 2

�

= 1244160 w a ys to represen t co dons as in part (a), and

most of them corresp ond to di�eren t p erm utations of the amino acids (except for

in terc hanging the represen tations of T and C in third p osition).

Empirically , in fact, ab out 31% of all p erm utations of the 64 hexagrams turn out

to ha v e suitable co don mappings. Th us the construction in part (a) giv es no reason to

b eliev e that the authors of the I Ching an ticipated the genetic co de in an y w a y .

3. Since F

31

� 10

6

= F

28

+ F

22

+ F

20

+ F

18

+ F

16

+ F

14

+ F

9

, the million th is

^ ^^ ^^^ ^ � � ^^^ � � � �� � � � � � ^^ ^^ � � ^^ :

Going the other w a y is easier: F

31

� ( F

5

+ F

8

+ F

10

+ F

16

+ F

18

+ F

27

+ F

30

) = 314159.

4. One of the t w o app earances of on line 4 should b e ; this glitc h ma y

simply b e a t yp ographical error. Similarly , one on line 8 should b e . But

the six cases with righ tmost letters app ear t wice, in lines 3 and 4, while the cases

with righ tmost are missing. Donnolo himself m ust b e resp onsible for this 
a w.

5. The last one should ha v e b een , not .

6. The n th v alue m

n

in Mersenne's list agrees with n ! only for 1 � n � 13 and

15 � n � 38. Mersenne knew that 14! = 87178291200 6= m

14

= 8778291200, b ecause he

inserted the missing `1' in his p ersonal cop y of the b o ok (no w o wned b y the Biblioth � eque

Nationale; a facsimile w as published in 1975). But the other errors in his table w ere not

merely t yp ographical, b ecause they propagated in to subsequen t en tries, except in the
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case of m

50

: m

39

= 39! + 10

26

� 10

10

; m

40

= 40 m

39

; m

41

= 41 m

40

� 4 � 10

25

� 14 � 10

11

;

m

n

= n m

n � 1

for n = 42, 43, 44, 46, 47, 48, 49, 55, 60, and 62; m

50

= 50 m

49

+ 10

66

;

m

51

= 51 � 50 � m

49

. When he computed m

45

= 9 � 45 � m

44

� 10

40

+ 10

29

, he apparen tly

decided to tak e a shortcut, b ecause it's easy to m ultiply b y 5 or b y 9; but he m ultiplied

twic e b y 9. Most of his errors indicate an unreliable m ultiplication tec hnique, whic h

ma y ha v e dep ended on an abacus: m

52

= 52 m

51

+ 5 � 10

56

� 2 � 10

47

+ 10

34

; m

53

=

53 m

52

� 4 � 10

29

; m

54

= 54 m

53

+ 10

16

; m

57

= 57 m

56

+ 10

33

+ 10

24

; m

58

= 58 m

57

+

10

67

� 10

35

+ 10

32

+ 11 � 10

26

; m

59

= 59 m

58

+ 10

66

+ 10

49

� 10

28

; m

61

= 61 m

60

� 5 � 10

81

;

m

63

= 63 m

62

+ 10

82

� 10

74

; m

64

= 64 m

63

+ 3 � 10

81

+ 10

67

+ 2 � 10

38

� 2 � 10

33

� 10

23

.

The remaining case, m

56

� 10 : 912 m

55

is ba�ing; it is � 56 m

55

(mo dulo 10

17

), but

its other digits seem to satisfy neither rh yme nor reason. Can they b e easily explained?

Notes: A thanasius Kirc her m ust ha v e copied from Mersenne when he tabulated n !

for 1 � n � 50 on page 157 of his Ars Magna Sciendi (1669), b ecause he rep eated all of

Mersenne's mistak es. Kirc her did, ho w ev er, list the v alues 10 m

14

, m

45

= 10, and 10 m

49

instead of m

14

, m

45

, and m

49

; p erhaps he w as trying to mak e the sequence gro w more

steadily . It is not clear who �rst calculated the correct v alue of 39!; exercise 1.2.5{4

tells the story of 1000!.

7. The basic p erm utations are 1 2 3 4 5, 1 3 2 5 4, 1 4 5 2 3, 1 5 4 3 2, 1 2 4 5 3, 1 4 2 3 5, 1 5 3 2 4,

1 3 5 4 2, 1 2 5 3 4, 1 5 2 4 3, 1 3 4 2 5, 1 4 3 5 2. But then w e �nd that all 60 of the ev en

p erm utations are b oth aliv e and dead, b ecause ( 9 ) di�ers b y an ev en p erm utation

from ( 8 ) . (Moreo v er, if w e someho w repair the case n = 5, half of the liv e p erm utations

for n = 6 will turn out to b e o dd.)

8. F or example, w e can replace ( 9 ) b y

a

n

a

3

: : : a

n � 1

a

2

a

1

; a

1

a

n � 1

: : : a

n

a

3

a

2

; : : : ; a

n � 1

a

2

: : : a

n � 2

a

1

a

n

;

th us 
ipping the ends and cyclically shifting the other elemen ts in the p erm utations

of ( 8 ) . This mo di�cation w orks b ecause all p erm utations ha v e the correct parit y , and

b ecause the liv e and dead ones b oth ha v e a

1

in ev ery p ossible p osition. (W e essen tially

ha v e a dual Sims table for the alternating group, as in Eq. 7.2.1.2{( 32 ) ; but our elemen ts

are named ( n; n � 1 ; : : : ; 1) instead of (0 ; 1 ; : : : ; n � 1).)

A simpler w a y to generate p erm utations with the prop er signs w as published b y

�

E. B � ezout [ M � emoires Acad. Ro y ale des Sciences (P aris, 1764), 292]: Eac h p erm utation

a

1

: : : a

n � 1

of f 1 ; : : : ; n � 1 g yields n others, a

1

: : : a

n � 1

a

n

� a

1

: : : a

n � 2

a

n

a

n � 1

+ � � � .

9. ( 0 ; 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 ); or p erhaps w e should sa y ( 9 ; 8 ; 7 ; 6 ; 5 ; 4 ; 3 ; 2 ; 1 ; 0 ). Notes:

A di�eren t system w as used for the index n um b ers of the equations; for example, ` • '

sto o d for 200. Moreo v er, it should b e noted that ( 11 ) is actually a transcription of al-

Sama w'al's w ork in to mo dern Arabic; Ahmad and Rashed based their w ork on a 14th-

cen tury cop y that used similar but older forms of the digits: ( 5 ; 1 ; 2 ; 3 ; : ; ; ; 6 ; 7 ; 8 ; 9 ).

Al-Sama w'al himself ma y w ell ha v e used n umerals of an ev en earlier vin tage.

10. If the 56 cases w ere equally lik ely , the answ er w ould b e 56 H

56

� 258 : 2, as in

the coup on collector's problem (exercise 3.3.2{8). But (6 ; 30 ; 20) cases o ccur with the

resp ectiv e probabilities (1 = 216 ; 1 = 72 ; 1 = 36); so the correct answ er turns out to b e

Z

1

0

( 1 � (1 � e

� t= 216

)

6

(1 � e

� t= 72

)

30

(1 � e

� t= 36

)

20

) dt � 546 : 6 ;

ab out 42% of the upp er b ound 216 H

216

. [See P . Fla jolet, D. Gardy , and L. Thimonier,

Discrete Applied Math. 39 (1992), 207{229.]
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11. It tabulates the

�

6

3

�

= 20 com binations of (b ; c ; d ; B ; C ; D) tak en three at a time;

furthermore, they app ear in lexicographic order if w e regard b < c < d < B < C < D.

The letter t ( ) means \shift from lo w ercase to upp ercase." [See A. Bonner, Selected

W orks of Ramon Llull (Princeton: 1985), 596{597.] There are t w o t yp os: `d' should

b e `b' at the b eginning of line 6; `c' should b e `d' at the end of line 18. Line 1 w ould

ha v e b een more consisten t with the others if Llull had presen ted it as

;

but in that line, of course, no case shift w as needed.

12. Multiply P oinsot's cycle b y 5 (mo d 7).

13. It's b est to ha v e just n lines when there are n di�eren t letters:

a: aa: aaa

b: ab: aab: aaab: bb: abb: aabb: aaabb

Then, assigning the w eigh ts ( a; b ) = (1 ; 4) giv es the n um b ers 1 through 11 as in ( 18 ) .

(The �rst line of ( 16 ) should also b e omitted.) Similarly , for f a; a; a; b; b; c g w e w ould

implicitly giv e c the w eigh t 12 and add the additional line

c: ac: aac: aaac: bc: abc: aabc: aaabc: bbc: abbc: aabbc: aaabbc:

[J. Bernoulli almost did it righ t in Ars Conjectandi , P art 2, Chapter 6.]

14. ABC ABD ABE A CD A CE A CB ADE ADB ADC AEB AEC AED BCD BCE BCA BDE

BD A BDC BEA BEC BED BA C BAD BAE CDE CD A CDB CEA CEB CED CAB CAD

CAE CBD CBE CBA DEA DEB DEC D AB D A C D AE DBC DBE DBA DCE DCA DCB

EAB EA C EAD EBC EBD EBA ECD ECA ECB ED A EDB EDC . It's a genlex ordering

(see Algorithm 7.2.1.3R), pro ceeding cyclically through the letters not y et used.

15. N1. [Initialize.] Set r  n , t  0, and a

0

 0.

N2. [Adv ance.] While r � q , set t  t + 1, a

t

 q , and r  r � q . Then if r > 0,

set t  t + 1 and a

t

 r .

N3. [Visit.] Visit the comp osition a

1

: : : a

t

.

N4. [Find j .] Set j  t , t � 1, : : : , un til a

j

6= 1. T erminate the algorithm if j = 0.

N5. [Decrease a

j

.] Set a

j

 a

j

� 1, r  t � j + 1, t  j , t  j ; return to N2.

F or example, the comp ositions for n = 7 and q = 3 are 331, 322, 3211, 313, 3121, 3112,

31111, 232, 2311, 223, 2221, 2212, 22111, 2131, 2122, 21211, 2113, 21121, 21112, 211111,

133, 1321, 1312, 13111, 1231, 1222, 12211, 1213, 12121, 12112, 121111, 1132, 11311,

1123, 11221, 11212, 112111, 11131, 11122, 111211, 11113, 111121, 111112, 1111111.

N� ar� ay an

.

a's sutras 79 and 80 ga v e essen tially this pro cedure, but with the strings

rev ersed (133, 223, 1123, : : : ), b ecause he preferred decreasing colex order. Curiously ,

he called this a \famous metho d, told b y sc holars of old dramatic art," although no

references to prior descriptions are curren tly kno wn except in the case q = 2.

16. The n um b er V

n

of visits is F

( q )

n + q � 1

= �( �

n

q

); see exercise 5.4.2{7. The n um b er

X

n

of times step N4 tests a

j

= 1 satis�es X

n

= X

n � 1

+ � � � + X

n � q

+ 1, and w e �nd

X

n

= V

0

+ � � � + V

n

= ( q V

n

+ ( q � 1) V

n � 1

+ � � � + V

n � q +1

� 1) = ( q � 1) = �( V

n

). The

n um b er Y

n

of times step N2 sets a

t

 q satis�es the same recurrence, and w e �nd

Y

n

= X

n � q

. And the n um b er of times step N2 �nds r = 0 turns out to b e V

n � q

.
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17. It w as MDCLXVI in Roman n umerals, where M > D > C > L > X > V > I.

18. Lines 329 and 1022. (Putean us included 139 suc h v erses among his list of 1022.)

19. With `tria' preceding `lumina', there are 5! � 2! � (11 ; 12 ; 12 ; 16) w a ys ha ving a

dact yl in the (1st, 2nd, 3rd, 4th) fo ot, resp ectiv ely; with `lumina' preceding `tria' there

are 5! � 2! � (16 ; 12 ; 12 ; 11). So the total is 24480. [Leibniz considered this problem

near the end of his Dissertatio de Arte Com binatoria , and came up with the answ er

45870; but his argumen t w as riddled with errors.]

20. (a) The generating function 1 = ( (1 � z u � y u

2

)(1 � z v � y v

2

)(1 � z w � y w

2

) ) is

clearly equal to

P

p;q ;r ;s;t � 0

f ( p; q ; r ; s; t ) u

p

v

q

w

r

z

s

y

t

.

(b) If `tibi' is ^ ^ and `Virgo' is � � � � , the n um b er is 3! 3! times

P

3

k =0

( f (2 k + 1 ;

6 � 2 k ; 2; 3 ; 3) + f (2 k ; 6 � 2 k ; 2; 2 ; 3) ) , namely 36 ((7+ 7) + (9+5) + (10+ 5) + (14+ 7) ) =

2304. Otherwise `tibi' is ^ � � , `Virgo' is � � ^ , and the n um b er is 2! 3! times

P

3

k =0

( f (2 k ;

5 � 2 k ; 2; 3 ; 2) + f (2 k ; 6 � 2 k ; 1; 3 ; 2) ) , namely 12 ( (7+6) + (5+4) + (4+ 4) + (0+6) ) = 432.

(c) The �fth fo ot b egins with the second syllable of `c�lo', `dotes', or `Virgo'.

Hence the additional n um b er is 3! 3!

P

2

k =0

f (2 k ; 5 � 2 k ; 2; 3 ; 2) = 36 (7 + 5 + 4) = 576,

and the grand total is 2304 + 432 + 576 = 3312.

21. Let � 2 f quot ; sun t ; tot g , � 2 f c�lo ; dotes ; Virgo g , � = sidera, and � = tibi.

Prestet's analysis w as essen tially equiv alen t to that of Bernoulli, but he forgot to include

the 36 cases ���� � � � � . (In his fa v or one can sa y that those cases are p o etically sterile;

Putean us found no use for them.) The 1675 edition of Prestet's b o ok had also omitted

all p erm utations that end with � � .

W allis divided the p ossibilities in to 23 t yp es, T

1

[ T

2

[ � � � [ T

23

. He claimed that

his t yp es 6 and 7 eac h yielded 324 v erses; but actually j T

6

j = j T

7

j = 252, b ecause his

v ariable i should b e 7, not 9. He also coun ted man y solutions t wice: j T

3

\ T

5

j = 72,

j T

2

\ T

7

j = j T

5

\ T

7

j = j T

3

\ T

6

j = j T

6

\ T

10

j = 36, and j T

11

\ T

12

j = j T

12

\ T

13

j =

j T

14

\ T

15

j = 12. He missed the 36 p ossibilities �� � � � �� � (19 of whic h w ere used b y

Putean us). And he also missed all the p erm utations of exercise 20(c); Putean us had

used 250 of those 576. The Latin edition of W allis's b o ok, published in 1693, corrected

sev eral t yp ographic errors in this section, but none of the mathematical mistak es.

Whit w orth and Hartley omitted all cases with `tibi' = ^ � � (see exercise 18),

p ossibly b ecause p eople's kno wledge of classical hexameter w as b eginning to fade.

[Sp eaking of errors, Putean us actually published only 1020 distinct p erm utations,

not 1022, b ecause lines 592 and 593 in his list w ere iden tical to lines 601 and 602. But

he w ould ha v e had no trouble �nding t w o more cases | for example, b y c hanging `tot

sun t' to `sun t tot' in lines 252, 345, 511, 548, 659, 663, 678, 693, or 797.]

22. Reading eac h diagram left-to-righ t, so that 1 2 j 3 4 5 $ , w e get

23. His rule w as: F or k = 0, 1, : : : , n � 1, and for eac h com bination 0 < j

1

< � � � <

j

k

< n of n � 1 things tak en k at a time, visit all partitions of f 1 ; : : : ; n � 1 g n f j

1

; : : : ; j

k

g
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32 ANSWERS TO EXER CISES 7.2.1.7

together with the blo c k f j

1

; : : : ; j

k

; n g . His order for n = 5 w as:

But strictly sp eaking, the answ er to this exercise is \No" | b ecause Honda's rule is not

complete un til the order of the com binations is sp eci�ed. He generated com binations

in c olex order (lexicographic on j

t

: : : j

1

). Lexicographic order on j

1

: : : j

t

w ould also b e

consisten t with the list giv en for n = 4, but it w ould put b efore . R efer enc e:

T. Ha y ashi, T^ ohoku Math. J. 33 (1931), 332{337.

24. No; ( 28 ) misses 1 4 j 2 3 5 (the top-b ottom re
ection of its second pattern).

25. Let a

n

b e the n um b er of indecomp osable partitions of f 1 ; : : : ; n g , and let a

0

n

b e the n um b er that are b oth indecomp osable and complete. These sequences b egin

h a

1

; a

2

; : : : i = h 1 ; 1 ; 2 ; 6 ; 22 ; 92 ; 426 ; : : : i , h a

0

1

; a

0

2

; : : : i = h 0 ; 1 ; 1 ; 3 ; 9 ; 33 ; 135 ; : : : i ; and

the answ er to this exercise is a

0

n

� 1 for n � 2. It turns out that a

n

is also the n um b er of

symmetric p olynomials of degree n in noncomm uting v ariables. [See M. C. W olf, Duk e

Math. J. 2 (1936), 626{637, who also tabulated indecomp osable partitions in to k parts.]

If A ( z ) =

P

n

a

n

z

n

, and if B ( z ) =

P

n

$

n

z

n

is the non-exp onen tial generating

function for Bell n um b ers, w e ha v e A ( z ) B ( z ) = B ( z ) � 1, hence A ( z ) = 1 � 1 =B ( z ).

And the result of exercise 7.2.1.5{34 implies that

P

n

a

0

n

z

n

= z A ( z ) = (1 + z � A ( z )) =

z ( B ( z ) � 1) = (1 + z B ( z )). Unfortunately B ( z ) has no esp ecially nice closed form.

26. Order the divisors of cbbaaa b y their n um b er of prime factors and then colexico-

graphically: 1 � a � b � c � aa � ba � ca � bb � cb � aaa � baa � caa � bba �

cba � cbb � baaa � caaa � bbaa � cbaa � cbba � bbaaa � cbaaa � cbbaa � cbbaaa .

F or ev ery suc h divisor d , in decreasing order, let d b e the �rst factor; recursiv ely app end

all factorizations of cbbaaa=d whose �rst factor is � d .

If the divisors had b een ordered lexicographically (namely 1 < a < aa < aaa <

b < ba < � � � < cbbaa < cbbaaa ), W allis's algorithm w ould ha v e b een equiv alen t to

Algorithm 7.2.1.5M with ( n

1

; n

2

; n

3

) = (1 ; 2 ; 3). He probably c hose his more compli-

cated ordering of the divisors b ecause it tends to agree more closely with ordinary

n umerical order when a � b � c ; for example, his ordering is precisely n umerical when

( a; b; c ) = (7 ; 11 ; 13). By generating the divisors according to his somewhat complex

sc heme, W allis w as essen tially generating m ultiset com binations, whic h w e noted in

Section 7.2.1.3 are equiv alen t to b ounded comp ositions. [ R efer enc e: A Discourse of

Com binations (1685), 126{128, with t w o t yp ographic errors corrected.]

27. The factorizations edcba , edcb � a , edca � b , : : : , e � d � c � b � a corresp ond resp ectiv ely to
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7.2.1.7 ANSWERS TO EXER CISES 33

28. The problem is am biguous b ecause genji-k o diagrams are not w ell de�ned. Let's

require all v ertical lines of a blo c k to ha v e the same heigh t; then, for example, 1 4 5 j 2 3 6

has no single-crossing diagram b ecause is not allo w ed.

The n um b er of partitions with no crossing is C

n

(see exercise 7.2.1.6{26). F or one

crossing, the elemen ts of the t w o blo c ks that cross m ust app ear within the restricted

gro wth sequence as either x

i

y x

j

y

k

or x

i

y

j +1

xy

k

or x

i

y

j

xy

k

x

l

, where i; j; k ; l > 0.

Supp ose the pattern is x

i

y x

j

y

k

. The n um b er of suc h partitions is

[ z

n � i � j � k � 1

] C ( z )

i + j + k +2

= C

( n � i � j � k � 1) n

b y Eq. 7.2.1.6{( 24 ) . Summing on k giv es C

( n � i � j � 2)( n +1)

; then summing on j and i

giv es C

( n � 4)( n +3)

.

Similarly , the other t w o patterns con tribute C

( n � 5)( n +3)

and C

( n � 5)( n +4)

. The

total n um b er of single-crossing partitions is therefore C

( n � 5)( n +3)

+ C

( n � 4)( n +4)

.

29. The co e�cien t is zero unless i

1

+ 2 i

2

+ � � � = n ; in that case it is

�

m

k

�

a

m � k

0

�

k

i

1

;i

2

;:::

�

where k = i

1

+ i

2

+ � � � . (Consider ( a

0

z )

m

times (1 + ( a

1

=a

0

) z + ( a

2

=a

0

) z

2

+ � � � )

m

.)

30. The order pro duced b y that algorithm is decreasing lexicographic, the rev erse

of ( 31 ) , if w e assume that partitions a

1

: : : a

k

ha v e a

1

� � � � � a

k

; de Moivre's w as

increasing c olexic o gr aphic .

31. 20 � 1 = 7 + 13 � 1 = 2 � 7 + 6 � 1 = 10 + 10 � 1 = 10 + 7 + 3 � 1 = 2 � 10. In general,

Bosco vic h suggested starting with n � 1 and computing the successor of a � 10 + b � 7 + c � 1

as follo ws: If c � 7, the successor is a � 10 + ( b + 1) � 7 + ( c � 7) � 1; otherwise if c + 7 b � 10,

the successor is ( a + 1) � 10 + ( c + 7 b � 10) � 1; otherwise stop.
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When an index en try refers to a page con taining a relev an t exercise, see also the answer to

that exercise for further information. An answ er page is not indexed here unless it refers to a

topic not included in the statemen t of the exercise.

� (circle ratio), as \random" example, 0, 28.

Abacus, 29.

Adac hi, F umie ( ), 18.

Ahmad, Salah ( ‹Ìƒc ‚É› ), 7, 29.

al-Sama w'al (= as-Sama w'al),

ibn Y ah

.

y� a ibn Y ah � uda al-Maghrib �

( Á«ØÌ”¿m Þp•°Ì¿m mŠØÔÚ Ñp ÜÛ„Ú Ñp ), 7, 29.

Aliquot parts, 19.

Alternating group, 29.

Amino acids, 25.

Anagrams, 5.

Analysis of algorithms, 26.

Arabic mathematics, 7.

Arabic n umerals, 7, 26.

Arima, Y oriyuki ( ), 18.

Aristotle of Stagira, son of Nicomac h us

( > Aristotèlhc Nikomˆqou å StagirÐthc ),

10.

Aristo xen us ( > Aristìxenoc ), 4.

A ttributes of Go d, 8{10.

Bac ktrac k metho d, 17.

Bald � eric, 8.

Bauh uis, Bernard (= Bauh usius,

Bernardus), 14{16.

Bec k en bac h, Edwin F ord, 24.

Bell, Eric T emple, n um b ers, 19, 32.

Bernoulli, Jacques (= Jak ob = James),

0, 13, 16{17, 30, 31.

B � ezout,

�

Etienne, 29.

Bh� ask ar� ac� ary a ( BA-krAcAy 
 ), 5, 6.

Binary arithmetic, 1.

Binary trees, 23{25.

Bonner, An thon y Edmonde, 30.

Bo � sk o vi � c, Rud er Josip ( Boxk ovi�, Ru �er

Josip = Bosco vic h, Ruggiero Giusepp e

= Bosco vic h, Roger Joseph), 21, 27.

Bounded comp ositions, 32.

Bourgogne-Artois, Jeanne de, 10.

Bro wn, Charles Philip, 3.

Bruijn, Nicolaas Go v ert de, cycles, 3.

Burkhardt, Johann Carl, 22.

Can tor, Moritz Benedikt, 22.

Catalan, Eug � ene Charles, n um b ers, 23{25.

Ca yley , Arth ur, 23.

Chinese mathematics, 0{1.

Chorees, 3{4.

Christ, Wilhelm v on, 4.

Christian mathematics, 7{17, 26.

Co dons, 25.

Colex order, 2, 14, 25, 30, 32, 33.

Com binations, 6{14, 22, 30, 31.

of a m ultiset, 26.

with rep etition, 7{8, 13.

Complemen ts, 0, 3.

Complete rh yme sc hemes, 27.

Complete bipartite graphs, 11.

Complete graphs, 9{12.

Complete ternary trees, 1.

Comp ositions, 2, 6, 26, 32.

Compression, 10.

Concen tric wheels, 11.

Confucius ( = ), 0.

Con tin uan t p olynomials, 22.

Coup on collector's problem, 29.

Crests, Japanese heraldic, 18.

Crossings, 27.

Dact yls, 3, 15, 26.

de Bruijn, Nicolaas Go v ert, cycles, 3.

de Moivre, Abraham, 20{22, 27.

de Mon tmort, Pierre R � emond, 20, 27.

Deo, Narsingh ( nrEs

�

h d�v ), 24.

Determinan ts, 6.

Dice, 7{8, 19, 20, 26.

Diomedes ( Diom dhc ), 3.

Divisors, 12, 19.

DNA, 25.

Donnolo, Shabb etai b en Avraham

( ELEPEC MDXA@ OA IZAY ), 4, 25.

Drexel (= Drec hsel = Drexelius), Jeremias

(= Hieremias), 4{5.

Dyc k, W alther F ranz An ton v on, 23{24.

w ords, 23{24.

Elemen ts (earth, air, �re, w ater), 0, 11.

Empt y set, 13.
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Errors, 1, 4{6, 16{17, 25{26.

Ettingshausen, Andreas v on, 22.

Euler, Leonhard ( E�ler•, Leonar d• =

��ler, Leonar d ), 21.

Eulerian trail, 12.

Ev en p erm utations, 6, 26.

Exact co v er problem, 17.
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F actorials, 26.

F actorizations, 19, 27.

Fib onacci, Leonardo, of Pisa, n um b ers,

2, 28.

generalized, 2, 30.
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Fla v ors, 6.

F orests, 23.

F rance, queen of, 10.
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Galilei, Galileo, 19.

Games, 7{8, 17, 26.

Gardner, Martin, 11.
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Generating functions, 32.
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Hebrew letters, 4.
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t
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Kleppis, Gregor (= Kleppisius,

Gregorius), 26.
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Mary , Sain t ( “ Agia Mariˆm Parjènoc ), 14{15.

Matsunaga, Y oshisuk e ( ), 18.

McLean, Iain Sinclair, 10.

Medicine, 6, 9.

Melo dies, 5, 12, 19.

Mersenne, Marin, 5, 19, 26.

Meters, p o etic, 1{4, 6, 14{17, 22, 26.

Metrical feet, 3, 15, 26.

Mik ami, Y oshio ( ), 6.

Mittag-Le�er, Magn us G• osta (=

Gustaf ), 22.

Mixed-radix n um b er systems, 30.

MMIX , ii.

Moivre, Abraham de, 20{22, 27.

Monomial symmetric functions, 20.

Mon tmort, Pierre R � emond de, 20, 27.

Morse, Sam uel Finley Breese, co de, 2, 22.

Multicom binations, 7{8, 14.

Multinomial co e�cien ts, 19.

Multinomial theorem, 20, 22, 27.

Multiset com binations, 26, 32.

Multiset partitions, 19, 27.

Multiset p erm utations, 5, 15, 21.

Murasaki Shikibu (= Lady Murasaki,

), 17.

Music, 2{5, 11{12, 19.

notation, 4{5.

rh ythm, 2{4, 12.
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N� ar� ay an

.

a P an

.

d

.

ita ( nArAyZ pE�Xt ), 2,

5, 13{14, 21, 26.

Needham, Joseph, 1.

Nested paren theses, 23{25.

Netto, Otto Erwin Johannes Eugen, 22{24.

Niev ergelt, J • urg, 24.

Nijenh uis, Alb ert, 24.

Noncomm uting v ariables, 32.

Noncrossing partitions, 25, 27.

No oten, Barend Adrian Ansk e Johannes

v an, 2.

Nucleotides, 25.

Null case, 13.

Numerals, Arabic, 7, 26.

Roman, 31.

Sanskrit, 5.

Nylan, Mic hael, 1.

Odd p erm utations, 6, 26.

Ord-Smith, Ric hard Alb ert James (=

Jimm y), 22.

Ordered forests, 23.

Ordered partitions, 2, 6, 26, 32.

Ordered trees, 23, 25.

Orien ted trees, 23, 25.

P aren theses, nested, 23{25.

P artitions, 22.

noncrossing, 25, 27.

of an in teger, 19{22, 27.

of a m ultiset, 19, 27.

of a set, 17{19, 25, 27.

ordered, se e Comp ositions.

P art y games, 8, 17.

P erm utations, 4{6, 14, 22.

ev en and o dd, 6, 26.

indecomp osable, 27{28.

n ull, 13.

of a Latin v erse, 14{17, 26.

of a m ultiset, 5, 21.

restricted, 15{17, 26.

Pi ( � ), as \random" example, 0, 28.

Pi _ngala,

�

Ac� ary a ( aAcAy 
 Ep½l ), 1{2.

Plain c hanges, 5, 12.

P o etry , 8, 19.

meters for, 1{4, 6, 14{17, 22, 26.

rh yme sc hemes, 19, 27.

P oinsot, Louis, 26.

P olish pre�x notation, 25.

P olyphase sorting, 2.

Pr� akr

.

ta P ai � ngala ( þAk � t p{½l ), 2, 25.

Preferen tial arrangemen ts, se e W eak

orderings.

Preorder, 25.

Prestet, Jean, 16, 26.

Prins, Geert Caleb Ernst, 23.

Proso dy , 1{3, 15{17, 26.

Proteins, 25.

Proteus v erses, 15, 16, 26.

Ptolem y , Claudius ( PtolemaØoc

KlaÔdioc ), 15.

Putean us, Erycius (= de Putte, Eerrijk),

14{16, 26, 31.

Puttenham, George and/or Ric hard,

18{19, 27.

Pyrrhics, 3{4.

Rabbinic script, 4.

Radix-2 arithmetic, 13.

Radix-2 n um b er system, 1, 4.

Radix-3 n um b er system, 1.

Ranking, 1{2, 14, 25.

Rashed, Roshdi (= Rashid, Rushdi)

( ‹—mŽ Ý‹—Ž ), 7, 29.

Recursiv e algorithms, 25, 27.

Reingold, Edw ard Martin ( CLEBPIIX ,

MIIG OA DYN WGVI ), 24.

R � emond de Mon tmort, Pierre, 20, 27.

Restricted gro wth sequences, 33.

Rev erse colex order, 14, 30.

Rh yme sc hemes, 19, 27.

Rh ythms, 2{4, 11{12.

Roman n umerals, 31.

Rothe, Heinric h August, 22.

Rusk ey , F rank, 25.

Sak a, Masanobu ( ), 18.

Sanskrit, 1{3, 5, 6.

Sa v age, Carla Diane, 24.

Scaligero, Giulio (= Scaliger, Julius

Caesar), 15.

Sc hillinger, Joseph Moisey evic h

( Xillinger, Iosif Moiseeviq ),

11{12, 26.

Sc ho oten, F rans v an, 12{14, 26.

Scoins, Hub ert Ian, 25.

Sefer Y etzirah ( DXIVI XTQ ), 4.

Seki, T ak ak azu ( ), 6, 18, 26.

Set partitions, 17{19, 25, 27.

Sev en deadly sins, 9{10.

Shao Y ung ( ), 1.

Sims, Charles Co�n, table, 29.

Singh, P armanand ( prmAn

�

d Es

�

h ), 2, 13.

Sp ondees, 3{4, 15, 26.

Squarefree in tegers, 19.

Stanford GraphBase, ii, iii.

Stanford Univ ersit y , 24.

Stanley , Ric hard P eter, 13.

Stinson, Douglas Rob ert, 25.

Stirling, James, 18.

subset n um b ers, 18{19.

Su � sruta ( s � ™ � t ), 6.

Sw etz, F rank Joseph, 1.

Symmetric p olynomials, 32.
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T acquet, Andr � e, 12.

T astes, 6.

Thimonier, Lo • ys, 29.

Three-v alued logic, 10.

T ompkins, Charles Bro wn, 24.

T ot tibi : : : , 14{17, 26.

T rees, 22{25.

T rib onacci sequence, 2, 30.

T ro c hees, 3, 15.

T uples, 0{4, 13.

Tw elv efold W a y , 13.

Univ ersal cycles, 12, 26.

Unranking, 1{2, 14, 25.

v an No oten, Barend Adrian Ansk e

Johannes, 2.

v an Sc ho oten, F rans, 12{13, 26.

V ariations, 13.

V edic c han ts, 1.

V enice, doge of, 9.

V ergil (= Publius V ergilius Maro), 15.

Vices, 9{10.

Virgin, 14{15.

Virtues, 7{10, 14{15, 26.

v on Christ, Wilhelm, 4.

v on Dyc k, W alther F ranz An ton, 23{24.

v on Ettingshausen, Andreas, 22.

V oting, 10.

W allis, John, 5, 13, 16, 19, 26{27.

W eak orderings, 23.

W ells, Mark Brimhall, 24, 25.

Wheels, concen tric, 11.

Whit w orth, William Allen, 16{17, 26.

Wib old, bishop of Cam brai (= Wib oldus,

Cameracensis episcopus), 7{9, 19.

Wilf, Herb ert Saul, 24.

W olf, Margarete Caroline, 32.

Y ang Hsiung ( or ), 1{2.

Y ano, T amaki ( ), 17, 18.

Yijing , se e I Ching .

Yin and y ang, 0{1.

Zhou W en w ang, se e King W en.
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