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BERNOULLI

In ternet

Stanford GraphBase

PREF A CE

[The Art of Combinations] has a relation

to almost every sp ecies of useful kno wledge

that the mind of man can b e emplo y ed up on.

| JAMES BERNOULLI, Ars Conjectandi (1713)

This booklet con tains draft material that I'm circulating to exp erts in the

�eld, in hop es that they can help remo v e its most egregious errors b efore to o

man y other p eople see it. I am also, ho w ev er, p osting it on the In ternet for

courageous and/or random readers who don't mind the risk of reading a few

pages that ha v e not y et reac hed a v ery mature state. Bewar e: This material has

not y et b een pro ofread as thoroughly as the man uscripts of V olumes 1, 2, and 3

w ere at the time of their �rst prin tings. And those carefully-c hec k ed v olumes,

alas, w ere subsequen tly found to con tain thousands of mistak es.

Giv en this ca v eat, I hop e that m y errors this time will not b e so n umerous

and/or obtrusiv e that y ou will b e discouraged from reading the material carefully .

I did try to mak e it b oth in teresting and authoritativ e, as far as it go es. But the

�eld is so v ast, I cannot hop e to ha v e surrounded it enough to corral it completely .

Therefore I b eg y ou to let me kno w ab out an y de�ciencies y ou disco v er.

T o put the material in con text, this is Section 7.2.1.3 of a long, long c hapter

on com binatorial algorithms. Chapter 7 will ev en tually �ll three v olumes (namely

V olumes 4A, 4B, and 4C), assuming that I'm able to remain health y . It will

b egin with a short review of graph theory , with emphasis on some highligh ts

of signi�can t graphs in The Stanford GraphBase, from whic h I will b e dra wing

man y examples. Then comes Section 7.1, whic h deals with the topic of bit wise

manipulations. (I drafted ab out 60 pages ab out that sub ject in 1977, but those

pages need extensiv e revision; mean while I'v e decided to w ork for a while on

the material that follo ws it, so that I can get a b etter feel for ho w m uc h to

cut.) Section 7.2 is ab out generating all p ossibilities, and it b egins with Section

7.2.1: Generating Basic Com binatorial P atterns | whic h, in turn, b egins with

Section 7.2.1.1, \Generating all n -tuples," and Section 7.2.1.2, \Generating all

p erm utations." (Readers of the presen t b o oklet should ha v e already lo ok ed at

those sections, drafts of whic h are a v ailable as Pre-F ascicles 2A and 2B.) The

stage is no w set for the main con ten ts of this b o oklet, Section 7.2.1.3: \Gener-

ating all com binations." Then will come Section 7.2.1.4 (ab out partitions), etc.

Section 7.2.2 will deal with bac ktrac king in general. And so it will go on, if all

go es w ell; an outline of the en tire Chapter 7 as curren tly en visaged app ears on

the taocp w ebpage that is cited on page ii.

iii



iv PREF A CE

Kn uthEv en the apparen tly lo wly topic of com bination generation turns out to b e

surprisingly ric h, with ties to Sections 1.2.1, 1.2.4, 1.2.6, 2.3.2, 2.3.4.2, 3.4.2,

4.3.2, 4.6.1, 4.6.2, 5.1.2, 5.4.1, 5.4.2, 6.1, and 6.3 of the �rst three v olumes.

I strongly b eliev e in building up a �rm foundation, so I ha v e discussed this topic

m uc h more thoroughly than I will b e able to do with material that is new er or

less basic. T o m y surprise, I came up with 110 exercises, ev en though | b eliev e

it or not | I had to eliminate quite a bit of the in teresting material that app ears

in m y �les.

Some of the things presen ted are new, to the b est of m y kno wledge, although

I will not b e at all surprised to learn that m y o wn little \disco v eries" ha v e b een

disco v ered b efore. Please lo ok, for example, at the exercises that I'v e classed as

researc h problems (rated with di�cult y lev el 46 or higher), namely exercises 53,

56, 67, and 83; I'v e also implicitly p osed additional unsolv ed questions in the

answ ers to exercises 59, 63, 101, 105, and 109. Are those problems still op en?

Please let me kno w if y ou kno w of a solution to an y of these in triguing questions.

And of course if no solution is kno wn to da y but y ou do mak e progress on an y of

them in the future, I hop e y ou'll let me kno w.

I urgen tly need y our help also with resp ect to some exercises that I made

up as I w as preparing this material. I certainly don't lik e to get credit for things

that ha v e already b een published b y others, and most of these results are quite

natural \fruits" that w ere just w aiting to b e \pluc k ed." Therefore please tell

me if y ou kno w who I should ha v e credited, with resp ect to the ideas found in

exercises 9, 18, 19, 20, 26, 27, 28, 30, 31, 32, 33, 34, 35, 36, 37, 41, 42, 43, 44,

45, 48, 51, 59, 62, 63, 64, 65, 66, 69, 79, 82(b{f ), 85, 86, 87, 93, and/or 110.

I shall happily pa y a �nder's fee of $2.56 for eac h error in this draft when it is

�rst rep orted to me, whether that error b e t yp ographical, tec hnical, or historical.

The same rew ard holds for items that I forgot to put in the index. And v aluable

suggestions for impro v emen ts to the text are w orth 32/ c eac h. (F urthermore, if

y ou �nd a b etter solution to an exercise, I'll actually rew ard y ou with immortal

glory instead of mere money , b y publishing y our name in the ev en tual b o ok: � )

Cross references to y et-un written material sometimes app ear as `00'; this

imp ossible v alue is a placeholder for the actual n um b ers to b e supplied later.

Happ y reading!

Stanfor d, California D. E. K.

13 June 2002



7.2.1.3 GENERA TING ALL COMBINA TIONS 1

com bination generation{

DE MOR GAN

7.2.1.3. Generating all com binations. Com binatorial mathematics is often

describ ed as \the study of p erm utations, com binations, etc.," so w e turn our

atten tion no w to com binations. A c ombination of n things, taken t at a time ,

often called simply a t -com bination of n things, is a w a y to select a subset of size t

from a giv en set of size n . W e kno w from Eq. 1.2.6{( 2 ) that there are exactly

�

n

t

�

w a ys to do this; and w e learned in Section 3.4.2 ho w to c ho ose t -com binations

at random.

Selecting t of n ob jects is equiv alen t to c ho osing the n � t elemen ts not

selected. W e will emphasize this symmetry b y letting

n = s + t ( 1 )

throughout our discussion, and w e will often refer to a t -com bination of n things

as an \( s; t )-com bination." Th us, an ( s; t )-com bination is a w a y to sub divide

s + t ob jects in to t w o collections of sizes s and t .

If I ask ho w many combinations of 21 can b e tak en out of 25,

I do in e�ect ask ho w many combinations of 4 ma y b e tak en.

F o r there a re just as many w a ys of taking 21 as there a re of leaving 4.

| A UGUSTUS DE MORGAN, An Essa y on Probabilities (1838)

There are t w o main w a ys to represen t ( s; t )-com binations: W e can list the

elemen ts c

t

: : : c

2

c

1

that ha v e b een selected, or w e can w ork with binary strings

a

n � 1

: : : a

1

a

0

for whic h

a

n � 1

+ � � � + a

1

+ a

0

= t: ( 2 )

The latter represen tation has s 0 s and t 1s, corresp onding to elemen ts that are

unselected or selected. The list represen tation c

t

: : : c

2

c

1

tends to w ork out b est

if w e let the elemen ts b e mem b ers of the set f 0 ; 1 ; : : : ; n � 1 g and if w e list them

in de cr e asing order:

n > c

t

> � � � > c

2

> c

1

� 0 : ( 3 )

Binary notation connects these t w o represen tations nicely , b ecause the item list

c

t

: : : c

2

c

1

corresp onds to the sum

2

c

t

+ � � � + 2

c

2

+ 2

c

1

=

n � 1

X

k =0

a

k

2

k

= ( a

n � 1

: : : a

1

a

0

)

2

: ( 4 )



2 COMBINA TORIAL ALGORITHMS (F3A) 7.2.1.3

dual com binations+

m ulticom bination+

com bination with rep etitions+

Golom b

m ultiset

comp osition+

paths on a grid+

lattice paths+

pi

Of course w e could also list the p ositions b

s

: : : b

2

b

1

of the 0s in a

n � 1

: : : a

1

a

0

,

where

n > b

s

> � � � > b

2

> b

1

� 0 : ( 5 )

Com binations are imp ortan t not only b ecause subsets are omnipresen t in

mathematics but also b ecause they are equiv alen t to man y other con�gurations.

F or example, ev ery ( s; t )-com bination corresp onds to a com bination of s + 1

things tak en t at a time with r ep etitions p ermitte d , also called a multic ombination ,

namely a sequence of in tegers d

t

: : : d

2

d

1

with

s � d

t

� � � � � d

2

� d

1

� 0 : ( 6 )

One reason is that d

t

: : : d

2

d

1

solv es ( 6 ) if and only if c

t

: : : c

2

c

1

solv es ( 3 ) , where

c

t

= d

t

+ t � 1 ; : : : ; c

2

= d

2

+ 1 ; c

1

= d

1

( 7 )

(see exercise 1.2.6{60). And there is another useful w a y to relate com binations

with rep etition to ordinary com binations, suggested b y Solomon Golom b [ AMM

75 (1968), 530{531], namely to de�ne

e

j

=

�

c

j

; if c

j

� s ;

e

c

j

� s

; if c

j

> s .

( 8 )

In this form the n um b ers e

t

: : : e

1

don't necessarily app ear in descending or-

der, but the m ultiset f e

1

; e

2

; : : : ; e

t

g is equal to f c

1

; c

2

; : : : ; c

t

g if and only if

f e

1

; e

2

; : : : ; e

t

g is a set. (See T able 1 and exercise 1.)

An ( s; t )-com bination is also equiv alen t to a c omp osition of n + 1 in to t + 1

parts, namely an ordered sum

n + 1 = p

t

+ � � � + p

1

+ p

0

; where p

t

; : : : ; p

1

; p

0

� 1. ( 9 )

The connection with ( 3 ) is no w

p

t

= n � c

t

; p

t � 1

= c

t

� c

t � 1

; : : : ; p

1

= c

2

� c

1

; p

0

= c

1

+ 1 : ( 10 )

Equiv alen tly , if q

j

= p

j

� 1, w e ha v e

s = q

t

+ � � � + q

1

+ q

0

; where q

t

; : : : ; q

1

; q

0

� 0, ( 11 )

a comp osition of s in to t + 1 nonne gative parts, related to ( 6 ) b y setting

q

t

= s � d

t

; q

t � 1

= d

t

� d

t � 1

; : : : ; q

1

= d

2

� d

1

; q

0

= d

1

: ( 12 )

F urthermore it is easy to see that an ( s; t )-com bination is equiv alen t to a

path of length s + t from corner to corner of an s � t grid, b ecause suc h a

path con tains s v ertical steps and t horizon tal steps. Th us, com binations can

b e studied in at least eigh t di�eren t guises. T able 1 illustrates all

�

6

3

�

= 20

p ossibilities in the case s = t = 3.

These cousins of com binations migh t seem rather b ewildering at �rst glance,

but most of them can b e understo o d directly from the binary represen tation

a

n � 1

: : : a

1

a

0

. Consider, for example, the \random" bit string

a

23

: : : a

1

a

0

= 0 1 1 0 0 1 0 0 1 0 0 0 0 1 1 1 1 1 1 0 1 1 0 1 ; ( 13 )
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T able 1

THE

(

3 ; 3

)-

COMBINA TIONS AND THEIR EQUIV ALENTS

a

5

a

4

a

3

a

2

a

1

a

0

b

3

b

2

b

1

c

3

c

2

c

1

d

3

d

2

d

1

e

3

e

2

e

1

p

3

p

2

p

1

p

0

q

3

q

2

q

1

q

0

path

000111 543 210 000 210 4111 3000

001011 542 310 100 310 3211 2100

001101 541 320 110 320 3121 2010

001110 540 321 111 321 3112 2001

010011 532 410 200 010 2311 1200

010101 531 420 210 020 2221 1110

010110 530 421 211 121 2212 1101

011001 521 430 220 030 2131 1020

011010 520 431 221 131 2122 1011

011100 510 432 222 232 2113 1002

100011 432 510 300 110 1411 0300

100101 431 520 310 220 1321 0210

100110 430 521 311 221 1312 0201

101001 421 530 320 330 1231 0120

101010 420 531 321 331 1222 0111

101100 410 532 322 332 1213 0102

110001 321 540 330 000 1141 0030

110010 320 541 331 111 1132 0021

110100 310 542 332 222 1123 0012

111000 210 543 333 333 1114 0003

whic h has s = 11 zeros and t = 13 ones, hence n = 24. The dual com bination

b

s

: : : b

1

lists the p ositions of the zeros, namely

23 20 19 17 16 14 13 12 11 4 1 ;

b ecause the leftmost p osition is n � 1 and the righ tmost is 0. The primal

com bination c

t

: : : c

1

lists the p ositions of the ones, namely

22 21 18 15 10 9 8 7 6 5 3 2 0 :

The corresp onding m ulticom bination d

t

: : : d

1

lists the n um b er of 0s to the righ t

of eac h 1:

10 10 8 6 2 2 2 2 2 2 1 1 0 :

The comp osition p

t

: : : p

0

lists the distances b et w een consecutiv e 1s, if w e imagine

additional 1s at the left and the righ t:

2 1 3 3 5 1 1 1 1 1 2 1 2 1 :

And the nonnegativ e comp osition q

t

: : : q

0

coun ts ho w man y 0s app ear b et w een

\fencep osts" represen ted b y 1s:

1 0 2 2 4 0 0 0 0 0 1 0 1 0 ;

th us w e ha v e

a

n � 1

: : : a

1

a

0

= 0

q

t

1 0

q

t � 1

1 : : : 1 0

q

1

1 0

q

0

: ( 14 )

The paths in T able 1 also ha v e a simple in terpretation (see exercise 2).
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lexicographic generation+++

m ultiset p erm utations

bit wise

analysis+

Lexicographic generation. T able 1 sho ws com binations a

n � 1

: : : a

1

a

0

and

c

t

: : : c

1

in lexicographic order, whic h is also the lexicographic order of d

t

: : : d

1

.

Notice that the dual com binations b

s

: : : b

1

and the corresp onding comp ositions

p

t

: : : p

0

, q

t

: : : q

0

then app ear in r everse lexicographic order.

Lexicographic order usually suggests the most con v enien t w a y to generate

com binatorial con�gurations. Indeed, Algorithm 7.2.1.2L already solv es the

problem for com binations in the form a

n � 1

: : : a

1

a

0

, since ( s; t )-com binations

in bitstring form are the same as p erm utations of the m ultiset f s � 0 ; t � 1 g . That

general-purp ose algorithm can b e streamlined in ob vious w a ys when it is applied

to this sp ecial case. (See also exercise 7.1{00, whic h presen ts a remark able

sequence of sev en bit wise op erations that will con v ert an y giv en binary n um b er

( a

n � 1

: : : a

1

a

0

)

2

to the lexicographically next t -com bination, assuming that n

do es not exceed the computer's w ord length.)

Let's fo cus, ho w ev er, on generating com binations in the other principal form

c

t

: : : c

2

c

1

, whic h is more directly relev an t to the w a ys in whic h com binations are

often needed, and whic h is more compact than the bit strings when t is small

compared to n . In the �rst place w e should k eep in mind that a simple sequence

of nested lo ops will do the job nicely when t is v ery small. F or example, when

t = 3 the follo wing instructions su�ce:

F or c

3

= 2, 3, : : : , n � 1 (in this order) do the follo wing:

F or c

2

= 1, 2, : : : , c

3

� 1 (in this order) do the follo wing:

F or c

1

= 0, 1, : : : , c

2

� 1 (in this order) do the follo wing:

Visit the com bination c

3

c

2

c

1

.

( 15 )

(See the analogous situation in 7.2.1.1{( 3 ) .)

On the other hand when t is v ariable or not so small, w e can generate

com binations lexicographically b y follo wing the general recip e discussed after

Algorithm 7.2.1.2L, namely to �nd the righ tmost elemen t c

j

that can b e increased

and then to set the subsequen t elemen ts c

j � 1

: : : c

1

to their smallest p ossible

v alues:

Algorithm L ( L exic o gr aphic c ombinations ). This algorithm generates all t -

com binations c

t

: : : c

2

c

1

of the n n um b ers f 0 ; 1 ; : : : ; n � 1 g , giv en n � t � 0.

Additional v ariables c

t +1

and c

t +2

are used as sen tinels.

L1. [Initialize.] Set c

j

 j � 1 for 1 � j � t ; also set c

t +1

 n and c

t +2

 0.

L2. [Visit.] Visit the com bination c

t

: : : c

2

c

1

.

L3. [Find j .] Set j  1. Then, while c

j

+ 1 = c

j +1

, set c

j

 j � 1 and j  j + 1;

rep eat un til c

j

+ 1 6= c

j +1

.

L4. [Done?] T erminate the algorithm if j > t .

L5. [Increase c

j

.] Set c

j

 c

j

+ 1 and return to L2.

The running time of this algorithm is not di�cult to analyze. Step L3 sets

c

j

 j � 1 just after visiting a com bination for whic h c

j +1

= c

1

+ j , and the

n um b er of suc h com binations is the n um b er of solutions to the inequalities

n > c

t

> � � � > c

j +1

� j ; ( 16 )
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colex order

Lehmer

Bec k en bac h

but this form ula is equiv alen t to a ( t � j )-com bination of the n � j ob jects

f n � 1 ; : : : ; j g , so the assignmen t c

j

 j � 1 o ccurs exactly

�

n � j

t � j

�

times. Summing

for 1 � j � t tells us that the lo op in step L3 is p erformed

�

n � 1

t � 1

�

+

�

n � 2

t � 2

�

+ � � � +

�

n � t

0

�

=

�

n � 1

s

�

+

�

n � 2

s

�

+ � � � +

�

s

s

�

=

�

n

s +1

�

( 17 )

times altogether, or an a v erage of

�

n

s + 1

�. �

n

t

�

=

n !

( s + 1)! ( t � 1)!

.

n !

s ! t !

=

t

s + 1

( 18 )

times p er visit. This ratio is less than 1 when t � s , so Algorithm L is quite

e�cien t in suc h cases.

But the quan tit y t= ( s + 1) can b e em barrassingly large when t is near n

and s is small. Indeed, Algorithm L o ccasionally sets c

j

 j � 1 needlessly , at

times when c

j

already equals j � 1. F urther scrutin y rev eals that w e need not

alw a ys searc h for the index j that is needed in steps L4 and L5, since the correct

v alue of j can often b e predicted from the actions just tak en. F or example,

after w e ha v e increased c

4

and reset c

3

c

2

c

1

to their starting v alues 2 1 0, the next

com bination will inevitably increase c

3

. These observ ations lead to a tuned-up

v ersion of the algorithm:

Algorithm T ( L exic o gr aphic c ombinations ). This algorithm is lik e Algorithm L,

but faster. It also assumes, for con v enience, that t < n .

T1. [Initialize.] Set c

j

 j � 1 for 1 � j � t ; then set c

t +1

 n , c

t +2

 0, and

j  t .

T2. [Visit.] (A t this p oin t j is the smallest index suc h that c

j +1

> j .) Visit the

com bination c

t

: : : c

2

c

1

. Then, if j > 0, set x  j and go to step T6.

T3. [Easy case?] If c

1

+ 1 < c

2

, set c

1

 c

1

+ 1 and return to T2. Otherwise set

j  2.

T4. [Find j .] Set c

j � 1

 j � 2 and x  c

j

+ 1. If x = c

j +1

, set j  j + 1 and

rep eat this step un til x 6= c

j +1

.

T5. [Done?] T erminate the algorithm if j > t .

T6. [Increase c

j

.] Set c

j

 x , j  j � 1, and return to T2.

No w j = 0 in step T2 if and only if c

1

> 0, so the assignmen ts in step T4 are

nev er redundan t. Exercise 6 carries out a complete analysis of Algorithm T.

Notice that the parameter n app ears only in the initialization steps L1

and T1, not in the principal parts of Algorithms L and T. Th us w e can think

of the pro cess as generating the �rst

�

n

t

�

com binations of an in�nite list, whic h

dep ends only on t . This simpli�cation arises b ecause the list of t -com binations

for n + 1 things b egins with the list for n things, under our con v en tions; w e ha v e

b een using lexicographic order on the decreasing sequences c

t

: : : c

1

for this v ery

reason, instead of w orking with the increasing sequences c

1

: : : c

t

.

Derric k Lehmer noticed another pleasan t prop ert y of Algorithms L and T

[ Applied Com binatorial Mathematics , edited b y E. F. Bec k en bac h (1964), 27{30]:
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ranking a com bination

com binatorial n um b er system

P ascal

binomial trees+

Theorem L. The com bination c

t

: : : c

2

c

1

is visited after exactly

�

c

t

t

�

+ � � � +

�

c

2

2

�

+

�

c

1

1

�

( 19 )

other com binations ha v e b een visited.

Pr o of. There are

�

c

k

k

�

com binations c

0

t

: : : c

0

2

c

0

1

with c

0

j

= c

j

for t � j > k and

c

0

k

< c

k

, namely c

t

: : : c

k +1

follo w ed b y the k -com binations of f 0 ; : : : ; c

k

� 1 g .

When t = 3, for example, the n um b ers

�

2

3

�

+

�

1

2

�

+

�

0

1

�

;

�

3

3

�

+

�

1

2

�

+

�

0

1

�

;

�

3

3

�

+

�

2

2

�

+

�

0

1

�

; : : : ;

�

5

3

�

+

�

4

2

�

+

�

3

1

�

that corresp ond to the com binations c

3

c

2

c

1

in T able 1 simply run through the

sequence 0, 1, 2, : : : , 19. Theorem L giv es us a nice w a y to understand the

c ombinatorial numb er system of degree t , whic h represen ts ev ery nonnegativ e

in teger N uniquely in the form

N =

�

n

t

t

�

+ � � � +

�

n

2

2

�

+

�

n

1

1

�

; n

t

> � � � > n

2

> n

1

� 0 : ( 20 )

[See Ernesto P ascal, Giornale di Matematic he 25 (1887), 45{49.]

Binomial trees. The family of trees T

n

de�ned b y

T

0

= ; T

n

=

T

0

T

1

T

n � 1

: : :

0 1

n � 1

for n > 0 ; ( 21 )

arises in sev eral imp ortan t con texts and sheds further ligh t on com bination

generation. F or example, T

4

is

0

0 0

0

0

0 0

0

1

1 1

1

2

2

3

; ( 22 )

and T

5

, rendered more artistically , app ears as the fron tispiece to V olume 1 of

this series of b o oks.

Notice that T

n

is lik e T

n � 1

, except for an additional cop y of T

n � 1

; therefore

T

n

has 2

n

no des altogether. F urthermore, the n um b er of no des on lev el t is the

binomial co e�cien t

�

n

t

�

; this fact accoun ts for the name \binomial tree." Indeed,

the sequence of lab els encoun tered on the path from the ro ot to eac h no de on

lev el t de�nes a com bination c

t

: : : c

1

, and all com binations o ccur in lexicographic

order from left to righ t. Th us, Algorithms L and T can b e regarded as pro cedures

to tra v erse the no des on lev el t of the binomial tree T

n

.
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ruc ksac k

preorder

knapsac k problem

The in�nite binomial tree T

1

is obtained b y letting n ! 1 in ( 21 ) . The ro ot

of this tree has in�nitely man y branc hes, but ev ery no de except for the o v erall

ro ot at lev el 0 is the ro ot of a �nite binomial subtree. All p ossible t -com binations

app ear in lexicographic order on lev el t of T

1

.

Let's get more familiar with binomial trees b y considering all p ossible w a ys

to pac k a ruc ksac k. More precisely , supp ose w e ha v e n items that tak e up

resp ectiv ely w

n � 1

, : : : , w

1

, w

0

units of capacit y , where

w

n � 1

� � � � � w

1

� w

0

; ( 23 )

w e w an t to generate all binary v ectors a

n � 1

: : : a

1

a

0

suc h that

a � w = a

n � 1

w

n � 1

+ � � � + a

1

w

1

+ a

0

w

0

� N ; ( 24 )

where N is the total capacit y of a ruc ksac k. Equiv alen tly , w e w an t to �nd all

subsets C of f 0 ; 1 ; : : : ; n � 1 g suc h that w ( C ) =

P

c 2 C

w

c

� N ; suc h subsets will

b e called fe asible . W e will write a feasible subset as c

1

: : : c

t

, where c

1

> � � � >

c

t

� 0, n um b ering the subscripts di�eren tly from the con v en tion of ( 3 ) ab o v e

b ecause t is v ariable in this problem.

Ev ery feasible subset corresp onds to a no de of T

n

, and our goal is to visit

eac h feasible no de. Clearly the paren t of ev ery feasible no de is feasible, and so is

the left sibling, if an y; therefore a simple tree exploration pro cedure w orks w ell:

Algorithm F ( Fil ling a rucksack ). This algorithm generates all feasible w a ys

c

1

: : : c

t

to �ll a ruc ksac k, giv en w

n � 1

, : : : , w

1

, w

0

, and N . W e let �

j

= w

j

� w

j � 1

for 1 � j < n .

F1. [Initialize.] Set t  0, c

0

 n , and r  N .

F2. [Visit.] Visit the com bination c

1

: : : c

t

, whic h uses N � r units of capacit y .

F3. [T ry to add w

0

.] If c

t

> 0 and r � w

0

, set t  t + 1, c

t

 0, r  r � w

0

,

and return to F2.

F4. [T ry to increase c

t

.] T erminate if t = 0. Otherwise, if c

t � 1

> c

t

+ 1 and

r � �

c

t

+1

, set c

t

 c

t

+ 1, r  r � �

c

t

, and return to F2.

F5. [Remo v e c

t

.] Set r  r + w

c

t

, t  t � 1, and return to F4.

Notice that the algorithm implicitly visits no des of T

n

in preorder, skipping o v er

unfeasible subtrees. An elemen t c > 0 is placed in the ruc ksac k, if it �ts, just

after the pro cedure has explored all p ossibilities using elemen t c � 1 in its place.

The running time is prop ortional to the n um b er of feasible com binations visited

(see exercise 20).

Inciden tally , the classical \knapsac k problem" of op erations researc h is dif-

feren t: It asks for a feasible subset C suc h that v ( C ) =

P

c 2 C

v ( c ) is maxim um,

where eac h item c has b een assigned a v alue v ( c ). Algorithm F is not a particu-

larly go o d w a y to solv e that problem, b ecause it often considers cases that could

b e ruled out. F or example, if C and C

0

are subsets of f 1 ; : : : ; n � 1 g with w ( C ) �

w ( C

0

) � N � w

0

and v ( C ) � v ( C

0

), Algorithm F will examine b oth C [ f 0 g and

C

0

[ f 0 g , but the latter subset will nev er impro v e the maxim um. W e will consider

metho ds for the classical knapsac k problem later; Algorithm F is in tended only

for situations when al l of the feasible p ossibilities are p oten tially relev an t.
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Gra y co des for com binations{

Nijenh uis

Wilf

rev olving do or algorithm++

Gra y binary co de

T ang

Liu

lo opless

Bitner

Ehrlic h

Reingold

Gra y co des for com binations. Instead of merely generating all com binations,

w e often prefer to visit them in suc h a w a y that eac h one is obtained b y making

only a small c hange to its predecessor.

F or example, w e can ask for what Nijenh uis and

Wilf ha v e called a \rev olving do or algorithm": Imagine

t w o ro oms that con tain resp ectiv ely s and t p eople, with

a rev olving do or b et w een them. Whenev er a p erson

go es in to the opp osite ro om, someb o dy else comes out. Can w e devise a sequence

of mo v es so that eac h ( s; t )-com bination o ccurs exactly once?

The answ er is y es, and in fact a h uge n um b er of suc h patterns exist. F or

example, it turns out that if w e examine all n -bit strings a

n � 1

: : : a

1

a

0

in the

w ell-kno wn order of Gra y binary co de (Section 7.2.1.1), but select only those

that ha v e exactly s 0s and t 1s, the resulting strings form a rev olving-do or co de.

Here's the pro of: Gra y binary co de is de�ned b y the recurrence �

n

= 0 �

n � 1

,

1 �

R

n � 1

of 7.2.1.1{( 5 ) , so its ( s; t ) subsequence satis�es the recurrence

�

st

= 0 �

( s � 1) t

; 1 �

R

s ( t � 1)

( 25 )

when st > 0. W e also ha v e �

s 0

= 0

s

and �

0 t

= 1

t

. Therefore it is clear b y

induction that �

st

b egins with 0

s

1

t

and ends with 10

s

1

t � 1

when st > 0. The

transition at the comma in ( 25 ) is from the last elemen t of 0 �

( s � 1) t

to the

last elemen t of 1 �

s ( t � 1)

, namely from 010

s � 1

1

t � 1

= 010

s � 1

11

t � 2

to 110

s

1

t � 2

=

110

s � 1

01

t � 2

when t � 2, and this satis�es the rev olving-do or constrain t. The

case t = 1 also c hec ks out. F or example, �

33

is giv en b y the columns of

000111 011010 110001 101010

001101 011100 110010 101100

001110 010101 110100 100101

001011 010110 111000 100110

011001 010011 101001 100011

( 26 )

and �

23

can b e found in the �rst t w o columns of this arra y . One more turn

of the do or tak es the last elemen t in to the �rst. [These prop erties of �

st

w ere

disco v ered b y D. T. T ang and C. N. Liu, IEEE T rans. C-22 (1973), 176{180;

a lo opless implemen tation w as presen ted b y J. R. Bitner, G. Ehrlic h, and E. M.

Reingold, CA CM 19 (1976), 517{521.]

When w e con v ert the bit strings a

5

a

4

a

3

a

2

a

1

a

0

in ( 26 ) to the corresp onding

index-list forms c

3

c

2

c

1

, a striking pattern b ecomes eviden t:

210 431 540 531

320 432 541 532

321 420 542 520

310 421 543 521

430 410 530 510

( 27 )

The �rst comp onen ts c

3

o ccur in increasing order; but for eac h �xed v alue of c

3

,

the v alues of c

2

o ccur in de cr e asing order. And for �xed c

3

c

2

, the v alues of c

1

are again increasing. The same is true in general: All com binations c

t

: : : c

2

c

1
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P a yne

ranking a com bination

alternating com binatorial n um b er system

genlex order{

W alsh

trie

app ear in lexicographic order of

( c

t

; � c

t � 1

; c

t � 2

; : : : ; ( � 1)

t � 1

c

1

) ( 28 )

in the rev olving-do or Gra y co de �

st

. This prop ert y follo ws b y induction, b ecause

( 25 ) b ecomes

�

st

= �

( s � 1) t

; ( s + t � 1) �

R

s ( t � 1)

( 29 )

for st > 0 when w e use index-list notation instead of bitstring notation. Conse-

quen tly the sequence can b e generated e�cien tly b y the follo wing algorithm due

to W. H. P a yne [see A CM T rans. Math. Soft w are 5 (1979), 163{172]:

Algorithm R ( R evolving-do or c ombinations ). This algorithm generates all t -

com binations c

t

: : : c

2

c

1

of f 0 ; 1 ; : : : ; n � 1 g in lexicographic order of the alter-

nating sequence ( 28 ), assuming that n > t > 1. Step R3 has t w o v arian ts,

dep ending on whether t is ev en or o dd.

R1. [Initialize.] Set c

j

 j � 1 for t � j � 1, and c

t +1

 n .

R2. [Visit.] Visit the com bination c

t

: : : c

2

c

1

.

R3. [Easy case?] If t is o dd: If c

1

+ 1 < c

2

, increase c

1

b y 1 and return to R2,

otherwise set j  2 and go to R4. If t is ev en: If c

1

> 0, decrease c

1

b y 1

and return to R2, otherwise set j  2 and go to R5.

R4. [T ry to decrease c

j

.] (A t this p oin t c

j

= c

j � 1

+ 1.) If c

j

� j , set c

j

 c

j � 1

,

c

j � 1

 j � 2, and return to R2. Otherwise increase j b y 1.

R5. [T ry to increase c

j

.] (A t this p oin t c

j � 1

= j � 2.) If c

j

+ 1 < c

j +1

, set

c

j � 1

 c

j

, c

j

 c

j

+ 1, and return to R2. Otherwise increase j b y 1, and

go to R4 if j � t .

Exercises 21{25 explore further prop erties of this in teresting sequence. One of

them is a nice companion to Theorem L: The com bination c

t

c

t � 1

: : : c

2

c

1

is visited

b y Algorithm R after exactly

N =

�

c

t

+1

t

�

�

�

c

t � 1

+1

t � 1

�

+ � � � + ( � 1)

t

�

c

2

+1

2

�

� ( � 1)

t

�

c

1

+1

1

�

� [ t o dd ] ( 30 )

other com binations ha v e b een visited. W e ma y call this the represen tation of N

in the \alternating com binatorial n um b er system" of degree t ; one consequence,

for example, is that ev ery p ositiv e in teger has a unique represen tation of the

form N =

�

a

3

�

�

�

b

2

�

+

�

c

1

�

with a > b > c > 0. Algorithm R tells us ho w to add 1

to N in this system.

Although the strings of ( 26 ) and ( 27 ) are not in lexicographic order, they

are examples of a more general concept called genlex or der , a name coined b y

Timoth y W alsh. A sequence of strings �

1

, : : : , �

N

is said to b e in genlex order

when all strings with a common pre�x o ccur consecutiv ely . F or example, all

3-com binations that b egin with 53 app ear together in ( 27 ) .

Genlex order means that the strings can b e arranged in a trie structure, as

in Fig. 31 of Section 6.3, but with the c hildren of eac h no de ordered arbitrarily .

When a trie is tra v ersed in an y order suc h that eac h no de is visited just b efore or

just after its descendan ts, all no des with a common pre�x | that is, all no des of
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recursiv e

plain c hanges

homogeneous

c hords

k eyb oard

piano

a subtrie | app ear consecutiv ely . This principle mak es genlex order con v enien t,

b ecause it corresp onds to recursiv e generation sc hemes. Man y of the algorithms

w e ha v e seen for generating n -tuples ha v e therefore pro duced their results in some

v ersion of genlex order; similarly , the metho d of \plain c hanges" (Algorithm

7.2.1.2P) visits p erm utations in a genlex order of the corresp onding in v ersion

tables.

The rev olving-do or metho d of Algorithm R is a genlex routine that c hanges

only one elemen t of the com bination at eac h step. But it isn't totally satisfactory ,

b ecause it frequen tly m ust c hange t w o of the indices c

j

sim ultaneously , in order

to preserv e the condition c

t

> � � � > c

2

> c

1

. F or example, Algorithm R c hanges

210 in to 320, and ( 27 ) includes nine suc h \crossing" mo v es.

The source of this defect can b e traced to our pro of that ( 25 ) satis�es the

rev olving-do or prop ert y: W e observ ed that the string 010

s � 1

11

t � 2

is follo w ed

b y 110

s � 1

01

t � 2

when t � 2. Hence the recursiv e construction �

st

in v olv es

transitions of the form 110

a

0 $ 010

a

1, when a substring lik e 11000 is c hanged

to 01001 or vice v ersa; the t w o 1s cross eac h other.

A Gra y path for com binations is said to b e homo gene ous if it c hanges only

one of the indices c

j

at eac h step. A homogeneous sc heme is c haracterized

in bitstring form b y ha ving only transitions of the forms 10

a

$ 0

a

1 within

strings, for a � 1, when w e pass from one string

to the next. With a homogeneous sc heme w e can,

for example, pla y all t -note c hords on an n -note

k eyb oard b y mo ving only one �nger at a time.

A sligh t mo di�cation of ( 25 ) yields a genlex

sc heme for ( s; t )-com binations that is pleasan tly

homogeneous. The basic idea is to construct a

sequence that b egins with 0

s

1

t

and ends with 1

t

0

s

, and the follo wing recursion

suggests itself almost immediately: Let K

s 0

= 0

s

, K

0 t

= 1

t

, K

s ( � 1)

= ; , and

K

st

= 0 K

( s � 1) t

; 10 K

R

( s � 1)( t � 1)

; 11 K

s ( t � 2)

for st > 0 : ( 31 )

A t the commas of this sequence w e ha v e 01

t

0

s � 1

follo w ed b y 101

t � 1

0

s � 1

, and

10

s

1

t � 1

follo w ed b y 110

s

1

t � 2

; b oth of these transitions are homogeneous, al-

though the second one requires the 1 to jump across s 0s. The com binations K

33

for s = t = 3 are

000111 010101 101100 100011

001011 010011 101001 110001

001101 011001 101010 110010

001110 011010 100110 110100

010110 011100 100101 111000

( 32 )

in bitstring form, and the corresp onding \�nger patterns" are

210 420 532 510

310 410 530 540

320 430 531 541

321 431 521 542

421 432 520 543.

( 33 )
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com binations with rep etitions

comp ositions

homogeneous

near-p erfect{

Jenkyns

McCarth y

Chase

When a homogeneous sc heme for ordinary com binations c

t

: : : c

1

is con v erted

to the corresp onding sc heme ( 6 ) for com binations with rep etitions d

t

: : : d

1

, it

retains the prop ert y that only one of the indices d

j

c hanges at eac h step. And

when it is con v erted to the corresp onding sc hemes ( 9 ) or ( 11 ) for comp ositions

p

t

: : : p

0

or q

t

: : : q

0

, only t w o (adjacen t) parts c hange when c

j

c hanges.

Near-p erfect sc hemes. But w e can do ev en b etter! All ( s; t )-com binations

can b e generated b y a sequence of strongly homogeneous transitions that are

either 01 $ 10 or 001 $ 100. In other w ords, w e can insist that eac h step causes

a single index c

j

to c hange b y at most 2. Let's call suc h generation sc hemes

ne ar-p erfe ct .

Imp osing suc h strong conditions actually mak es it fairly easy to disco v er

near-p erfect sc hemes, b ecause comparativ ely few c hoices are a v ailable. Indeed,

if w e restrict ourselv es to genlex metho ds that are near-p erfect on n -bit strings,

T. A. Jenkyns and D. McCarth y observ ed that all suc h metho ds can b e easily

c haracterized [ Ars Com binatoria 40 (1995), 153{159]:

Theorem N. If st > 0 , there are exactly 2 s near-p erfect w a ys to list all ( s; t ) -

com binations in a genlex order. In fact, when 1 � a � s , there is exactly one

suc h listing, N

sta

, that b egins with 1

t

0

s

and ends with 0

a

1

t

0

s � a

; the other s

p ossibilities are the rev erse lists, N

R

sta

.

Pr o of. The result certainly holds when s = t = 1; otherwise w e use induction

on s + t . The listing N

sta

, if it exists, m ust ha v e the form 1 X

s ( t � 1)

, 0 Y

( s � 1) t

for some near-p erfect genlex listings X

s ( t � 1)

and Y

( s � 1) t

. If t = 1, X

s ( t � 1)

is

the single string 0

s

; hence Y

( s � 1) t

m ust b e N

( s � 1)1( a � 1)

if a > 1, N

( s � 1)11

if

a = 1. On the other hand if t > 1, the near-p erfect condition implies that the

last string of X

s ( t � 1)

cannot b egin with 1; hence X

s ( t � 1)

= N

s ( t � 1) b

for some b .

If a > 1, Y

( s � 1) t

m ust b e N

( s � 1) t ( a � 1)

, hence b m ust b e 1; similarly , b m ust b e 1

if s = 1. Otherwise w e ha v e a = 1 < s , and this forces Y

( s � 1) t

= N

R

( s � 1) tc

for

some c . The transition from 10

b

1

t � 1

0

s � b

to 0

c +1

1

t

0

s � 1 � c

is near-p erfect only if

c = 1 and b = 2.

The pro of of Theorem N yields the follo wing recursiv e form ulas when st > 0:

N

sta

=

8

>

<

>

:

1 N

s ( t � 1)1

; 0 N

( s � 1) t ( a � 1)

; if 1 < a � s ;

1 N

s ( t � 1)2

; 0 N

R

( s � 1) t 1

; if 1 = a < s ;

1 N

1( t � 1)1

; 01

t

; if 1 = a = s .

( 34 )

Also, of course, N

s 0 a

= 0

s

.

Let us set A

st

= N

st 1

and B

st

= N

st 2

. These near-p erfect listings, disco v ered

b y Phillip J. Chase in 1976, ha v e the net e�ect of shifting a leftmost blo c k of 1s

to the righ t b y one or t w o p ositions, resp ectiv ely , and they satisfy the follo wing

m utual recursions:

A

st

= 1 B

s ( t � 1)

; 0 A

R

( s � 1) t

; B

st

= 1 A

s ( t � 1)

; 0 A

( s � 1) t

: ( 35 )

\T o tak e one step forw ard, tak e t w o steps forw ard, then one step bac kw ard; to

tak e t w o steps forw ard, tak e one step forw ard, then another." These equations
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recursion v ersus iteration++

Chase

activ e

T able 2

CHASE'S SEQUENCES F OR

(

3 ; 3

) -

COMBINA TIONS

A

33

=

b

C

R

33

543 531 321 420

541 530 320 421

540 510 310 431

542 520 210 430

532 521 410 432

B

33

= C

33

543 520 432 410

542 510 430 210

540 530 431 310

541 531 421 320

521 532 420 321

hold for all in teger v alues of s and t , if w e de�ne A

st

and B

st

to b e ; when s or

t is negativ e, except that A

00

= B

00

= � (the empt y string). Th us A

st

actually

tak es min ( s; 1) forw ard steps, and B

st

actually tak es min ( s; 2). F or example,

T able 2 sho ws the relev an t listings for s = t = 3, using an equiv alen t index-list

form c

3

c

2

c

1

instead of the bit strings a

5

a

4

a

3

a

2

a

1

a

0

.

Chase noticed that a computer implemen tation of these sequences b ecomes

simpler if w e de�ne

C

st

=

�

A

st

; if s + t is o dd;

B

st

; if s + t is ev en;

b

C

st

=

�

A

R

st

; if s + t is ev en;

B

R

st

; if s + t is o dd.

( 36 )

[See Congressus Numeran tium 69 (1989), 215{242.] Then w e ha v e

C

st

=

(

1 C

s ( t � 1)

; 0

b

C

( s � 1) t

; if s + t is o dd;

1 C

s ( t � 1)

; 0 C

( s � 1) t

; if s + t is ev en;

( 37 )

b

C

st

=

(

0 C

( s � 1) t

; 1

b

C

s ( t � 1)

; if s + t is ev en;

0

b

C

( s � 1) t

; 1

b

C

s ( t � 1)

; if s + t is o dd.

( 38 )

When bit a

j

is ready to c hange, w e can tell where w e are in the recursion b y

testing whether j is ev en or o dd.

Indeed, the sequence C

st

can b e generated b y a surprisingly simple algo-

rithm, based on general ideas that apply to any genlex sc heme. Let us sa y that

bit a

j

is active in a genlex algorithm if it is supp osed to c hange b efore an ything to

its left is altered. (The no de for an activ e bit in the corresp onding trie is not the

righ tmost c hild of its paren t.) Supp ose w e ha v e an auxiliary table w

n

: : : w

1

w

0

,

where w

j

= 1 if and only if either a

j

is activ e or j < r , where r is the least

subscript suc h that a

r

6= a

0

; w e also let w

n

= 1. Then the follo wing metho d will

�nd the successor of a

n � 1

: : : a

1

a

0

:

Set j  r . If w

j

= 0, set w

j

 1, j  j + 1, and rep eat un til

w

j

= 1. T erminate if j = n ; otherwise set w

j

 0. Change a

j

to 1 � a

j

, and mak e an y other c hanges to a

j � 1

: : : a

0

and r that

apply to the particular genlex sc heme b eing used.

( 39 )

The b eaut y of this approac h comes from the fact that the lo op is guaran teed to

b e e�cien t: W e can pro v e that the op eration j  j + 1 will b e p erformed less

than once p er generation step, on the a v erage (see exercise 36).
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{genlex order

pi

By analyzing the transitions that o ccur when bits c hange in ( 37 ) and ( 38 ) ,

w e can readily 
esh out the remaining details:

Algorithm C ( Chase's se quenc e ). This algorithm visits all ( s; t )-com binations

a

n � 1

: : : a

1

a

0

, where n = s + t , in the near-p erfect order of Chase's sequence C

st

.

C1. [Initialize.] Set a

j

 0 for 0 � j < s , a

j

 1 for s � j < n , and w

j

 1

for 0 � j � n . If s > 0, set r  s ; otherwise set r  t .

C2. [Visit.] Visit the com bination a

n � 1

: : : a

1

a

0

.

C3. [Find j and branc h.] Set j  r . If w

j

= 0, set w

j

 1, j  j + 1, and

rep eat un til w

j

= 1. T erminate if j = n ; otherwise set w

j

 0 and mak e a

four-w a y branc h: Go to C4 if j is o dd and a

j

6= 0, to C5 if j is ev en and

a

j

6= 0, to C6 if j is ev en and a

j

= 0, to C7 if j is o dd and a

j

= 0.

C4. [Mo v e righ t one.] Set a

j � 1

 1, a

j

 0. If r = j > 1, set r  j � 1;

otherwise if r = j � 1 set r  j . Return to C2.

C5. [Mo v e righ t t w o.] If a

j � 2

6= 0, go to C4. Otherwise set a

j � 2

 1, a

j

 0.

If r = j , set r  max ( j � 2 ; 1); otherwise if r = j � 2, set r  j � 1. Return

to C2.

C6. [Mo v e left one.] Set a

j

 1, a

j � 1

 0. If r = j > 1, set r  j � 1; otherwise

if r = j � 1 set r  j . Return to C2.

C7. [Mo v e left t w o.] If a

j � 1

6= 0, go to C6. Otherwise set a

j

 1, a

j � 2

 0. If

r = j � 2, set r  j ; otherwise if r = j � 1, set r  j � 2. Return to C2.

*Analysis of Chase's sequence. The magical prop erties of Algorithm C cry

out for further exploration, and a closer lo ok turns out to b e quite instructiv e.

Giv en a bit string a

n � 1

: : : a

1

a

0

, let us de�ne a

n

= 1, u

n

= n mo d 2, and

u

j

= (1 � u

j +1

) a

j +1

; v

j

= ( u

j

+ j ) mo d 2 ; w

j

= ( v

j

+ a

j

) mo d 2 ; ( 40 )

for n > j � 0. F or example, w e migh t ha v e n = 26 and

a

25

: : : a

1

a

0

= 11001001000011111101101010 ;

u

25

: : : u

1

u

0

= 10100100100001010100100101 ;

v

25

: : : v

1

v

0

= 00001110001011111110001111 ;

w

25

: : : w

1

w

0

= 11000111001000000011100101 :

( 41 )

With these de�nitions w e can pro v e b y induction that v

j

= 0 if and only if bit

a

j

is b eing \con trolled" b y C rather than b y

b

C in the recursions ( 37 ) {( 38 ) that

generate a

n � 1

: : : a

1

a

0

, except when a

j

is part of the �nal run of 0s or 1s at the

righ t end. Therefore w

j

agrees with the v alue computed b y Algorithm C at the

momen t when a

n � 1

: : : a

1

a

0

is visited, for r � j < n . These form ulas can b e used

to determine exactly where a giv en com bination app ears in Chase's sequence (see

exercise 39).

If w e w an t to w ork with the index-list form c

t

: : : c

2

c

1

instead of the bit

strings a

n � 1

: : : a

1

a

0

, it is con v enien t to c hange the notation sligh tly , writing
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Stanley

endo-order

organ-pip e order

m ultiset p erm utations+

C

t

( n ) for C

st

and

b

C

t

( n ) for

b

C

st

when s + t = n . Then C

0

( n ) =

b

C

0

( n ) = � , and

the recursions for t � 0 tak e the form

C

t +1

( n + 1) =

(

n C

t

( n ) ;

b

C

t +1

( n ) ; if n is ev en;

n C

t

( n ) ; C

t +1

( n ) ; if n is o dd;

( 42 )

b

C

t +1

( n + 1) =

(

C

t +1

( n ) ; n

b

C

t

( n ) ; if n is o dd;

b

C

t +1

( n ) ; n

b

C

t

( n ) ; if n is ev en.

( 43 )

These new equations can b e expanded to tell us, for example, that

C

t +1

(9) = 8 C

t

(8) ; 6 C

t

(6) ; 4 C

t

(4) ; : : : ; 3

b

C

t

(3) ; 5

b

C

t

(5) ; 7

b

C

t

(7);

C

t +1

(8) = 7 C

t

(7) ; 6 C

t

(6) ; 4 C

t

(4) ; : : : ; 3

b

C

t

(3) ; 5

b

C

t

(5);

b

C

t +1

(9) = 6 C

t

(6) ; 4 C

t

(4) ; : : : ; 3

b

C

t

(3) ; 5

b

C

t

(5) ; 7

b

C

t

(7) ; 8

b

C

t

(8);

b

C

t +1

(8) = 6 C

t

(6) ; 4 C

t

(4) ; : : : ; 3

b

C

t

(3) ; 5

b

C

t

(5) ; 7

b

C

t

(7);

( 44 )

notice that the same pattern predominates in all four sequences. The meaning of

\ : : : " in the middle dep ends on the v alue of t : W e simply omit all terms n C

t

( n )

and n

b

C

t

( n ) where n < t .

Except for edge e�ects at the v ery b eginning or end, all of the expansions

in ( 44 ) are based on the in�nite progression

: : : ; 10 ; 8 ; 6 ; 4 ; 2 ; 0 ; 1 ; 3 ; 5 ; 7 ; 9 ; : : : ; ( 45 )

whic h is a natural w a y to arrange the nonnegativ e in tegers in to a doubly in�nite

sequence. If w e omit all terms of ( 45 ) that are < t , giv en an y in teger t � 0,

the remaining terms retain the prop ert y that adjacen t elemen ts di�er b y either

1 or 2. Ric hard Stanley has suggested the name endo-or der for this sequence,

b ecause w e can remem b er it b y thinking \ev en n um b ers decreasing, o dd : : : ".

(Notice that if w e retain only the terms less than N and complemen t with resp ect

to N , endo-order b ecomes organ-pip e order; see exercise 6.1{18.)

W e could program the recursions of ( 42 ) and ( 43 ) directly , but it is in terest-

ing to un wind them using ( 44 ) , th us obtaining an iterativ e algorithm analogous

to Algorithm C. The result needs only O ( t ) memory lo cations, and it is esp ecially

e�cien t when t is relativ ely small compared to n . Exercise 45 con tains the details.

*Near-p erfect m ultiset p erm utations. Chase's sequences lead in a natural

w a y to an algorithm that will generate p erm utations of an y desired m ultiset

f s

0

� 0 ; s

1

� 1 ; : : : ; s

d

� d g in a near-p erfect manner, meaning that

i) ev ery transition is either a

j +1

a

j

$ a

j

a

j +1

or a

j +1

a

j

a

j � 1

$ a

j � 1

a

j

a

j +1

;

ii) transitions of the second kind ha v e a

j

= min ( a

j � 1

; a

j +1

).

Algorithm C tells us ho w to do this when d = 1, and w e can extend it to larger

v alues of d b y the follo wing recursiv e construction [ CA CM 13 (1970), 368{369,

376]: Supp ose

�

0

; �

1

; : : : ; �

N � 1
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p erfect sc hemes++

z -nomial

is an y near-p erfect listing of the p erm utations of f s

1

� 1 ; : : : ; s

d

� d g . Then Algo-

rithm C, with s = s

0

and t = s

1

+ � � � + s

d

, tells us ho w to generate a listing

�

j

= �

j

0

s

; : : : ; 0

a

�

j

0

s � a

( 46 )

in whic h all transitions are 0 x $ x 0 or 00 x $ x 00 ; the �nal en try has a = 1 or 2

leading zeros, dep ending on s and t . Therefore all transitions of the sequence

�

0

; �

R

1

; �

2

; : : : ; (�

N � 1

or �

R

N � 1

) ( 47 )

are near-p erfect; and this list clearly con tains all the p erm utations.

F or example, the p erm utations of f 0 ; 0 ; 0 ; 1 ; 1 ; 2 g generated in this w a y are

211000, 210100, 210001, 210010, 200110, 200101, 200011, 201001, 201010, 201100,

021100, 021001, 021010, 020110, 020101, 020011, 000211, 002011, 002101, 002110,

001120, 001102, 001012, 000112, 010012, 010102, 010120, 011020, 011002, 011200,

101200, 101020, 101002, 100012, 100102, 100120, 110020, 110002, 110200, 112000,

121000, 120100, 120001, 120010, 100210, 100201, 100021, 102001, 102010, 102100,

012100, 012001, 012010, 010210, 010201, 010021, 000121, 001021, 001201, 001210.

*P erfect sc hemes. Wh y should w e settle for a near-p erfect generator lik e C

st

,

instead of insisting that all transitions ha v e the simplest p ossible form 01 $ 10?

One reason is that p erfect sc hemes don't alw a ys exist. F or example, w e

observ ed in 7.2.1.2{( 2 ) that there is no w a y to generate all six p erm utations of

f 1 ; 1 ; 2 ; 2 g with adjacen t in terc hanges; th us there is no p erfect sc heme for (2 ; 2)-

com binations. In fact, our c hances of ac hieving p erfection are only ab out 1 in 4:

Theorem P . The generation of all ( s; t ) -com binations a

s + t � 1

: : : a

1

a

0

b y adja-

cen t in terc hanges 01 $ 10 is p ossible if and only if s � 1 or t � 1 or st is o dd.

Pr o of. Consider all p erm utations of the m ultiset f s � 0 ; t � 1 g . W e learned in

exercise 5.1.2{16 that the n um b er m

k

of suc h p erm utations ha ving k in v ersions

is the co e�cien t of z

k

in the z -nomial co e�cien t

�

s + t

t

�

z

=

s + t

Y

k = s +1

(1 + z + � � � + z

k � 1

)

.

t

Y

k =1

(1 + z + � � � + z

k � 1

) : ( 48 )

Ev ery adjacen t in terc hange c hanges the n um b er of in v ersions b y � 1, so a p erfect

generation sc heme is p ossible only if appro ximately half of all the p erm utations

ha v e an o dd n um b er of in v ersions. More precisely , the v alue of

�

s + t

t

�

� 1

=

m

0

� m

1

+ m

2

� � � � m ust b e 0 or � 1. But exercise 49 sho ws that

�

s + t

t

�

� 1

=

�

b ( s + t ) = 2 c

b t= 2 c

�

[ st is ev en ] ; ( 49 )

and this quan tit y exceeds 1 unless s � 1 or t � 1 or st is o dd.

Con v ersely , p erfect sc hemes are easy with s � 1 or t � 1, and they turn

out to b e p ossible also whenev er st is o dd. The �rst non trivial case o ccurs

for s = t = 3, when there are four essen tially di�eren t solutions; the most

symmetrical of these is

210 � � � 310 � � � 410 � � � 510 � � � 520 � � � 521 � � � 531 � � � 532 � � � 432 � � � 431 � � �

421 � � � 321 � � � 320 � � � 420 � � � 430 � � � 530 � � � 540 � � � 541 � � � 542 � � � 543 ( 50 )
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Eades

Hic k ey

Read

recursiv e coroutines

lexicographic order+

rev olving-do or Gra y+

homogeneous+

{near-p erfect

near-p erfect sc heme+

genlex order+

�rst-elemen t sw aps+

sw apping with the �rst elemen t

Chase

Eades

Hic k ey

Read

lexicographic generation

m ultiset com binations

Bernoulli

b ounded comp ositions

(see exercise 51). Sev eral authors ha v e constructed Hamiltonian paths in the

relev an t graph for arbitrary o dd n um b ers s and t ; for example, the metho d

of Eades, Hic k ey , and Read [ JA CM 31 (1984), 19{29] mak es an in teresting

exercise in programming with recursiv e coroutines. Unfortunately , ho w ev er, none

of the kno wn constructions are su�cien tly simple to describ e in a short space,

or to implemen t with reasonable e�ciency . P erfect com bination generators ha v e

therefore not y et pro v ed to b e of practical imp ortance.

In summary , then, w e ha v e seen that the study of ( s; t )-com binations leads

to man y fascinating patterns, some of whic h are of great practical imp ortance

and some of whic h are merely elegan t and/or b eautiful. Figure 26 illustrates the

principal options that are a v ailable in the case s = t = 5, when

�

10

5

�

= 252 com bi-

nations arise. Lexicographic order (Algorithm L), the rev olving-do or Gra y co de

(Algorithm R), the homogeneous sc heme K

55

of ( 31 ) , and Chase's near-p erfect

sc heme (Algorithm C) are sho wn in parts (a), (b), (c), and (d) of the illustration.

P art (e) sho ws the near-p erfect sc heme that is as close to p erfection as p ossible

while still b eing in genlex order of the c arra y (see exercise 34), while part (f ) is

the p erfect sc heme of Eades, Hic k ey , and Read. Finally , Figs. 26(g) and 26(h)

are listings that pro ceed b y rotating a

j

a

j � 1

: : : a

0

 a

j � 1

: : : a

0

a

j

or b y sw apping

a

j

$ a

0

, akin to Algorithms 7.2.1.2C and 7.2.1.2E (see exercises 55 and 56).

*Com binations of a m ultiset. If m ultisets can ha v e p erm utations, they can

ha v e com binations to o. F or example, consider the m ultiset f b; b; b; b; g ; g ; g ; r ; r ; r ;

w ; w g , represen ting a sac k that con tains four blue balls and three that are green,

three red, t w o white. There are 37 w a ys to c ho ose �v e balls from this sac k; in

lexicographic order (but descending in eac h com bination) they are

g bbbb; g g bbb; g g g bb; r bbbb; r g bbb; r g g bb; r g g g b; r r bbb; r r g bb; r r g g b;

r r g g g ; r r r bb; r r r g b; r r r g g ; w bbbb; w g bbb; w g g bb; w g g g b; w r bbb; w r g bb;

w r g g b; w r g g g ; w r r bb; w r r g b; w r r g g ; w r r r b; w r r r g ; w w bbb; w w g bb; w w g g b;

w w g g g ; w w r bb; w w r g b; w w r g g ; w w r r b; w w r r g ; w w r r r : ( 51 )

This fact migh t seem friv olous and/or esoteric, y et w e will see in Theorem W

b elo w that the lexicographic generation of m ultiset com binations yields optimal

solutions to signi�can t com binatorial problems.

James Bernoulli observ ed in his Ars Conjectandi (1713), 119{123, that w e

can en umerate suc h com binations b y lo oking at the co e�cien t of z

5

in the

pro duct (1 + z + z

2

)(1 + z + z

2

+ z

3

)

2

(1 + z + z

2

+ z

3

+ z

4

). Indeed, his observ ation

is easy to understand, b ecause w e get all p ossible selections from the sac k if w e

m ultiply out the p olynomials

(1 + w + w w )(1 + r + r r + r r r )(1 + g + g g + g g g )(1 + b + bb + bbb + bbbb ) :

Multiset com binations are also equiv alen t to b ounde d c omp ositions , namely

to comp ositions in whic h the individual parts are b ounded. F or example, the 37

m ulticom binations listed in ( 51 ) corresp ond to 37 solutions of

5 = r

3

+ r

2

+ r

1

+ r

0

; 0 � r

3

� 2 ; 0 � r

2

; r

1

� 3 ; 0 � r

0

� 4 ;

namely 5 = 0+0+1+4 = 0+0+2+3 = 0+0+3+2 = 0+1+0+4 = � � � = 2+3+0+0.
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Fig. 26. Examples

of (5 ; 5)-com binations:

a) lexicographic;

b) rev olving-do or;

c) homogeneous;

d) near-p erfect;

e) nearer-p erfect;

f ) p erfect;

g) su�x-rotated;

h) righ t-sw app ed.

(a) (b) (c) (d) (e) (f ) (g) (h)
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con tingency tables

{com bination generation

{Gra y co des for com binations

shado ws{

h yp ergraph

p olyhedron

simplexes

@

@

com binations with rep etitions

m ulticom binations

upp er shado w

lexicographic generation+

Bounded comp ositions, in turn, are sp ecial cases of c ontingency tables , whic h

are of great imp ortance in statistics. And all of these com binatorial con�gura-

tions can b e generated with Gra y-lik e co des as w ell as in lexicographic order.

Exercises 60{63 explore some of the basic ideas in v olv ed.

*Shado ws. Sets of com binations app ear frequen tly in mathematics. F or example,

a set of 2-com binations (namely a set of pairs) is essen tially a graph, and a set of

t -com binations for general t is called a uniform h yp ergraph. If the v ertices of a

con v ex p olyhedron are p erturb ed sligh tly , so that no three are collinear, no four

lie in a plane, and in general no t + 1 lie in a ( t � 1)-dimensional h yp erplane,

the resulting ( t � 1)-dimensional faces are \simplexes" whose v ertices ha v e great

signi�cance in computer applications. Researc hers ha v e learned that suc h sets

of com binations ha v e imp ortan t prop erties related to lexicographic generation.

If � is an y t -com bination c

t

: : : c

2

c

1

, its shadow @ � is the set of all its

( t � 1)-elemen t subsets c

t � 1

: : : c

2

c

1

, : : : , c

t

: : : c

3

c

1

, c

t

: : : c

3

c

2

. F or example,

@ 5310 = f 310 ; 510 ; 530 ; 531 g . W e can also represen t a t -com bination as a bit

string a

n � 1

: : : a

1

a

0

, in whic h case @ � is the set of all strings obtained b y c hang-

ing a 1 to a 0: @ 101011 = f 001011 ; 100011 ; 101001 ; 101010 g . If A is an y set of

t -com binations, w e de�ne its shado w

@ A =

S

f @ � j � 2 A g ( 52 )

to b e the set of all ( t � 1)-com binations in the shado ws of its mem b ers. F or

example, @ @ 5310 = f 10 ; 30 ; 31 ; 50 ; 51 ; 53 g .

These de�nitions apply also to com binations with rep etitions, namely to

m ulticom binations: @ 5330 = f 330 ; 530 ; 533 g and @ @ 5330 = f 30 ; 33 ; 50 ; 53 g . In

general, when A is a set of t -elemen t m ultisets, @ A is a set of ( t � 1)-elemen t

m ultisets. Notice, ho w ev er, that @ A nev er has rep eated elemen ts itself.

The upp er shadow

@

� with resp ect to a univ erse U is de�ned similarly , but

it go es from t -com binations to ( t + 1)-com binations:

@

� = f � 2 U j � 2 @ � g ; for � 2 U ; ( 53 )

@

A =

S

f

@

� j � 2 A g ; for A � U : ( 54 )

If, for example, U = f 0 ; 1 ; 2 ; 3 ; 4 ; 5 ; 6 g , w e ha v e

@

5310 = f 53210 ; 54310 ; 65310 g ;

on the other hand, if U = f1 � 0 ; 1 � 1 ; : : : ; 1 � 6 g , w e ha v e

@

5310 = f 53100 ; 53110 ;

53210 ; 53310 ; 54310 ; 55310 ; 65310 g .

The follo wing fundamen tal theorems, whic h ha v e man y applications in v ar-

ious branc hes of mathematics and computer science, tell us ho w small a set's

shado ws can b e:

Theorem K. If A is a set of N t -com binations con tained in U = f 0 ; 1 ; : : : ; n � 1 g ,

then

j @ A j � j @ P

N t

j and j

@

A j � j

@

Q

N nt

j ; ( 55 )

where P

N t

denotes the �rst N com binations generated b y Algorithm L, namely

the N lexicographically smallest com binations c

t

: : : c

2

c

1

that satisfy ( 3 ) , and

Q

N nt

denotes the N lexicographically largest.
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Krusk al{Katona theorem

Krusk al

Bellman

Katona

Erd} os

Sc h • utzen b erger

Macaula y

�

t

Theorem M. If A is a set of N t -m ulticom binations con tained in the m ultiset

U = f1 � 0 ; 1 � 1 ; : : : ; 1 � s g , then

j @ A j � j @

b

P

N t

j and j

@

A j � j

@

b

Q

N st

j ; ( 56 )

where

b

P

N t

denotes the N lexicographically smallest m ulticom binations d

t

: : : d

2

d

1

that satisfy ( 6 ) , and

b

Q

N st

denotes the N lexicographically largest.

Both of these theorems are consequences of a stronger result that w e shall

pro v e later. Theorem K is generally called the Krusk al{Katona theorem, b ecause

it w as disco v ered b y J. B. Krusk al [ Math. Optimization T ec hniques , edited b y

R. Bellman (1963), 251{278] and redisco v ered b y G. Katona [ Theory of Graphs ,

Tihan y 1966, edited b y Erd} os and Katona (Academic Press, 1968), 187{207];

M. P . Sc h • utzen b erger had previously stated it in a less-w ell-kno wn publication,

with incomplete pro of [ RLE Quarterly Progress Rep ort 55 (1959), 117{118].

Theorem M go es bac k to F. S. Macaula y , man y y ears earlier [ Pro c. London

Math. So c. (2) 26 (1927), 531{555].

Before pro ving ( 55 ) and ( 56 ) , let's tak e a closer lo ok at what those form ulas

mean. W e kno w from Theorem L that the �rst N of all t -com binations visited

b y Algorithm L are those that precede n

t

: : : n

2

n

1

, where

N =

�

n

t

t

�

+ � � � +

�

n

2

2

�

+

�

n

1

1

�

; n

t

> � � � > n

2

> n

1

� 0

is the degree- t com binatorial represen tation of N . Sometimes this represen tation

has few er than t nonzero terms, b ecause n

j

can b e equal to j � 1; let's suppress

the zeros, and write

N =

�

n

t

t

�

+

�

n

t � 1

t � 1

�

+ � � � +

�

n

v

v

�

; n

t

> n

t � 1

> � � � > n

v

� v � 1 : ( 57 )

No w the �rst

�

n

t

t

�

com binations c

t

: : : c

1

are the t -com binations of f 0 ; : : : ; n

t

� 1 g ;

the next

�

n

t � 1

t � 1

�

are those in whic h c

t

= n

t

and c

t � 1

: : : c

1

is a ( t � 1)-com bination

of f 0 ; : : : ; n

t � 1

� 1 g ; and so on. F or example, if t = 5 and N =

�

9

5

�

+

�

7

4

�

+

�

4

3

�

, the

�rst N com binations are

P

N 5

= f 43210 ; : : : ; 87654 g [ f 93210 ; : : : ; 96543 g [ f 97210 ; : : : ; 97321 g : ( 58 )

The shado w of this set P

N 5

is, fortunately , easy to understand: It is

@ P

N 5

= f 3210 ; : : : ; 8765 g [ f 9210 ; : : : ; 9654 g [ f 9710 ; : : : ; 9732 g ; ( 59 )

namely the �rst

�

9

4

�

+

�

7

3

�

+

�

4

2

�

com binations in lexicographic order when t = 4.

In other w ords, if w e de�ne Krusk al's function �

t

b y the form ula

�

t

N =

�

n

t

t � 1

�

+

�

n

t � 1

t � 2

�

+ � � � +

�

n

v

v � 1

�

( 60 )

when N has the unique represen tation ( 57 ) , w e ha v e

@ P

N t

= P

( �

t

N )( t � 1)

: ( 61 )
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triangles

Krusk al

�

t

�

t

� ( x )

T ak agi+

Krusk al{Macaula y functions, next page

W ang

W ang

torus{

cross order{

�

sidew a ys sum

Theorem K tells us, for example, that a graph with a million edges can

con tain at most

�

1414

3

�

+

�

1009

2

�

= 470 ; 700 ; 300

triangles, that is, at most 470,700,300 sets of v ertices f u; v ; w g with u � � � v � � �

w � � � u . The reason is that 1000000 =

�

1414

2

�

+

�

1009

1

�

b y exercise 17, and the edges

P

(1000000)2

do supp ort

�

1414

3

�

+

�

1009

2

�

triangles; but if there w ere more, the graph

w ould necessarily ha v e at least �

3

470700301 =

�

1414

2

�

+

�

1009

1

�

+

�

1

0

�

= 1000001

edges in their shado w.

Krusk al de�ned the companion function

�

t

N =

�

n

t

t + 1

�

+

�

n

t � 1

t

�

+ � � � +

�

n

v

v + 1

�

( 62 )

to deal with questions suc h as this. The � and � functions are related b y an

in teresting la w pro v ed in exercise 72:

M + N =

�

s + t

t

�

implies �

s

M + �

t

N =

�

s + t

t + 1

�

; if st > 0. ( 63 )

T urning to Theorem M, the sizes of @

b

P

N t

and

@

b

Q

N st

turn out to b e

j @

b

P

N t

j = �

t

N and j

@

b

Q

N st

j = N + �

s

N ( 64 )

(see exercise 81), where the function �

t

satis�es

�

t

N =

�

n

t

� 1

t � 1

�

+

�

n

t � 1

� 1

t � 2

�

+ � � � +

�

n

v

� 1

v � 1

�

( 65 )

when N has the com binatorial represen tation ( 57 ) .

T able 3 sho ws ho w these functions �

t

N , �

t

N , and �

t

N b eha v e for small

v alues of t and N . When t and N are large, they can b e w ell appro ximated

in terms of a remark able function � ( x ) in tro duced b y T eiji T ak agi in 1903; see

Fig. 27 and exercises 82{85.

Theorems K and M are corollaries of a m uc h more general theorem of discrete

geometry , disco v ered b y Da-Lun W ang and Ping W ang [ SIAM J. Applied Math.

33 (1977), 55{59], whic h w e shall no w pro ceed to in v estigate. Consider the

discr ete n -dimensional torus T ( m

1

; : : : ; m

n

) whose elemen ts are in teger v ectors

x = ( x

1

; : : : ; x

n

) with 0 � x

1

< m

1

, : : : , 0 � x

n

< m

n

. W e de�ne the sum and

di�erence of t w o suc h v ectors x and y as in Eqs. 4.3.2{( 2 ) and 4.3.2{( 3 ):

x + y =

�

( x

1

+ y

1

) mo d m

1

; : : : ; ( x

n

+ y

n

) mo d m

n

�

; ( 66 )

x � y =

�

( x

1

� y

1

) mo d m

1

; : : : ; ( x

n

� y

n

) mo d m

n

�

: ( 67 )

W e also de�ne the so-called cr oss or der on suc h v ectors b y sa ying that x � y if

and only if

� x < � y or ( � x = � y and x � y lexicographically ); ( 68 )

here, as usual, � ( x

1

; : : : ; x

n

) = x

1

+ � � � + x

n

. F or example, when m

1

= m

2

= 2

and m

3

= 3, the 12 v ectors x

1

x

2

x

3

in cross order are

000 ; 100 ; 010 ; 001 ; 110 ; 101 ; 011 ; 002 ; 111 ; 102 ; 012 ; 112 ; ( 69 )
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complemen t

T able 3

EXAMPLES OF THE KR USKAL{MA CA ULA Y FUNCTIONS � , � , AND �

N = 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

�

1

N = 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

�

2

N = 0 2 3 3 4 4 4 5 5 5 5 6 6 6 6 6 7 7 7 7 7

�

3

N = 0 3 5 6 6 8 9 9 10 10 10 12 13 13 14 14 14 15 15 15 15

�

4

N = 0 4 7 9 10 10 13 15 16 16 18 19 19 20 20 20 23 25 26 26 28

�

5

N = 0 5 9 12 14 15 15 19 22 24 25 25 28 30 31 31 33 34 34 35 35

�

1

N = 0 0 1 3 6 10 15 21 28 36 45 55 66 78 91 105 120 136 153 171 190

�

2

N = 0 0 0 1 1 2 4 4 5 7 10 10 11 13 16 20 20 21 23 26 30

�

3

N = 0 0 0 0 1 1 1 2 2 3 5 5 5 6 6 7 9 9 10 12 15

�

4

N = 0 0 0 0 0 1 1 1 1 2 2 2 3 3 4 6 6 6 6 7 7

�

5

N = 0 0 0 0 0 0 1 1 1 1 1 2 2 2 2 3 3 3 4 4 5

�

1

N = 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

�

2

N = 0 1 2 2 3 3 3 4 4 4 4 5 5 5 5 5 6 6 6 6 6

�

3

N = 0 1 2 3 3 4 5 5 6 6 6 7 8 8 9 9 9 10 10 10 10

�

4

N = 0 1 2 3 4 4 5 6 7 7 8 9 9 10 10 10 11 12 13 13 14

�

5

N = 0 1 2 3 4 5 5 6 7 8 9 9 10 11 12 12 13 14 14 15 15

0

22

14

7

0

�

7

5

� �

8

5

�

�

5

N � N

�

8

5

�

+

�

7

4

� �

9

5

�

0

2/3

1/2

1/4

0

1/4 1/2

� ( x )

3/4

1

Fig. 27. Appro ximating a Krusk al function with the T ak agi function. (The

smo oth curv e in the left-hand graph is the lo w er b ound �

5

N � N of exercise 80.)

omitting paren theses and commas for con v enience. The c omplement of a v ector

in T ( m

1

; : : : ; m

n

) is

x = ( m

1

� 1 � x

1

; : : : ; m

n

� 1 � x

n

) : ( 70 )

Notice that x � y holds if and only if x � y . Therefore w e ha v e

rank( x ) + rank( x ) = T � 1 ; where T = m

1

: : : m

n

, ( 71 )

if rank( x ) denotes the n um b er of v ectors that precede x in cross order.

W e will �nd it con v enien t to call the v ectors \p oin ts" and to name the p oin ts

e

0

, e

1

, : : : , e

T � 1

in increasing cross order. Th us w e ha v e e

7

= 002 in ( 69 ) , and

e

r

= e

T � 1 � r

in general. Notice that

e

1

= 100 : : : 00 ; e

2

= 010 : : : 00 ; : : : ; e

n

= 000 : : : 01; ( 72 )
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unit v ectors

standard set++

spread++

core++

dual set in torus+

W ang

W ang

Whipple

these are the so-called unit ve ctors . The set

S

N

= f e

0

; e

1

; : : : ; e

N � 1

g ( 73 )

consisting of the smallest N p oin ts is called a standar d set , and in the sp ecial

case N = n + 1 w e write

E = f e

0

; e

1

; : : : ; e

n

g = f 000 : : : 00 ; 100 : : : 00 ; 010 : : : 00 ; : : : ; 000 : : : 01 g : ( 74 )

An y set of p oin ts X has a spr e ad X

+

, a c or e X

�

, and a dual X

�

, de�ned

b y the rules

X

+

= f x 2 S

T

j x 2 X or x � e

1

2 X or � � � or x � e

n

2 X g ; ( 75 )

X

�

= f x 2 S

T

j x 2 X and x + e

1

2 X and � � � and x + e

n

2 X g ; ( 76 )

X

�

= f x 2 S

T

j x =2 X g : ( 77 )

W e can also de�ne the spread of X algebraically , writing

X

+

= X + E ; ( 78 )

where X + Y denotes f x + y j x 2 X and y 2 Y g . Clearly

X

+

� Y if and only if X � Y

�

: ( 79 )

These notions can b e illustrated in the t w o-dimensional case m

1

= 4, m

2

= 6, b y

the more-or-less random toroidal arrangemen t X = f 00 ; 12 ; 13 ; 14 ; 15 ; 21 ; 22 ; 25 g

for whic h w e ha v e, pictorially ,

�

�

� �

�

�

� �

�

�

�

�

�

� �

�

+ +

+ +

+

+

+

+

� �

� � �

� � �

� �

� � �

� � �

�

�

�

�

� �

� �

�

� �

� �

�

�

�

+ +

+

+

+

+

+

; ( 80 )

X X

�

and X

+

X

�

X

� �

and X

� +

here X in the �rst t w o diagrams consists of p oin ts mark ed � or � , X

�

comprises

just the � s, and X

+

consists of + s plus � s plus � s. Notice that if w e rotate the

diagram for X

��

and X

� +

b y 180

�

, w e obtain the diagram for X

�

and X

+

, but

with ( � ; � ; + ; ) resp ectiv ely c hanged to ( + ; ; � ; � ); and in fact the iden tities

X

�

= X

� + �

; X

+

= X

� ��

( 81 )

hold in general (see exercise 86).

No w w e are ready to state the theorem of W ang and W ang:

Theorem W. Let X b e an y set of N p oin ts in the discrete torus T ( m

1

; : : : ; m

n

) ,

where m

1

� � � � � m

n

. Then j X

+

j � j S

+

N

j and j X

�

j � j S

�

N

j .

In other w ords, the standard sets S

N

ha v e the smallest spread and largest core,

among all N -p oin t sets. W e will pro v e this result b y follo wing a general approac h

�rst used b y F. W. J. Whipple to pro v e Theorem M [ Pro c. London Math. So c.

(2) 28 (1928), 431{437]. The �rst step is to pro v e that the spread and the core

of standard sets are standard:
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compression of a setLemma S. There are functions � and � suc h that S

+

N

= S

�N

and S

�

N

= S

� N

.

Pr o of. W e ma y assume that N > 0. Let r b e maxim um with e

r

2 S

+

N

, and let

� N = r + 1; w e m ust pro v e that e

q

2 S

+

N

for 0 � q < r . Supp ose e

q

= x =

( x

1

; : : : ; x

n

) and e

r

= y = ( y

1

; : : : ; y

n

), and let k b e the largest subscript with

x

k

> 0. Since y 2 S

+

N

, there is a subscript j suc h that y � e

j

2 S

N

. It su�ces to

pro v e that x � e

k

� y � e

j

, and exercise 88 do es this.

The second part follo ws from ( 81 ) , with � N = T � � ( T � N ), b ecause

S

�

N

= S

T � N

.

Theorem W is ob viously true when n = 1, so w e assume b y induction that

it has b een pro v ed in n � 1 dimensions. The next step is to c ompr ess the giv en

set X in the k th co ordinate p osition, b y partitioning it in to disjoin t sets

X

k

( a ) = f x 2 X j x

k

= a g ( 82 )

for 0 � a < m

k

and replacing eac h X

k

( a ) b y

X

0

k

( a ) = f ( s

1

; : : : ; s

k � 1

; a; s

k

; : : : ; s

n � 1

) j ( s

1

; : : : ; s

n � 1

) 2 S

j X

k

( a ) j

g ; ( 83 )

a set with the same n um b er of elemen ts. The sets S used in ( 83 ) are standard in

the ( n � 1)-dimensional torus T ( m

1

; : : : ; m

k � 1

; m

k +1

; : : : ; m

n

). Notice that w e

ha v e ( x

1

; : : : ; x

k � 1

; a; x

k +1

; : : : ; x

n

) � ( y

1

; : : : ; y

k � 1

; a; y

k +1

; : : : ; y

n

) if and only

if ( x

1

; : : : ; x

k � 1

; x

k +1

; : : : ; x

n

) � ( y

1

; : : : ; y

k � 1

; y

k +1

; : : : ; y

n

); therefore X

0

k

( a ) =

X

k

( a ) if and only if the ( n � 1)-dimensional p oin ts ( x

1

; : : : ; x

k � 1

; x

k +1

; : : : ; x

n

)

with ( x

1

; : : : ; x

k � 1

; a; x

k +1

; : : : ; x

n

) 2 X are as small as p ossible when pro jected

on to the ( n � 1)-dimensional torus. W e let

C

k

X = X

0

k

(0) [ X

0

k

(1) [ � � � [ X

0

k

( m

k

� 1) ( 84 )

b e the compression of X in p osition k . Exercise 90 pro v es the basic fact that

compression do es not increase the size of the spread:

j X

+

j � j ( C

k

X )

+

j ; for 1 � k � n: ( 85 )

F urthermore, if compression c hanges X , it replaces some of the elemen ts b y other

elemen ts of lo w er rank. Therefore w e need to pro v e Theorem W only for sets X

that are totally compressed, ha ving X = C

k

X for all k .

Consider, for example, the case n = 2. A totally compressed set in t w o

dimensions has all p oin ts mo v ed to the left of their ro ws and the b ottom of their

columns, as in the elev en-p oin t sets

� � � �

� � �

�

�

�

�

+

+ +

+

+

+

or

� � � �

� � �

� �

�

�

+

+

+

+

+

or

� � � �

� � �

� �

� �

+

+

+

+ +

or

� � � �

� � �

� � �

�

+

+

+ +

+

or

� � � �

� � � �

� �

�

+ +

+

+

;

the righ tmost of these is standard, and has the smallest spread. Exercise 91

completes the pro of of Theorem W in t w o dimensions.
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{torus

Clemen ts+

Lindstr• om+

When n > 2, supp ose x = ( x

1

; : : : ; x

n

) 2 X and x

j

> 0. The condition

C

k

X = X implies that, if 0 � i < j and i 6= k 6= j , w e ha v e x + e

i

� e

j

2 X .

Applying this fact for three v alues of k tells us that x + e

i

� e

j

2 X whenev er

0 � i < j . Consequen tly

X

n

( a ) + E

n

(0) � X

n

( a � 1) + e

n

for 0 < a < m; ( 86 )

where m = m

n

and E

n

(0) is a clev er abbreviation for the set f e

0

; : : : ; e

n � 1

g .

Let X

n

( a ) ha v e N

a

elemen ts, so that N = j X j = N

0

+ N

1

+ � � � + N

m � 1

, and

let Y = X

+

. Then

Y

n

( a ) =

�

X

n

�

( a � 1) mo d m

�

+ e

n

�

[

�

X

n

( a ) + E

n

(0)

�

is standard in n � 1 dimensions, and ( 86 ) tells us that

N

m � 1

� � N

m � 2

� N

m � 2

� � � � � N

1

� � N

0

� N

0

� � N

0

;

where � and � refer to co ordinates 1 through n � 1. Therefore

j Y j = j Y

n

(0) j + j Y

n

(1) j + j Y

n

(2) j + � � � + j Y

n

( m � 1) j

= � N

0

+ N

0

+ N

1

+ � � � + N

m � 2

= � N

0

+ N � N

m � 1

:

The pro of of Theorem W no w has a b eautiful conclusion. Let Z = S

N

, and

supp ose j Z

n

( a ) j = M

a

. W e w an t to pro v e that j X

+

j � j Z

+

j , namely that

� N

0

+ N � N

m � 1

� � M

0

+ N � M

m � 1

; ( 87 )

b ecause the argumen ts of the previous paragraph apply to Z as w ell as to X .

W e will pro v e ( 87 ) b y sho wing that N

m � 1

� M

m � 1

and N

0

� M

0

.

Using the ( n � 1)-dimensional � and � functions, let us de�ne

N

0

m � 1

= N

m � 1

; N

0

m � 2

= � N

0

m � 1

; : : : ; N

0

1

= � N

0

2

; N

0

0

= � N

0

1

; ( 88 )

N

00

0

= N

0

; N

00

1

= � N

00

0

; N

00

2

= � N

00

1

; : : : ; N

00

m � 1

= � N

00

m � 2

: ( 89 )

Then w e ha v e N

0

a

� N

a

� N

00

a

for 0 � a < m , and it follo ws that

N

0

= N

0

0

+ N

0

1

+ � � � + N

0

m � 1

� N � N

00

= N

00

0

+ N

00

1

+ � � � + N

00

m � 1

: ( 90 )

Exercise 92 pro v es that the standard set Z

00

= S

N

00

has exactly N

00

a

elemen ts with

n th co ordinate equal to a , for eac h a ; and b y the dualit y b et w een � and � , the

standard set Z

0

= S

N

0

lik ewise has exactly N

0

a

elemen ts with n th co ordinate a .

Finally , therefore,

M

m � 1

= j Z

n

( m � 1) j � j Z

0

n

( m � 1) j = N

m � 1

;

M

0

= j Z

n

(0) j � j Z

00

n

(0) j = N

0

;

b ecause Z

0

� Z � Z

00

b y ( 90 ) . By ( 81 ) w e also ha v e j X

�

j � j Z

�

j .

No w w e are ready to pro v e Theorems K and M, whic h are in fact sp ecial

cases of a substan tially more general theorem of Clemen ts and Lindstr• om that

applies to arbitrary m ultisets [ J. Com binatorial Theory 7 (1969), 230{238]:
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m ulticom binations

lexicographic generation

com binations of a m ultiset

{cross order

{shado ws

Golom b

grid path

F enic hel

comp ositions

lo opless

com bination generation{

analysis of algorithms

Corollary C. If A is a set of N t -m ulticom binations con tained in the m ultiset

U = f s

0

� 0 ; s

1

� 1 ; : : : ; s

d

� d g , where s

0

� s

1

� � � � � s

d

, then

j @ A j � j @ P

N t

j and j

@

A j � j

@

Q

N t

j ; ( 91 )

where P

N t

denotes the N lexicographically smallest m ulticom binations d

t

: : : d

2

d

1

of U , and Q

N t

denotes the N lexicographically largest.

Pr o of. Multicom binations of U can b e represen ted as p oin ts x

1

: : : x

n

of the torus

T ( m

1

; : : : ; m

n

), where n = d + 1 and m

j

= s

n � j

+ 1; w e let x

j

b e the n um b er

of o ccurrences of n � j . This corresp ondence preserv es lexicographic order. F or

example, if U = f 0 ; 0 ; 0 ; 1 ; 1 ; 2 ; 3 g , its 3-m ulticom binations are

000 ; 100 ; 110 ; 200 ; 210 ; 211 ; 300 ; 310 ; 311 ; 320 ; 321 ; ( 92 )

in lexicographic order, and the corresp onding p oin ts x

1

x

2

x

3

x

4

are

0003 ; 0012 ; 0021 ; 0102 ; 0111 ; 0120 ; 1002 ; 1011 ; 1020 ; 1101 ; 1110 : ( 93 )

Let T

w

b e the p oin ts of the torus that ha v e w eigh t x

1

+ � � � + x

n

= w . Then

ev ery allo w able set A of t -m ulticom binations is a subset of T

t

. F urthermore |

and this is the main p oin t | the spread of T

0

[ T

1

[ � � � [ T

t � 1

[ A is

( T

0

[ T

1

[ � � � [ T

t � 1

[ A )

+

= T

+

0

[ T

+

1

[ � � � [ T

+

t � 1

[ A

+

= T

0

[ T

1

[ � � � [ T

t

[

@

A: ( 94 )

Th us the upp er shado w

@

A is simply ( T

0

[ T

1

[ � � � [ T

t � 1

[ A )

+

\ T

t +1

, and

Theorem W tells us in essence that j A j = N implies j

@

A j � j

@

( S

M + N

\ T

t

) j ,

where M = j T

0

[ � � � [ T

t � 1

j . Hence, b y the de�nition of cross order, S

M + N

\ T

t

consists of the lexicographically largest N t -m ulticom binations, namely Q

N t

.

The pro of that j @ A j � j @ P

N t

j no w follo ws b y complemen tation (see exer-

cise 94).

EXERCISES

1. [ M23 ] Explain wh y Golom b's rule ( 8 ) mak es all sets f c

1

; : : : ; c

t

g � f 0 ; : : : ; n � 1 g

corresp ond uniquely to m ultisets f e

1

; : : : ; e

t

g � f1 � 0 ; : : : ; 1 � n � t g .

2. [ 16 ] What path in an 11 � 13 grid corresp onds to the bit string ( 13 ) ?

x 3. [ 21 ] (R. R. F enic hel, 1968.) Sho w that the comp ositions q

t

+ � � � + q

1

+ q

0

of s in to

t + 1 nonnegativ e parts can b e generated in lexicographic order b y a simple lo opless

algorithm.

4. [ 16 ] Sho w that ev ery comp osition q

t

: : : q

0

of s in to t + 1 nonnegativ e parts corre-

sp onds to a comp osition r

s

: : : r

0

of t in to s + 1 nonnegativ e parts. What comp osition

corresp onds to 1 0 2 2 4 0 0 0 0 0 1 0 1 0 under this corresp ondence?

x 5. [ 20 ] What is a go o d w a y to generate all of the in teger solutions to the follo wing

systems of inequalities?

a) n > x

t

� x

t � 1

> x

t � 2

� x

t � 3

> � � � > x

1

� 0, when t is o dd.

b) n � x

t

� x

t � 1

� � � � � x

2

� x

1

� 0, where a � b means a � b + 2.

6. [ M22 ] Ho w often is eac h step of Algorithm T p erformed?
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dual com binations+

lexicographic generation+

recurrences

baseball

In ternet

binary v ector space

v ector space

canonical basis

basis of v ector space

dimension

Ising con�guration

7. [ 22 ] Design an algorithm that runs through the \dual" com binations b

s

: : : b

2

b

1

in

de cr e asing lexicographic order (see ( 5 ) and T able 1). Lik e Algorithm T, y our algorithm

should a v oid redundan t assignmen ts and unnecessary searc hing.

8. [ M23 ] Design an algorithm that generates all ( s; t )-com binations a

n � 1

: : : a

1

a

0

lexicographically in bitstring form. The total running time should b e O (

�

n

t

�

) , assuming

that st > 0.

9. [ M26 ] When all ( s; t )-com binations a

n � 1

: : : a

1

a

0

are listed in lexicographic order,

let 2 A

st

b e the total n um b er of bit c hanges b et w een adjacen t strings. F or example,

A

33

= 25 b ecause there are resp ectiv ely

2 + 2 + 2 + 4 + 2 + 2 + 4 + 2 + 2 + 6 + 2 + 2 + 4 + 2 + 2 + 4 + 2 + 2 + 2 = 50

bit c hanges b et w een the 20 strings in T able 1.

a) Sho w that A

st

= min ( s; t ) + A

( s � 1) t

+ A

s ( t � 1)

when st > 0 ; A

st

= 0 when st = 0.

b) Pro v e that A

st

< 2

�

s + t

t

�

.

x 10 . [ 21 ] The \W orld Series" of baseball is traditionally a comp etition in whic h the

American League c hampion (A) pla ys the National League c hampion (N) un til one of

them has b eaten the other four times. What is a go o d w a y to list all p ossible scenarios

AAAA, AAANA, AAANNA, : : : , NNNN? What is a simple w a y to assign consecutiv e

in tegers to those scenarios?

11. [ 19 ] Whic h of the scenarios in exercise 10 o ccurred most often during the 1900s?

Whic h of them nev er o ccurred? [ Hint: W orld Series scores are easily found on the

In ternet.]

12. [ H M32 ] A set V of n -bit v ectors that is closed under addition mo dulo 2 is called

a binary ve ctor sp ac e .

a) Pro v e that ev ery suc h V con tains 2

t

elemen ts, for some in teger t , and can b e

represen ted as the set f x

1

�

1

� � � � � x

t

�

t

j 0 � x

1

; : : : ; x

t

� 1 g where the v ectors

�

1

, : : : , �

t

form a \canonical basis" with the follo wing prop ert y: There is a t -

com bination c

t

: : : c

2

c

1

of f 0 ; 1 ; : : : ; n � 1 g suc h that, if �

k

is the binary v ector

a

k ( n � 1)

: : : a

k 1

a

k 0

, w e ha v e

a

k c

j

= [ j = k ] for 1 � j; k � t ; a

k l

= 0 for 0 � l < c

k

, 1 � k � t :

F or example, the canonical bases with n = 9, t = 4, and c

4

c

3

c

2

c

1

= 7 6 4 1 ha v e the

general form

�

1

= � 0 0 � 0 � � 1 0 ;

�

2

= � 0 0 � 1 0 0 0 0 ;

�

3

= � 0 1 0 0 0 0 0 0 ;

�

4

= � 1 0 0 0 0 0 0 0 ;

there are 2

8

w a ys to replace the eigh t asterisks b y 0s and/or 1s, and eac h of these

de�nes a canonical basis. W e call t the dimension of V .

b) Ho w man y t -dimensional spaces are p ossible with n -bit v ectors?

c) Design an algorithm to generate all canonical bases ( �

1

; : : : ; �

t

) of dimension t .

Hint: Let the asso ciated com binations c

t

: : : c

1

increase lexicographically as in

Algorithm L.

d) What is the 1000000th basis visited b y y our algorithm when n = 9 and t = 4?

13. [ 25 ] A one-dimensional Ising c on�gur ation of length n , w eigh t t , and energy r ,

is a binary string a

n � 1

: : : a

0

suc h that

P

n � 1

j =0

a

j

= t and

P

n � 1

j =1

b

j

= r , where b

j

=



7.2.1.3 GENERA TING ALL COMBINA TIONS 27
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lo opless

link ed list

unranking a com bination

com binatorial n um b er system

binomial tree

sibling link

binary tree represen tation of tree

preorder

p ostorder

ruc ksac k �lling

alternating com bination

rev olving-do or

unranking a com bination

analysis of algorithms

a

j

� a

j � 1

. F or example, a

12

: : : a

0

= 1100100100011 has w eigh t 6 and energy 6, since

b

12

: : : b

1

= 010110110010.

Design an algorithm to generate all suc h con�gurations, giv en n , t , and r .

14. [ 26 ] When the binary strings a

n � 1

: : : a

1

a

0

of ( s; t )-com binations are generated

in lexicographic order, w e sometimes need to c hange 2 min ( s; t ) bits to get from one

com bination to the next. F or example, 011100 is follo w ed b y 100011 in T able 1.

Therefore w e apparen tly cannot hop e to generate all com binations with a lo opless

algorithm unless w e visit them in some other order.

Sho w, ho w ev er, that there actually is a w a y to compute the lexicographic successor

of a giv en com bination in O (1) steps, if eac h com bination is represen ted indirectly in a

doubly link ed list as follo ws: There are arra ys l [0], : : : , l [ n ] and r [0], : : : , r [ n ] suc h that

l [ r [ j ]] = j for 0 � j � n . If x

0

= l [0] and x

j

= l [ x

j � 1

] for 0 < j < n , then a

j

= [ x

j

> s ]

for 0 � j < n .

15. [ M22 ] Use the fact that dual com binations b

s

: : : b

2

b

1

o ccur in rev erse lexico-

graphic order to pro v e that the sum

�

b

s

s

�

+ � � � +

�

b

2

2

�

+

�

b

1

1

�

has a simple relation

to the sum

�

c

t

t

�

+ � � � +

�

c

2

2

�

+

�

c

1

1

�

.

16. [ M21 ] What is the million th com bination generated b y Algorithm L when t is

(a) 2? (b) 3? (c) 4? (d) 5? (e) 1000000?

17. [ H M25 ] Giv en N and t , what is a go o d w a y to compute the com binatorial repre-

sen tation ( 20 ) ?

x 18 . [ 20 ] What binary tree do w e get when the binomial tree T

n

is represen ted b y

\righ t c hild" and \left sibling" p oin ters as in exercise 2.3.2{5?

19. [ 21 ] Instead of lab eling the branc hes of the binomial tree T

4

as sho wn in ( 22 ) , w e

could lab el eac h no de with the bit string of its corresp onding com bination:

0000

0001 0010

0011

0100

0101 0110

0111

1000

1001 1010

1011

1100

1101 1110

1111

If T

1

has b een lab eled in this w a y , suppressing leading zeros, preorder is the same as

the ordinary increasing order of binary notation; so the million th no de turns out to b e

11110100001000111111. But what is the million th no de of T

1

in p ostor der ?

20. [ M20 ] Find generating functions g and h suc h that Algorithm F �nds exactly

[ z

N

] g ( z ) feasible com binations and sets t  t + 1 exactly [ z

N

] h ( z ) times.

21. [ M22 ] Pro v e the alternating com bination la w ( 30 ) .

22. [ M23 ] What is the million th rev olving-do or com bination visited b y Algorithm R

when t is (a) 2? (b) 3? (c) 4? (d) 5? (e) 1000000?

23. [ M23 ] Supp ose w e augmen t Algorithm R b y setting j  t + 1 in step R1, and

j  1 if R3 go es directly to R2. Find the probabilit y distribution of j , and its a v erage

v alue. What do es this imply ab out the running time of the algorithm?
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P a yne

lo opless

rev olving-do or

ternary

re
ected Gra y co de

Chinese rings

genlex

Chase

pi

homogeneous

x 24 . [ M25 ] (W. H. P a yne, 1974.) Con tin uing the previous exercise, let j

k

b e the v alue

of j on the k th visit b y Algorithm R. Sho w that j j

k +1

� j

k

j � 2, and explain ho w to

mak e the algorithm lo opless b y exploiting this prop ert y .

25. [ M35 ] Let c

t

: : : c

2

c

1

and c

0

t

: : : c

0

2

c

0

1

b e the N th and N

0

th com binations generated

b y the rev olving-do or metho d, Algorithm R. If the set C = f c

t

; : : : ; c

2

; c

1

g has m

elemen ts not in C

0

= f c

0

t

; : : : ; c

0

2

; c

0

1

g , pro v e that j N � N

0

j >

P

m � 1

k =1

�

2 k

k � 1

�

.

26. [ 26 ] Do elemen ts of the ternary re
ected Gra y co de ha v e prop erties similar to the

rev olving-do or Gra y co de �

st

, if w e extract only the n -tuples a

n � 1

: : : a

1

a

0

suc h that

(a) a

n � 1

+ � � � + a

1

+ a

0

= t ? (b) f a

n � 1

; : : : ; a

1

; a

0

g = f r � 0 ; s � 1 ; t � 2 g ?

x 27 . [ 25 ] Sho w that there is a simple w a y to generate all com binations of at most t

elemen ts of f 0 ; 1 ; : : : ; n � 1 g , using only Gra y-co de-lik e transitions 0 $ 1 and 01 $ 10.

(In other w ords, eac h step should either insert a new elemen t, delete an elemen t, or

shift an elemen t b y � 1.) F or example,

0000 ; 0001 ; 0011 ; 0010 ; 0110 ; 0101 ; 0100 ; 1100 ; 1010 ; 1001 ; 1000

is one suc h sequence when n = 4 and t = 2. Hint: Think of Chinese rings.

28. [ M21 ] T rue or false: A listing of ( s; t )-com binations a

n � 1

: : : a

1

a

0

in bitstring

form is in genlex order if and only if the corresp onding index-form listings b

s

: : : b

2

b

1

(for the 0s) and c

t

: : : c

2

c

1

(for the 1s) are b oth in genlex order.

x 29 . [ M28 ] (P . J. Chase.) Giv en a string on the sym b ols + , - , and 0 , sa y that an

R-blo ck is a substring of the form -

k +1

that is preceded b y 0 and not follo w ed b y - ; an

L-blo ck is a substring of the form +-

k

that is follo w ed b y 0 ; in b oth cases k � 0. F or

example, the string +00++-++ +-000 - has t w o L-blo c ks and one R-blo c k, sho wn in gra y .

Notice that blo c ks cannot o v erlap.

W e form the suc c essor of suc h a string as follo ws, whenev er at least one blo c k is

presen t: Replace the righ tmost 0 -

k +1

b y -+

k

0 , if the righ tmost blo c k is an R-blo c k;

otherwise replace the righ tmost + -

k

0 b y 0 +

k +1

. Also negate the �rst sign, if an y , that

app ears to the righ t of the blo c k that has b een c hanged. F or example,

- +00++- ! -0 +0 -+- ! -0 +-0 -- ! -0+-- +0 ! -0 +--0+ ! -00+++- ;

where the notation � ! � means that � is the successor of � .

a) What strings ha v e no blo c ks (and therefore no successor)?

b) Can there b e a cycle of strings with �

0

! �

1

! � � � ! �

k � 1

! �

0

?

c) Pro v e that if � ! � then � � ! � � , where \ � " means \negate all the signs."

(Therefore ev ery string has at most one predecessor.)

d) Sho w that if �

0

! �

1

! � � � ! �

k

and k > 0, the strings �

0

and �

k

do not ha v e

all their 0 s in the same p ositions. (Therefore, if �

0

has s signs and t zeros, k m ust

b e less than

�

s + t

t

�

.)

e) Pro v e that ev ery string � with s signs and t zeros b elongs to exactly one c hain

�

0

! �

1

! � � � ! �

(

s + t

t

)

� 1

.

30. [ M32 ] The previous exercise de�nes 2

s

w a ys to generate all com binations of s 0s

and t 1s, via the mapping + 7! 0, - 7! 0, and 0 7! 1. Sho w that eac h of these w a ys

is a homogeneous genlex sequence, de�nable b y an appropriate recurrence. Is Chase's

sequence ( 37 ) a sp ecial case of this general construction?

31. [ M23 ] Ho w man y genlex listings of ( s; t )-com binations are p ossible in (a) bitstring

form a

n � 1

: : : a

1

a

0

? (b) index-list form c

t

: : : c

2

c

1

?
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rev olving-do or prop ert y

homogeneous

near-p erfect

Chase

genlex

lexicographic order

rev olving-do or order

homogeneous order

ranking a com bination

unranking a com bination

sidew a ys sum

generating functions

analyze

endo-order

dual com binations

recursion v ersus iteration

m ultiset p erm utation

x 32 . [ M32 ] Ho w man y of the genlex listings of ( s; t )-com bination strings a

n � 1

: : : a

1

a

0

(a) ha v e the rev olving-do or prop ert y? (b) are homogeneous?

33. [ H M33 ] Ho w man y of the genlex listings in exercise 31(b) are near-p erfect?

34. [ M32 ] Con tin uing exercise 33, explain ho w to �nd suc h sc hemes that are as near

as p ossible to p erfection, in the sense that the n um b er of \imp erfect" transitions c

j

 

c

j

� 2 is minimized, when s and t are not to o large.

35. [ M26 ] Ho w man y steps of Chase's sequence C

st

use an imp erfect transition?

x 36 . [ M21 ] Pro v e that metho d ( 39 ) p erforms the op eration j  j + 1 a total of exactly

�

s + t

t

�

� 1 times as it generates all ( s; t )-com binations a

n � 1

: : : a

1

a

0

, giv en an y genlex

sc heme for com binations in bitstring form.

x 37 . [ 27 ] What algorithm results when the general genlex metho d ( 39 ) is used to

pro duce ( s; t )-com binations a

n � 1

: : : a

1

a

0

in (a) lexicographic order? (b) the rev olving-

do or order of Algorithm R? (c) the homogeneous order of ( 31 ) ?

38. [ 26 ] Design a genlex algorithm lik e Algorithm C for the r everse sequence C

R

st

.

39. [ M21 ] When s = 12 and t = 14, ho w man y com binations precede the bit string

11001001000011111101101010 in Chase's sequence C

st

? (See ( 41 ) .)

40. [ M22 ] What is the million th com bination in Chase's sequence C

st

, when s = 12

and t = 14?

41. [ M27 ] Sho w that there is a p erm utation c (0), c (1), c (2), : : : of the nonnegativ e

in tegers suc h that the elemen ts of Chase's sequence C

st

are obtained b y complemen ting

the least signi�can t s + t bits of the elemen ts c ( k ) for 0 � k < 2

s + t

that ha v e w eigh t

� ( c ( k ) ) = s . (Th us the sequence �c (0), : : : , �c (2

n

� 1) con tains, as subsequences, all of

the C

st

for whic h s + t = n , just as Gra y binary co de g (0), : : : , g (2

n

� 1) con tains all

the rev olving-do or sequences �

st

.) Explain ho w to compute the binary represen tation

c ( k ) = ( : : : a

2

a

1

a

0

)

2

from the binary represen tation k = ( : : : b

2

b

1

b

0

)

2

.

42. [ H M34 ] Use generating functions of the form

P

s;t

g

st

w

s

z

t

to analyze eac h step of

Algorithm C.

43. [ 20 ] Pro v e or dispro v e: If s ( x ) and p ( x ) denote resp ectiv ely the successor and

predecessor of x in endo-order, then s ( x + 1) = p ( x ) + 1.

x 44 . [ M21 ] Let C

t

( n ) � 1 denote the sequence obtained from C

t

( n ) b y striking out

all com binations with c

1

= 0, then replacing c

t

: : : c

1

b y ( c

t

� 1) : : : ( c

1

� 1) in the

com binations that remain. Sho w that C

t

( n ) � 1 is near-p erfect.

45. [ 32 ] Exploit endo-order and the expansions sk etc hed in ( 44 ) to generate the

com binations c

t

: : : c

2

c

1

of Chase's sequence C

t

( n ) with a nonrecursiv e pro cedure.

x 46 . [ 33 ] Construct a nonrecursiv e algorithm for the dual com binations b

s

: : : b

2

b

1

of

Chase's sequence C

st

, namely for the p ositions of the zeros in a

n � 1

: : : a

1

a

0

.

47. [ 26 ] Implemen t the near-p erfect m ultiset p erm utation metho d of ( 46 ) and ( 47 ) .

48. [ M21 ] Supp ose �

0

, �

1

, : : : , �

N � 1

is an y listing of the p erm utations of the m ultiset

f s

1

� 1 ; : : : ; s

d

� d g , where �

k

di�ers from �

k +1

b y the in terc hange of t w o elemen ts. Let

�

0

, : : : , �

M � 1

b e an y rev olving-do or listing for ( s; t )-com binations, where s = s

0

, t =

s

1

+ � � � + s

d

, and M =

�

s + t

t

�

. Then let �

j

b e the list of M elemen ts obtained b y starting

with �

j

" �

0

and applying the rev olving-do or exc hanges; here � " � denotes the string

obtained b y substituting the elemen ts of � for the 1s in � , preserving left-righ t order.

F or example, if �

0

, : : : , �

M � 1

is 0110, 0101, 1100, 1001, 0011, 1010, and if �

j

= 12,
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ro ot of unit y

q-m ultinomial co e�s

Hamiltonian paths

p erm utations of the m ultiset

adjacen t transp ositions

Lehmer

end-around sw aps

Rusk ey

Buc k

Wiedemann

�rst-elemen t sw aps

Rusk ey

piano

c hords

p erfect

b ounded comp ositions

then �

j

is 0120, 0102, 1200, 1002, 0012, 1020. (The rev olving-do or listing need not b e

homogeneous.)

Pro v e that the list ( 47 ) con tains all p erm utations of f s

0

� 0 ; s

1

� 1 ; : : : ; s

d

� d g , and

that adjacen t p erm utations di�er from eac h other b y the in terc hange of t w o elemen ts.

49. [ H M23 ] If q is a primitiv e m th ro ot of unit y , suc h as e

2 � i=m

, sho w that

�

n

k

�

q

=

�

b n=m c

b k =m c

� �

n mo d m

k mo d m

�

q

:

x 50 . [ H M25 ] Extend the form ula of the previous exercise to q - multinomial co e�cien ts

�

n

1

+ � � � + n

t

n

1

; : : : ; n

t

�

q

:

51. [ 25 ] Find all Hamiltonian paths in the graph whose v ertices are p erm utations of

f 0 ; 0 ; 0 ; 1 ; 1 ; 1 g related b y adjacen t transp osition. Whic h of those paths are equiv alen t

under the op erations of in terc hanging 0s with 1s and/or left-righ t re
ection?

52. [ M37 ] Generalizing Theorem P , �nd a necessary and su�cien t condition that all

p erm utations of the m ultiset f s

0

� 0 ; : : : ; s

d

� d g can b e generated b y adjacen t transp o-

sitions a

j

a

j � 1

$ a

j � 1

a

j

.

53. [ M46 ] (D. H. Lehmer, 1965.) Supp ose the N p erm utations of f s

0

� 0 ; : : : ; s

d

� d g

cannot b e generated b y a p erfect sc heme, b ecause ( N + x ) = 2 of them ha v e an ev en

n um b er of in v ersions, where x � 2. Is it p ossible to generate them all with a sequence

of N + x � 2 adjacen t in terc hanges a

�

k

$ a

�

k

� 1

for 1 � k < N + x � 1, where

x � 1 cases are \spurs" with �

k

= �

k � 1

that tak e us bac k to the p erm utation w e'v e

just seen? F or example, a suitable sequence �

1

: : : �

94

for the 90 p erm utations of

f 0 ; 0 ; 1 ; 1 ; 2 ; 2 g , where x =

�

2+2+2

2 ; 2 ; 2

�

� 1

= 6, is 234535432523451 � 42 �

R

51 � 42 �

R

51 � 4,

where � = 45352542345355, if w e start with a

5

a

4

a

3

a

2

a

1

a

0

= 221100.

54. [ M40 ] F or what v alues of s and t can all ( s; t )-com binations b e generated if w e

allo w end-around sw aps a

n � 1

$ a

0

in addition to adjacen t in terc hanges a

j

$ a

j � 1

?

x 55 . [ 30 ] (F rank Rusk ey , 2004.) Sho w that all ( s; t )-com binations a

s + t � 1

: : : a

1

a

0

can

b e generated e�cien tly b y doing successiv e rotations a

j

a

j � 1

: : : a

0

 a

j � 1

: : : a

0

a

j

.

56. [ M49 ] (Buc k and Wiedemann, 1984.) Can all ( t; t )-com binations a

2 t � 1

: : : a

1

a

0

b e generated b y rep eatedly sw apping a

0

with some other elemen t?

x 57 . [ 22 ] (F rank Rusk ey .) Can a piano pla y er run through all p ossible 4-note c hords

that span at most one o cta v e, c hanging only one �nger at a time? This is the problem of

generating all com binations c

t

: : : c

1

suc h that n > c

t

> � � � > c

1

� 0 and c

t

� c

1

< m ,

where t = 4 and (a) m = 8, n = 52 if w e consider only the white notes of a piano

k eyb oard; (b) m = 13, n = 88 if w e consider also the blac k notes.

58. [ 20 ] Consider the piano pla y er's problem of exercise 57 with the additional con-

dition that the c hords don't in v olv e adjacen t notes. (In other w ords, c

j +1

> c

j

+ 1 for

t > j � 1. Suc h c hords tend to b e more harmonious.)

59. [ M25 ] Is there a p erfe ct solution to the 4-note piano pla y er's problem, in whic h

eac h step mo v es a �nger to an adjac ent k ey?

60. [ 23 ] Design an algorithm to generate all b ounde d comp ositions

t = r

s

+ � � � + r

1

+ r

0

; where 0 � r

j

� m

j

for s � j � 0.

61. [ 32 ] Sho w that all b ounded comp ositions can b e generated b y c hanging only t w o

of the parts at eac h step.
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con tingency table

b ounded comp ositions

lexicographic order

sub cub es

genlex Gra y paths

canonical bases

binary v ector spaces

Ising con�gurations

{com bination generation

shado ws+++

Krusk al function �

t

+++

cliques

com binatorial n um b er system+

Hilton

cross-in tersecting

x 62 . [ M27 ] A c ontingency table is an m � n matrix of nonnegativ e in tegers ( a

ij

) ha ving

giv en ro w sums r

i

=

P

n

j =1

a

ij

and column sums c

j

=

P

m

i =1

a

ij

, where r

1

+ � � � + r

m

=

c

1

+ � � � + c

n

.

a) Sho w that 2 � n con tingency tables are equiv alen t to b ounded comp ositions.

b) What is the lexicographically largest con tingency table for ( r

1

; : : : ; r

m

; c

1

; : : : ; c

n

),

when matrix en tries are read ro w-wise from left to righ t and top to b ottom, namely

in the order ( a

11

; a

12

; : : : ; a

1 n

; a

21

; : : : ; a

mn

)?

c) What is the lexicographically largest con tingency table for ( r

1

; : : : ; r

m

; c

1

; : : : ; c

n

),

when matrix en tries are read column-wise from top to b ottom and left to righ t,

namely in the order ( a

11

; a

21

; : : : ; a

m 1

; a

12

; : : : ; a

mn

)?

d) What is the lexicographically smallest con tingency table for ( r

1

; : : : ; r

m

; c

1

; : : : ; c

n

),

in the ro w-wise and column-wise senses?

e) Explain ho w to generate all con tingency tables for ( r

1

; : : : ; r

m

; c

1

; : : : ; c

n

) in lex-

icographic order.

63. [ M41 ] Sho w that all con tingency tables for ( r

1

; : : : ; r

m

; c

1

; : : : ; c

n

) can b e gener-

ated b y c hanging exactly four en tries of the matrix at eac h step.

x 64 . [ M30 ] Construct a genlex Gra y cycle for all of the 2

s

�

s + t

t

�

sub cub es that ha v e

s digits and t asterisks, using only the transformations � 0 $ 0 � , � 1 $ 1 � , 0 $ 1.

F or example, one suc h cycle when s = t = 2 is

(00 � � ; 01 � � ; 0 � 1 � ; 0 � � 1 ; 0 �� 0 ; 0 � 0 � ; � 00 � ; � 01 � ; � 0 � 1 ; � 0 � 0 ; �� 00 ; �� 01 ;

�� 11 ; �� 10 ; � 1 � 0 ; � 1 � 1 ; � 11 � ; � 10 � ; 1 � 0 � ; 1 �� 0 ; 1 � � 1 ; 1 � 1 � ; 11 � � ; 10 �� ) :

65. [ M40 ] En umerate the total n um b er of genlex Gra y paths on sub cub es that use

only the transformations allo w ed in exercise 64. Ho w man y of those paths are cycles?

x 66 . [ 22 ] Giv en n � t � 0, sho w that there is a Gra y path through all of the canonical

bases ( �

1

; : : : ; �

t

) of exercise 12, c hanging just one bit at eac h step. F or example, one

suc h path when n = 3 and t = 2 is

0 0 1

0 1 0

;

1 0 1

0 1 0

;

1 0 1

1 1 0

;

0 0 1

1 1 0

;

0 0 1

1 0 0

;

0 1 1

1 0 0

;

0 1 0

1 0 0

:

67. [ 46 ] Consider the Ising con�gurations of exercise 13 for whic h a

0

= 0. Giv en n ,

t , and r , is there a Gra y cycle for these con�gurations in whic h all transitions ha v e the

forms 0

k

1 $ 10

k

or 01

k

$ 1

k

0? F or example, in the case n = 9, t = 5, r = 6, there is

a unique cycle

(010101110 ; 010110110 ; 011010110 ; 011011010 ; 011101010 ; 010111010) :

68. [ M01 ] If � is a t -com bination, what is (a) @

t

� ? (b) @

t +1

� ?

x 69 . [ M22 ] Ho w large is the smallest set A of t -com binations for whic h j @ A j < j A j ?

70. [ M25 ] What is the maxim um v alue of �

t

N � N , for N � 0?

71. [ M20 ] Ho w man y t -cliques can a million-edge graph ha v e?

x 72 . [ M22 ] Sho w that if N has the degree- t com binatorial represen tation ( 57 ) , there

is an easy w a y to �nd the degree- s com binatorial represen tation of the complemen tary

n um b er M =

�

s + t

t

�

� N , whenev er N <

�

s + t

t

�

. Deriv e ( 63 ) as a consequence.

73. [ M23 ] (A. J. W. Hilton, 1976.) Let A b e a set of s -com binations and B a set of

t -com binations, b oth con tained in U = f 0 ; : : : ; n � 1 g where n � s + t . Sho w that if A

and B are cr oss-interse cting , in the sense that � \ � 6= ; for all � 2 A and � 2 B , then

so are the sets Q

M ns

and Q

N nt

de�ned in Theorem K, where M = j A j and N = j B j .
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binomial co e�cien ts

Krusk al function �

t

+

Macaula y function �

t

+

Lo v� asz

T ak agi function

Rademac her function

deriv ativ e

no where di�eren tiable function

74. [ M21 ] What are j

@

P

N t

j and j

@

Q

N nt

j in Theorem K?

75. [ M20 ] The righ t-hand side of ( 60 ) is not alw a ys the degree-( t � 1) com binatorial

represen tation of �

t

N , b ecause v � 1 migh t b e zero. Sho w, ho w ev er, that a p ositiv e

in teger N has at most t w o represen tations if w e allo w v = 0 in ( 57 ) , and b oth of them

yield the same v alue �

t

N according to ( 60 ) . Therefore

�

k

�

k +1

: : : �

t

N =

�

n

t

k � 1

�

+

�

n

t � 1

k � 2

�

+ � � � +

�

n

v

k � 1 + v � t

�

for 1 � k � t .

76. [ M20 ] Find a simple form ula for �

t

( N + 1) � �

t

N .

x 77 . [ M26 ] Pro v e the follo wing prop erties of the � functions b y manipulating binomial

co e�cien ts, without assuming Theorem K:

a) �

t

( M + N ) � �

t

M + �

t

N .

b) �

t

( M + N ) � max ( �

t

M ; N ) + �

t � 1

N .

Hint:

�

m

t

t

�

+ � � � +

�

m

1

1

�

+

�

n

t

t

�

+ � � � +

�

n

1

1

�

is equal to

�

m

t

_ n

t

t

�

+ � � � +

�

m

1

_ n

1

1

�

+

�

m

t

^ n

t

t

�

+ � � � +

�

m

1

^ n

1

1

�

, where _ and ^ denote max and min.

78. [ M22 ] Sho w that Theorem K follo ws easily from inequalit y (b) in the previous

exercise. Con v ersely , b oth inequalities are simple consequences of Theorem K. Hint:

An y set A of t -com binations can b e written A = A

1

+ A

0

0, where A

1

= f � 2 A j 0 =2 � g .

79. [ M23 ] Pro v e that if t � 2, w e ha v e M � �

t

N if and only if M + �

t � 1

M � N .

80. [ H M26 ] (L. Lo v� asz, 1979.) The function

�

x

t

�

increases monotonically from 0 to 1

as x increases from t � 1 to 1 ; hence w e can de�ne

�

t

N =

�

x

t � 1

�

; if N =

�

x

t

�

and x � t � 1.

Pro v e that �

t

N � �

t

N for all in tegers t � 1 and N � 0. Hint: Equalit y holds when x

is an in teger.

x 81 . [ M27 ] Sho w that the minim um shado w sizes in Theorem M are giv en b y ( 64 ) .

82. [ H M31 ] The T ak agi function of Fig. 27 is de�ned for 0 � x � 1 b y the form ula

� ( x ) =

1

X

k =1

Z

x

0

r

k

( t ) dt;

where r

k

( t ) = ( � 1)

b 2

k

t c

is the Rademac her function of Eq. 7.2.1.1{( 16 ) .

a) Pro v e that � ( x ) is con tin uous in the in terv al [ 0 : : 1], but its deriv ativ e do es not

exist at an y p oin t.

b) Sho w that � ( x ) is the only con tin uous function that satis�es

� (

1

2

x ) = � (1 �

1

2

x ) =

1

2

x +

1

2

� ( x ) for 0 � x � 1 :

c) What is the asymptotic v alue of � ( � ) when � is small?

d) Pro v e that � ( x ) is rational when x is rational.

e) Find all ro ots of the equation � ( x ) = 1 = 2.

f ) Find all ro ots of the equation � ( x ) = max

0 � x � 1

� ( x ).

83. [ H M46 ] Determine the set R of all rational n um b ers r suc h that the equation

� ( x ) = r has uncoun tably man y solutions. If � ( x ) is rational and x is irrational, is it

true that � ( x ) 2 R ? ( Warning: This problem can b e addictiv e.)
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spread

core

dualit y

cross order

compression lemma

torus

standard set

m ulticom binations

binomial co e�cien t, generalized

com binatorial n um b er system, generalized

p olyhedron

simplicial complex

order ideal

size v ector

regular solids

84. [ H M27 ] If T =

�

2 t � 1

t

�

, pro v e the asymptotic form ula

�

t

N � N =

T

t

�

�

�

N

T

�

+ O

�

(log t )

3

t

��

for 0 � N � T :

85. [ H M21 ] Relate the functions �

t

N and �

t

N to the T ak agi function � ( x ).

86. [ M20 ] Pro v e the la w of spread/core dualit y , X

� +

= X

� �

.

87. [ M21 ] T rue or false: (a) X � Y

�

if and only if Y

�

� X

��

; (b) X

� + �

= X

�

;

(c) �M � N if and only if M � � N .

88. [ M20 ] Explain wh y cross order is useful, b y completing the pro of of Lemma S.

89. [ 16 ] Compute the � and � functions for the 2 � 2 � 3 torus ( 69 ) .

90. [ M22 ] Pro v e the basic compression lemma, ( 85 ) .

91. [ M24 ] Pro v e Theorem W for t w o-dimensional toruses T ( l ; m ), l � m .

92. [ M28 ] Let x = x

1

: : : x

n � 1

b e the N th elemen t of the torus T ( m

1

; : : : ; m

n � 1

), and

let S b e the set of all elemen ts of T ( m

1

; : : : ; m

n � 1

; m ) that are � x

1

: : : x

n � 1

( m � 1)

in cross order. If N

a

elemen ts of S ha v e �nal comp onen t a , for 0 � a < m , pro v e

that N

m � 1

= N and N

a � 1

= � N

a

for 1 � a < m , where � is the spread function for

standard sets in T ( m

1

; : : : ; m

n � 1

).

93. [ M25 ] (a) Find an N for whic h the conclusion of Theorem W is false when the

parameters m

1

, m

2

, : : : , m

n

ha v e not b een sorted in to nondecreasing order. (b) Where

do es the pro of of that theorem use the h yp othesis that m

1

� m

2

� � � � � m

n

?

94. [ M20 ] Sho w that the @ half of Corollary C follo ws from the

@

half. Hint: The

complemen ts of the m ulticom binations ( 92 ) with resp ect to U are 3211, 3210, 3200,

3110, 3100, 3000, 2110, 2100, 2000, 1000.

95. [ 15 ] Explain wh y Theorems K and M follo w from Corollary C.

x 96 . [ M22 ] If S is an in�nite sequence ( s

0

; s

1

; s

2

; : : : ) of p ositiv e in tegers, let

�

S ( n )

k

�

= [ z

k

]

n � 1

Y

j =0

(1 + z + � � � + z

s

j

);

th us

�

S ( n )

k

�

is the ordinary binomial co e�cien t

�

n

k

�

if s

0

= s

1

= s

2

= � � � = 1.

Generalizing the com binatorial n um b er system, sho w that ev ery nonnegativ e in te-

ger N has a unique represen tation

N =

�

S ( n

t

)

t

�

+

�

S ( n

t � 1

)

t � 1

�

+ � � � +

�

S ( n

1

)

1

�

where n

t

� n

t � 1

� � � � � n

1

� 0 and f n

t

; n

t � 1

; : : : ; n

1

g � f s

0

� 0 ; s

1

� 1 ; s

2

� 2 ; : : : g . Use

this represen tation to giv e a simple form ula for the n um b ers j @ P

N t

j in Corollary C.

x 97 . [ M26 ] The text remark ed that the v ertices of a con v ex p olyhedron can b e p er-

turb ed sligh tly so that all of its faces are simplexes. In general, an y set of com binations

that con tains the shado ws of all its elemen ts is called a simplicial c omplex ; th us C is a

simplicial complex if and only if � � � and � 2 C implies that � 2 C , if and only if

C is an order ideal with resp ect to set inclusion.

The size ve ctor of a simplicial complex C on n v ertices is ( N

0

; N

1

; : : : ; N

n

) when

C con tains exactly N

t

com binations of size t .

a) What are the size v ectors of the �v e regular solids (the tetrahedron, cub e, o cta-

hedron, do decahedron, and icosahedron), when their v ertices are sligh tly t w eak ed?
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dual

clutter

size v ector

Clemen ts

Lindstr• om

simplicial m ulticomplex

Bo olean form ula

monotone

Macaula y

p olynomial ideal

homogeneous p olynomials

monomials

basis theorem

Hilb ert

shado w of a sub cub e

sub cub es

b) Construct a simplicial complex with size v ector (1 ; 4 ; 5 ; 2 ; 0).

c) Find a necessary and su�cien t condition that a giv en size v ector ( N

0

; N

1

; : : : ; N

n

)

is feasible.

d) Pro v e that ( N

0

; : : : ; N

n

) is feasible if and only its \dual" v ector ( N

0

; : : : ; N

n

) is

feasible, where w e de�ne N

t

=

�

n

t

�

� N

n � t

.

e) List all feasible size v ectors ( N

0

; N

1

; N

2

; N

3

; N

4

) and their duals. Whic h of them

are self-dual?

98. [ 30 ] Con tin uing exercise 97, �nd an e�cien t w a y to coun t the feasible size v ectors

( N

0

; N

1

; : : : ; N

n

) when n � 100.

99. [ M25 ] A clutter is a set C of com binations that are incomparable, in the sense

that � � � and �; � 2 C implies � = � . The size v ector of a clutter is de�ned as in

exercise 97.

a) Find a necessary and su�cien t condition that ( M

0

; M

1

; : : : ; M

n

) is the size v ector

of a clutter.

b) List all suc h size v ectors in the case n = 4.

x 100 . [ M30 ] (Clemen ts and Lindstr• om.) Let A b e a \simplicial m ulticomplex," a set

of subm ultisets of the m ultiset U in Corollary C with the prop ert y that @ A � A . Ho w

large can the total w eigh t � A =

P

fj � j j � 2 A g b e when j A j = N ?

101. [ M25 ] If f ( x

1

; : : : ; x

n

) is a Bo olean form ula, let F ( p ) b e the probabilit y that

f ( x

1

; : : : ; x

n

) = 1 when eac h v ariable x

j

indep enden tly is 1 with probabilit y p .

a) Calculate G ( p ) and H ( p ) for the Bo olean form ulas g ( w ; x; y ; z ) = w xz _ w y z _ xy �z ,

h ( w ; x; y ; z ) = �w y z _ xy z .

b) Sho w that there is a monotone Bo olean function f ( w ; x; y ; z ) suc h that F ( p ) =

G ( p ), but there is no suc h function with F ( p ) = H ( p ). Explain ho w to test this

condition in general.

102. [ H M35 ] (F. S. Macaula y , 1927.) A p olynomial ide al I in the v ariables f x

1

: : : ; x

s

g

is a set of p olynomials closed under the op erations of addition, m ultiplication b y a

constan t, and m ultiplication b y an y of the v ariables. It is called homo gene ous if it

consists of all linear com binations of a set of homogeneous p olynomials, namely of

p olynomials lik e xy + z

2

whose terms all ha v e the same degree. Let N

t

b e the maxim um

n um b er of linearly indep enden t elemen ts of degree t in I . F or example, if s = 2,

the set of all � ( x

0

; x

1

; x

2

) ( x

0

x

2

1

� 2 x

1

x

2

2

) + � ( x

0

; x

1

; x

2

) x

0

x

1

x

2

2

, where � and � run

through all p ossible p olynomials in f x

0

; x

1

; x

2

g , is a homogeneous p olynomial ideal

with N

0

= N

1

= N

2

= 0, N

3

= 1, N

4

= 4, N

5

= 9, N

6

= 15, : : : .

a) Pro v e that for an y suc h ideal I there is another ideal I

0

in whic h all homogeneous

p olynomials of degree t are linear com binations of N

t

indep enden t monomials .

(A monomial is a pro duct of v ariables, lik e x

3

1

x

2

x

4

5

.)

b) Use Theorem M and ( 64 ) to pro v e that N

t +1

� N

t

+ �

s

N

t

for all t � 0.

c) Sho w that N

t +1

> N

t

+ �

s

N

t

o ccurs for only �nitely man y t . (This statemen t

is equiv alen t to \Hilb ert's basis theorem," pro v ed b y Da vid Hilb ert in G• ottinger

Nac hric h ten (1888), 450{457; Math. Annalen 36 (1890), 473{534.)

x 103 . [ M38 ] The shado w of a sub cub e a

1

: : : a

n

, where eac h a

j

is either 0 or 1 or � , is

obtained b y replacing some � b y 0 or 1. F or example,

@ 0 � 11 � 0 = f 0011 � 0 ; 0111 � 0 ; 0 � 1100 ; 0 � 1110 g :

Find a set P

N st

suc h that, if A is an y set of N sub cub es a

1

: : : a

n

ha ving s digits and

t asterisks, j @ A j � j P

N st

j .
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shado w of a binary string

pi

univ ersal cycle

cycle, univ ersal

com bination generation

P oinsot

T erquem

domino es

Cribbage

pla ying cards

104. [ M41 ] The shado w of a binary string a

1

: : : a

n

is obtained b y deleting one of its

bits. F or example,

@ 110010010 = f 10010010 ; 11010010 ; 11000010 ; 11001000 ; 11001001 g :

Find a set P

N n

suc h that, if A is an y set of N binary strings a

1

: : : a

n

, j @ A j � j P

N n

j .

105. [ M20 ] A universal cycle of t -c ombinations for f 0 ; 1 ; : : : ; n � 1 g is a cycle of

�

n

t

�

n um b ers whose blo c ks of t consecutiv e elemen ts run through ev ery t -com bination

f c

1

; : : : ; c

t

g . F or example,

(0 2 1 4 5 0 6 1 3 2 0 5 1 6 2 4 3 1 5 2 6 3 0 4 2 5 3 6 4 1 0 3 5 4 6)

is a univ ersal cycle when t = 3 and n = 7.

Pro v e that no suc h cycle is p ossible unless

�

n

t

�

is a m ultiple of n .

106. [ M21 ] (L. P oinsot, 1809.) Find a \nice" univ ersal cycle of 2-com binations for

f 0 ; 1 ; : : : ; 2 m g . Hint: Consider the di�erences of consecutiv e elemen ts, mo d (2 m + 1).

107. [ 22 ] (O. T erquem, 1849.) P oinsot's theorem implies that all 28 domino es of a

traditional \double-six" set can b e arranged in a cycle so that the sp ots of adjacen t

domino es matc h eac h other:

<0> 0 <0> 1 <1> 3 <3> 6 <6> 6 <6> 0 <0> 2 <2> 5 <5> 5 <5> 6 <6> 1 <1> 4 <4> 4 4̂

v5

0̂

v4 <4> 2 <2> 1 <1> 1 <1> 5 <5> 3 <3> 2 <2> 2 <2> 6 <6> 4 <4> 3 <3> 3 <3> 0 <0> 5

Ho w man y suc h cycles are p ossible?

108. [ M31 ] Find univ ersal cycles of 3-com binations for the sets f 0 ; : : : ; n � 1 g when

n mo d 3 6= 0.

109. [ M31 ] Find univ ersal cycles of 3- multic ombinations for f 0 ; 1 ; : : : ; n � 1 g when

n mo d 3 6= 0 (namely for com binations d

1

d

2

d

3

with rep etitions p ermitted). F or exam-

ple,

(0 0 0 1 2 2 4 1 1 1 2 3 3 0 2 2 2 3 4 4 1 3 3 3 4 0 0 2 4 4 4 0 1 1 3)

is suc h a cycle when n = 5.

x 110 . [ 26 ] Cribb age is a game pla y ed with 52 cards, where eac h card has a suit ( | , } ,

~

, or • ) and a face v alue ( A , 2 , 3 , 4 , 5 , 6 , 7 , 8 , 9 , 10 , J , Q , or K ). One feature of the

game is to compute the score of a 5-card com bination C = f c

1

; c

2

; c

3

; c

4

; c

5

g , where one

card c

k

is called the starter . The score is the sum of p oin ts computed as follo ws, for

eac h subset S of C and eac h c hoice of k : Let j S j = s .

i) Fifteens: If

P

f v ( c ) j c 2 S g = 15, where ( v ( A ) ; v ( 2 ) ; v ( 3 ) ; : : : ; v ( 9 ) ; v ( 10 ) ; v ( J ) ;

v ( Q ) ; v ( K ) ) = (1 ; 2 ; 3 ; : : : ; 9 ; 10 ; 10 ; 10 ; 10), score t w o p oin ts.

ii) P airs: If s = 2 and b oth cards ha v e the same face v alue, score t w o p oin ts.

iii) Runs: If s � 3 and the face v alues are consecutiv e, and if C do es not con tain a

run of length s + 1, score s p oin ts.

iv) Flushes: If s = 4 and all cards of S ha v e the same suit, and if c

k

=2 S , score

4 + [ c

k

has the same suit as the others].

v) Nobs: If s = 1 and c

k

=2 S , score 1 if the card is J of the same suit as c

k

.

F or example, if y ou hold f J | ; 5 | ; 5 } ; 6

~

g and if 4 | is the starter, y ou score 4 � 2 for

�fteens, 2 for a pair, 2 � 3 for runs, plus 1 for nobs, totalling 17.

Exactly ho w man y com binations and starter c hoices lead to a score of x p oin ts,

for x = 0, 1, 2, : : : ?
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Catalan

m ultiset

SECTION 7.2.1.3

1. Giv en a m ultiset, form the sequence e

t

: : : e

2

e

1

from righ t to left b y listing the

distinct elemen ts �rst, then those that app ear t wice, then those that app ear thrice,

etc. Let us set e

� j

 s � j for 0 � j � s = n � t , so that ev ery elemen t e

j

for 1 � j � t

is equal to some elemen t to its righ t in the sequence e

t

: : : e

1

e

0

: : : e

� s

. If the �rst suc h

elemen t is e

c

j

� s

, w e obtain a solution to ( 3 ). Con v ersely , ev ery solution to ( 3 ) yields a

unique m ultiset f e

1

; : : : ; e

t

g , b ecause c

j

< s + j for 1 � j � t .

[A similar corresp ondence w as prop osed b y E. Catalan: If 0 � e

1

� � � � � e

t

� s , let

f c

1

; : : : ; c

t

g = f e

1

; : : : ; e

t

g [ f s + j j 1 � j < t and e

j

= e

j +1

g :

See M � emoires de la So c. ro y . des Sciences de Li � ege (2) 12 (1885), M � elanges Math. , 3.]

2. Start at the b ottom left corner; then go up for eac h 0, go righ t for eac h 1. The

result is .

3. In this algorithm, v ariable r is the least p ositiv e index suc h that q

r

> 0.

F1. [Initialize.] Set q

j

 0 for 1 � j � t , and q

0

 s . (W e assume that st > 0.)

F2. [Visit.] Visit the comp osition q

t

: : : q

0

. Go to F4 if q

0

= 0.

F3. [Easy case.] Set q

0

 q

0

� 1, r  1, and go to F5.

F4. [T ric ky case.] T erminate if r = t . Otherwise set q

0

 q

r

� 1, q

r

 0, r  r + 1.

F5. [Increase q

r

.] Set q

r

 q

r

+ 1 and return to F2.

[See CA CM 11 (1968), 430; 12 (1969), 187. The task of generating suc h comp ositions

in de cr e asing lexicographic order is more di�cult.]

4. W e can rev erse the roles of 0 and 1 in ( 14 ) , so that 0

q

t

1 0

q

t � 1

1 : : : 1 0

q

1

1 0

q

0

=

1

r

s

01

r

s � 1

0 : : : 01

r

1

01

r

0

. This giv es 0

1

1 0

0

1 0

2

1 0

2

1 0

4

1 0

0

1 0

0

1 0

0

1 0

0

1 0

0

1 0

1

1 0

0

1 0

1

1 0

0

=

1

0

01

2

01

0

01

1

01

0

01

1

01

0

01

0

01

0

01

6

01

2

01

1

. Lexicographic order of a

n � 1

: : : a

1

a

0

corre-

sp onds to lexicographic order of r

s

: : : r

1

r

0

.

Inciden tally , there's also a m ultiset connection: f d

t

; : : : ; d

1

g = f r

s

� s; : : : ; r

0

� 0 g .

F or example, f 10 ; 10 ; 8 ; 6 ; 2 ; 2 ; 2 ; 2 ; 2 ; 2 ; 1 ; 1 ; 0 g = f 0 � 11 ; 2 � 10 ; 0 � 9 ; 1 � 8 ; 0 � 7 ; 1 � 6 ; 0 � 5 ;

0 � 4 ; 0 � 3 ; 6 � 2 ; 2 � 1 ; 1 � 0 g .

5. (a) Set x

j

= c

j

� b ( j � 1) = 2 c in eac h t -com bination of n + b t= 2 c . (b) Set x

j

= c

j

+ j + 1

in eac h t -com bination of n � t � 2.

(A similar approac h �nds all solutions ( x

t

; : : : ; x

1

) to the inequalities x

j +1

� x

j

+ �

j

for 0 � j � t , giv en the v alues of x

t +1

, ( �

t

; : : : ; �

1

), and x

0

.)

6. Assume that t > 0. W e get to T3 when c

1

> 0 ; to T5 when c

2

= c

1

+ 1 > 1; to T4

for 2 � j � t + 1 when c

j

= c

1

+ j � 1 � j . So the coun ts are: T1, 1; T2,

�

n

t

�

; T3,

�

n � 1

t

�

;

T4,

�

n � 2

t � 1

�

+

�

n � 2

t � 2

�

+ � � � +

�

n � t � 1

0

�

=

�

n � 1

t � 1

�

; T5,

�

n � 2

t � 1

�

; T6,

�

n � 1

t � 1

�

+

�

n � 2

t � 1

�

� 1.

7. A pro cedure sligh tly simpler than Algorithm T su�ces: Assume that s < n .

S1. [Initialize.] Set b

j

 j + n � s � 1 for 1 � j � s ; then set j  1.

S2. [Visit.] Visit the com bination b

s

: : : b

2

b

1

. T erminate if j > s .

S3. [Decrease b

j

.] Set b

j

 b

j

� 1. If b

j

< j , set j  j + 1 and return to S2.

S4. [Reset b

j � 1

: : : b

1

.] While j > 1, set b

j � 1

 b

j

� 1, j  j � 1, and rep eat un til

j = 1. Go to S2.
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Dv o � r� ak

sidew a ys sum

com binatorial n um b er system

ro w-ec helon form

triangulation

(See S. Dv o � r� ak, Comp. J. 33 (1990), 188. Notice that if x

k

= n � b

k

for 1 � k � s ,

this algorithm runs through all com binations x

s

: : : x

2

x

1

of f 1 ; 2 ; : : : ; n g with 1 � x

s

<

� � � < x

2

< x

1

� n , in incr e asing lexicographic order.)

8. A1. [Initialize.] Set a

n

: : : a

0

 0

s +1

1

t

, q  t , r  0. (W e assume that 0 < t < n .)

A2. [Visit.] Visit the com bination a

n � 1

: : : a

1

a

0

. Go to A4 if q = 0.

A3. [Replace : : : 01

q

b y : : : 101

q � 1

.] Set a

q

 1, a

q � 1

 0, q  q � 1; then if

q = 0, set r  1. Return to A2.

A4. [Shift blo c k of 1s.] Set a

r

 0 and r  r + 1. Then if a

r

= 1, set a

q

 1,

q  q + 1, and rep eat step A4.

A5. [Carry to left.] T erminate if r = n ; otherwise set a

r

 1.

A6. [Odd?] If q > 0, set r  0. Return to A2.

In step A2, q and r p oin t resp ectiv ely to the righ tmost 0 and 1 in a

n � 1

: : : a

0

. Steps

A1, : : : , A6 are executed with frequency 1,

�

n

t

�

,

�

n � 1

t � 1

�

,

�

n

t

�

� 1,

�

n � 1

t

�

,

�

n � 1

t

�

� 1.

9. (a) The �rst

�

n � 1

t

�

strings b egin with 0 and ha v e 2 A

( s � 1) t

bit c hanges; the other

�

n � 1

t � 1

�

b egin with 1 and ha v e 2 A

s ( t � 1)

. And � (01

t

0

s � 1

� 10

s

1

t � 1

) = 2 min ( s; t ).

(b) Solution 1 (direct): Let B

st

= A

st

+ min ( s; t ) + 1. Then

B

st

= B

( s � 1) t

+ B

s ( t � 1)

+ [ s = t ] when st > 0; B

st

= 1 when st = 0 :

Consequen tly B

st

=

P

min ( s;t )

k =0

�

s + t � 2 k

s � k

�

. If s � t this is �

P

s

k =0

�

s + t � k

s � k

�

=

�

s + t +1

s

�

=

�

s + t

s

�

s + t +1

t +1

< 2

�

s + t

t

�

.

Solution 2 (indirect): The algorithm in answ er 8 mak es 2( x + y ) bit c hanges when

steps (A3 ; A4) are executed ( x; y ) times. Th us A

st

�

�

n � 1

t � 1

�

+

�

n

t

�

� 1 < 2

�

n

t

�

.

[The commen t in answ er 7.2.1.1{3 therefore applies to com binations as w ell.]

10. Eac h scenario corresp onds to a (4 ; 4)-com bination b

4

b

3

b

2

b

1

or c

4

c

3

c

2

c

1

in whic h

A wins games f 8 � b

4

; 8 � b

3

; 8 � b

2

; 8 � b

1

g and N wins games f 8 � c

4

; 8 � c

3

; 8 � c

2

; 8 � c

1

g ,

b ecause w e can assume that the losing team wins the remaining games in a series of 8.

(Equiv alen tly , w e can generate all p erm utations of f A ; A ; A ; A ; N ; N ; N ; N g and omit

the trailing run of As or Ns.) The American League wins if and only if b

1

6= 0, if and

only if c

1

= 0. The form ula

�

c

4

4

�

+

�

c

3

3

�

+

�

c

2

2

�

+

�

c

1

1

�

assigns a unique in teger b et w een

0 and 69 to eac h scenario.

F or example, ANANAA ( ) a

7

: : : a

1

a

0

= 01010011 ( ) b

4

b

3

b

2

b

1

= 7532 ( )

c

4

c

3

c

2

c

1

= 6410, and this is the scenario of rank

�

6

4

�

+

�

4

3

�

+

�

1

2

�

+

�

0

1

�

= 19 in

lexicographic order. (Notice that the term

�

c

j

j

�

will b e zero if and only if it corresp onds

to a trailing N.)

11. AAAA (9 times), NNNN (8), and ANAAA (7) w ere most common. Exactly 27

of the 70 failed to o ccur, including all four b eginning with NNNA. (W e disregard the

games that w ere tied b ecause of darkness, in 1907, 1912, and 1922. The case ANNAAA

should p erhaps b e excluded to o, b ecause it o ccurred only in 1920 as part of ANNAAAA

in a b est-of-nine series. The scenario NNAAANN o ccurred for the �rst time in 2001.)

12. (a) Let V

j

b e the subspace f a

n � 1

: : : a

0

2 V j a

k

= 0 for 0 � k < j g , so that

f 0 : : : 0 g = V

n

� V

n � 1

� � � � � V

0

= V . Then f c

1

; : : : ; c

t

g = f c j V

c

6= V

c +1

g , and �

k

is

the unique elemen t a

n � 1

: : : a

0

of V with a

c

j

= [ j = k ] for 1 � j � t .

Inciden tally , the t � n matrix corresp onding to a canonical basis is said to b e in

r e duc e d r ow-e chelon form . It can b e found b y a standard \triangulation" algorithm

(see exercise 4.6.1{19 and Algorithm 4.6.2N).
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2-nomial co e�cien t

q-nomial co e�cien t

partitions

Kn uth

Calabi

Wilf

comp osition

Ising

Sim~ oes P ereira

Korsh

Lipsc h utz

m ultiset p erm utations

(b) The 2-nomial co e�cien t

�

n

t

�

2

= 2

t

�

n � 1

t

�

2

+

�

n � 1

t � 1

�

2

of exercise 1.2.6{58 has the

righ t prop erties, b ecause 2

t

�

n � 1

t

�

2

binary v ector spaces ha v e c

t

< n � 1 and

�

n � 1

t � 1

�

2

ha v e

c

t

= n � 1. [In general the n um b er of canonical bases with r asterisks is the n um b er of

partitions of r in to at most t parts, with no part exceeding n � t , and this is [ z

r

]

�

n

t

�

z

b y Eq. 7.2.1.4{( 51 ) . See D. E. Kn uth, J. Com binatorial Theory 10 (1971), 178{180.]

(c) The follo wing algorithm assumes that n > t > 0 and that a

( t +1) j

= 0 for

t � j � n .

V1. [Initialize.] Set a

k j

 [ j = k � 1 ] for 1 � k � t and 0 � j < n . Also set q  t ,

r  0.

V2. [Visit.] (A t this p oin t w e ha v e a

k ( k � 1)

= 1 for 1 � k � q , a

( q +1) q

= 0, and

a

1 r

= 1.) Visit the canonical basis ( a

1( n � 1)

: : : a

11

a

10

; : : : ; a

t ( n � 1)

: : : a

t 1

a

t 0

).

Go to V4 if q > 0.

V3. [Find blo c k of 1s.] Set q  1, 2, : : : , un til a

( q +1)( q + r )

= 0. T erminate if

q + r = n .

V4. [Add 1 to column q + r .] Set k  1. If a

k ( q + r )

= 1, set a

k ( q + r )

 0, k  k + 1,

and rep eat un til a

k ( q + r )

= 0. Then if k � q , set a

k ( q + r )

 1; otherwise set

a

q ( q + r )

 1, a

q ( q + r � 1)

 0, q  q � 1.

V5. [Shift blo c k righ t.] If q = 0, set r  r + 1. Otherwise, if r > 0, set a

k ( k � 1)

 1

and a

k ( r + k � 1)

 0 for 1 � k � q , then set r  0. Go to V2.

Step V2 �nds q > 0 with probabilit y 1 � (2

n � t

� 1) = (2

n

� 1) � 1 � 2

� t

, so w e could

sa v e time b y treating this case separately .

(d) Since 999999 = 4

�

8

4

�

2

+ 16

�

7

4

�

2

+ 5

�

6

3

�

2

+ 5

�

5

3

�

2

+ 8

�

4

3

�

2

+ 0

�

3

2

�

2

+ 4

�

2

2

�

2

+ 1

�

1

1

�

2

+

2

�

0

1

�

2

, the million th output has binary columns 4, 16/2, 5, 5, 8/2, 0, 4/2, 1, 2/2, namely

�

1

= 0 0 1 1 0 0 0 1 1 ;

�

2

= 0 0 0 0 0 0 1 0 0 ;

�

3

= 1 0 1 1 1 0 0 0 0 ;

�

4

= 0 1 0 0 0 0 0 0 0 :

[ R efer enc e: E. Calabi and H. S. Wilf, J. Com binatorial Theory A22 (1977), 107{109.]

13. Let n = s + t . There are

�

s � 1

d ( r � 1) = 2 e

��

t � 1

b ( r � 1) = 2 c

�

con�gurations b eginning with 0

and

�

s � 1

b ( r � 1) = 2 c

� �

t � 1

d ( r � 1) = 2 e

�

b eginning with 1, b ecause an Ising con�guration that b egins

with 0 corresp onds to a comp osition of s 0s in to d ( r + 1) = 2 e parts and a comp osition of

t 1s in to b ( r + 1) = 2 c parts. W e can generate all suc h pairs of comp ositions and w ea v e

them in to con�gurations. [See E. Ising, Zeitsc hrift f • ur Ph ysik 31 (1925), 253{258;

J. M. S. Sim~ oes P ereira, CA CM 12 (1969), 562.]

14. Start with l [ j ]  j � 1 and r [ j � 1]  j for 1 � j � n ; l [0]  n , r [ n ]  0. T o get

the next com bination, assuming that t > 0, set p  s if l [0] > s , otherwise p  r [ n ] � 1.

T erminate if p � 0 ; otherwise set q  r [ p ], l [ q ]  l [ p ], and r [ l [ p ]]  q . Then if r [ q ] > s

and p < s , set r [ p ]  r [ n ], l [ r [ n ]]  p , r [ s ]  r [ q ], l [ r [ q ]]  s , r [ n ]  0, l [0]  n ;

otherwise set r [ p ]  r [ q ], l [ r [ q ]]  p . Finally set r [ q ]  p and l [ p ]  q .

[See Korsh and Lipsc h utz, J. Algorithms 25 (1997), 321{335, where the idea is

extended to a lo opless algorithm for m ultiset p erm utations. Caution: This exercise,

lik e exercise 7.2.1.1{16, is more academic than practical, b ecause the routine that visits

the link ed list migh t need a lo op that n ulli�es an y adv an tage of lo opless generation.]
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rev ersion of series

rev ersion of p o w er series

F raenk el

Mor

complete binary tree

tree of losers

replacemen t selection sorting

links

rank

L • uneburg

15. (The stated fact is true b ecause lexicographic order of c

t

: : : c

1

corresp onds to

lexicographic order of a

n � 1

: : : a

0

, whic h is rev erse lexicographic order of the comple-

men tary sequence 1 : : : 1 � a

n � 1

: : : a

0

.) By Theorem L, the com bination c

t

: : : c

1

is

visited b efor e exactly

�

b

s

s

�

+ � � � +

�

b

2

2

�

+

�

b

1

1

�

others ha v e b een visited, and w e m ust ha v e

�

b

s

s

�

+ � � � +

�

b

1

1

�

+

�

c

t

t

�

+ � � � +

�

c

1

1

�

=

�

s + t

t

�

� 1 :

This general iden tit y can b e written

n � 1

X

j =0

x

j

�

j

x

0

+ � � � + x

j

�

+

n � 1

X

j =0

�x

j

�

j

�x

0

+ � � � + �x

j

�

=

�

n

x

0

+ � � � + x

n � 1

�

� 1

when eac h x

j

is 0 or 1, and �x

j

= 1 � x

j

; it follo ws also from the equation

x

n

�

n

x

0

+ � � � + x

n

�

+ �x

n

�

n

�x

0

+ � � � + �x

n

�

=

�

n + 1

x

0

+ � � � + x

n

�

�

�

n

x

0

+ � � � + x

n � 1

�

:

16. Since 999999 =

�

1414

2

�

+

�

1008

1

�

=

�

182

3

�

+

�

153

2

�

+

�

111

1

�

=

�

71

4

�

+

�

56

3

�

+

�

36

2

�

+

�

14

1

�

=

�

43

5

�

+

�

32

4

�

+

�

21

3

�

+

�

15

2

�

+

�

6

1

�

, the answ ers are (a) 1414 1008; (b) 182 153 111; (c) 71

56 36 14; (d) 43 32 21 15 6; (e) 1000000 999999 : : : 2 0.

17. By Theorem L, n

t

is the largest in teger suc h that N �

�

n

t

t

�

; the remaining terms

are the degree-( t � 1) represen tation of N �

�

n

t

t

�

.

A simple sequen tial metho d for t > 1 starts with x = 1, c = t , and sets c  c + 1,

x  x c= ( c � t ) zero or more times un til x > N ; then w e complete the �rst phase b y

setting x  x ( c � t ) =c , c  c � 1, at whic h p oin t w e ha v e x =

�

c

t

�

� N <

�

c +1

t

�

. Set

n

t

 c , N  N � x ; terminate with n

1

 N if t = 2; otherwise set x  x t=c , t  t � 1,

c  c � 1; while x > N set x  x ( c � t ) =c , c  c � 1; rep eat. This metho d requires

O ( n ) arithmetic op erations if N <

�

n

t

�

, so it is suitable unless t is small and N is large.

When t = 2, exercise 1.2.4{41 tells us that n

2

= b

p

2 N + 2 +

1

2

c . In general,

n

t

is b x c where x is the largest ro ot of x

t

= t ! N ; this ro ot can b e appro ximated

b y rev erting the series y = ( x

t

)

1 =t

= x �

1

2

( t � 1) +

1

24

( t

2

� 1) x

� 1

+ � � � to get x =

y +

1

2

( t � 1) +

1

24

( t

2

� 1) =y + O ( y

� 3

). Setting y = ( t ! N )

1 =t

in this form ula giv es a go o d

appro ximation, after whic h w e can c hec k that

�

b x c

t

�

� N <

�

b x c +1

t

�

or mak e a �nal

adjustmen t. [See A. S. F raenk el and M. Mor, Comp. J. 26 (1983), 336{343.]

18. A complete binary tree of 2

n

� 1 no des is obtained, with an extra no de at the

top, lik e the \tree of losers" in replacemen t selection sorting (Fig. 63 in Section 5.4.1).

Therefore explicit links aren't necessary; the righ t c hild of no de k is no de 2 k + 1, and

the left sibling is no de 2 k , for 1 � k < 2

n � 1

.

This represen tation of a binomial tree has the curious prop ert y that no de k =

(0

a

1 � )

2

corresp onds to the com bination whose binary string is 0

a

1 �

R

.

19. It is p ost(1000000), where p ost( n ) = 2

k

+ p ost( n � 2

k

+ 1) if 2

k

� n < 2

k +1

, and

p ost(0) = 0. So it is 11110100001001000100.

20. f ( z ) = (1 + z

w

n � 1

) : : : (1 + z

w

1

) = (1 � z ), g ( z ) = (1 + z

w

0

) f ( z ), h ( z ) = z

w

0

f ( z ).

21. The rank of c

t

: : : c

2

c

1

is

�

c

t

+1

t

�

� 1 min us the rank of c

t � 1

: : : c

2

c

1

. [See H. L • uneburg,

Abh. Math. Sem. Ham burg 52 (1982), 208{227.]

22. Since 999999 =

�

1415

2

�

�

�

406

1

�

=

�

183

3

�

�

�

98

2

�

+

�

21

1

�

=

�

72

4

�

�

�

57

3

�

+

�

32

2

�

�

�

27

1

�

=

�

44

5

�

�

�

40

4

�

+

�

33

3

�

�

�

13

2

�

+

�

3

1

�

, the answ ers are (a) 1414 405; (b) 182 97 21; (c) 71 56

31 26; (d) 43 39 32 12 3; (e) 1000000 999999 999998 999996 : : : 0.
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recurrence

v an Zan ten

Gra y binary

23. There are

�

n � r

t � r

�

com binations with j > r , for r = 1, 2, : : : , t . (If r = 1 w e ha v e

c

2

= c

1

+ 1; if r = 2 w e ha v e c

1

= 0, c

2

= 1; if r = 3 w e ha v e c

1

= 0, c

2

= 1, c

4

= c

3

+ 1;

etc.) Th us the mean is (

�

n

t

�

+

�

n � 1

t � 1

�

+ � � � +

�

n � t

0

�

) /

�

n

t

�

=

�

n +1

t

�

/

�

n

t

�

= ( n + 1) = ( n + 1 � t ).

The a v erage running time p er step is appro ximately prop ortional to this quan tit y; th us

the algorithm is quite fast when t is small, but slo w if t is near n .

24. In fact j

k

� 2 � j

k +1

� j

k

+ 1 when j

k

� t (mo dulo 2) and j

k

� 1 � j

k +1

� j

k

+ 2

when j

k

6� t , b ecause R5 is p erformed only when c

i

= i � 1 for 1 � i < j .

Th us w e could sa y , \If j � 4, set j  j � 1 � [ j o dd ] and go to R5" at the end of R2,

if t is o dd; \If j � 3, set j  j � 1 � [ j ev en ] and go to R5" if t is ev en. The algorithm

will then b e lo opless, since R4 and R5 will b e p erformed at most t wice p er visit.

25. Assume that N > N

0

and N � N

0

is minim um; furthermore let t and c

t

b e

minim um, sub ject to those assumptions. Then c

t

> c

0

t

.

If there is an elemen t x =2 C [ C

0

with 0 � x < c

t

, map eac h t -com bination of

C [ C

0

b y c hanging j 7! j � 1 for j > x ; or, if there is an elemen t x 2 C \ C

0

, map eac h

t -com bination that con tains x in to a ( t � 1)-com bination b y omitting x and c hanging

j 7! x � j for j < x . In either case the mapping preserv es alternating lexicographic

order; hence N � N

0

m ust exceed the n um b er of com binations b et w een the images

of C and C

0

. But c

t

is minim um, so no suc h x can exist. Consequen tly t = m and

c

t

= 2 m � 1.

No w if c

0

m

< c

m

� 1, w e could decrease N � N

0

b y increasing c

0

m

. Therefore c

0

m

=

2 m � 2, and the problem has b een reduced to �nding the maximum of rank ( c

m � 1

: : : c

1

) �

rank( c

0

m � 1

: : : c

0

1

), where rank is calculated as in ( 30 ) .

Let f ( s; t ) = max ( rank( b

s

: : : b

1

) � rank( c

t

: : : c

1

) ) o v er all f b

s

; : : : ; b

1

; c

t

: : : ; c

1

g =

f 0 ; : : : ; s + t � 1 g . Then f ( s; t ) satis�es the curious recurrence

f ( s; 0) = f (0 ; t ) = 0; f (1 ; t ) = t ;

f ( s; t ) =

�

s + t � 1

s

�

+ max ( f ( t � 1 ; s � 1) ; f ( s � 2 ; t ) ) if st > 0 and s > 1 :

When s + t = 2 u + 2 the solution turns out to b e

f ( s; t ) =

�

2 u + 1

t � 1

�

+

u � r

X

j =1

�

2 u + 1 � 2 j

r

�

+

r � 1

X

j =0

�

2 j + 1

j

�

; r = min ( s � 2 ; t � 1) ;

with the maxim um o ccurring at f ( t � 1 ; s � 1) when s � t and at f ( s � 2 ; t ) when s � t + 2.

Therefore the minim um N � N

0

o ccurs for

C = f 2 m � 1 g [ f 2 m � 2 � x j 1 � x � 2 m � 2 ; x mo d 4 � 1 g ;

C

0

= f 2 m � 2 g [ f 2 m � 2 � x j 1 � x � 2 m � 2 ; x mo d 4 � 2 g ;

and it equals

�

2 m � 1

m � 1

�

�

P

m � 2

k =0

�

2 k +1

k

�

= 1 +

P

m � 1

k =1

�

2 k

k � 1

�

. [See A. J. v an Zan ten, IEEE

T rans. IT-37 (1991), 1229{1233.]

26. (a) Y es: The �rst is 0

n �d t= 2 e

1

t mo d 2

2

b t= 2 c

and the last is 2

b t= 2 c

1

t mo d 2

0

n �d t= 2 e

;

transitions are substrings of the forms 02

a

1 $ 12

a

0, 02

a

2 $ 12

a

1, 10

a

1 $ 20

a

0,

10

a

2 $ 20

a

1.

(b) No: If s = 0 there is a big jump from 02

t

0

r � 1

to 20

r

2

t � 1

.

27. The follo wing pro cedure extracts all com binations c

1

: : : c

k

of �

n

that ha v e w eigh t

� t : Begin with k  0 and c

0

 n . Visit c

1

: : : c

k

. If k is ev en and c

k

= 0, set

k  k � 1; if k is ev en and c

k

> 0, set c

k

 c

k

� 1 if k = t , otherwise k  k + 1

and c

k

 0. On the other hand if k is o dd and c

k

+ 1 = c

k � 1

, set k  k � 1 and
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lo opless

balanced ternary notation

homogeneous sequence

recurrence

c

k

 c

k +1

(but terminate if k = 0); if k is o dd and c

k

+ 1 < c

k � 1

, set c

k

 c

k

+ 1 if

k = t , otherwise k  k + 1, c

k

 c

k � 1

, c

k � 1

 c

k

+ 1. Rep eat.

(This lo opless algorithm reduces to that of exercise 7.2.1.1{12(b) when t = n , with

sligh t c hanges of notation.)

28. T rue. Bit strings a

n � 1

: : : a

0

= �� and a

0

n � 1

: : : a

0

0

= ��

0

corresp ond to index lists

( b

s

: : : b

1

= � � , c

t

: : : c

1

= � ) and ( b

0

s

: : : b

0

1

= � �

0

, c

0

t

: : : c

0

1

= � 

0

) suc h that ev erything

b et w een �� and ��

0

b egins with � if and only if ev erything b et w een � � and � �

0

b egins

with � and ev erything b et w een � and � 

0

b egins with � . F or example, if n = 10, the

pre�x � = 01101 corresp onds to pre�xes � = 96 and � = 875.

(But just ha ving c

t

: : : c

1

in genlex order is a m uc h w eak er condition. F or example,

every suc h sequence is genlex when t = 1.)

29. (a) -

k

0

l +1

or -

k

0

l +1

+ �

m

or �

k

, for k ; l ; m � 0.

(b) No; the successor is alw a ys smaller in balanced ternary notation.

(c) F or all � and all k ; l ; m � 0 w e ha v e � 0 -

k +1

0

l

+ �

m

! � - +

k

0

l +1

- �

m

and

� + -

k

0

l +1

+ �

m

! � 0 +

k +1

0

l

- �

m

; also � 0 -

k +1

0

l

! � - +

k

0

l +1

and � + -

k

0

l +1

! � 0 +

k +1

0

l

.

(d) Let the j th sign of �

i

b e ( � 1)

a

ij

, and let it b e in p osition b

ij

. Then w e ha v e

( � 1)

a

ij

+ b

i ( j � 1)

= ( � 1)

a

( i +1) j

+ b

( i +1)( j � 1)

for 0 � i < k and 1 � j � t , if w e let b

i 0

= 0.

(e) By parts (a), (b), and (c), � b elongs to some c hain �

0

! � � � ! �

k

, where �

k

is �nal (has no successor) and �

0

is initial (has no predecessor). By part (d), ev ery

suc h c hain has at most

�

s + t

t

�

elemen ts. But there are 2

s

�nal strings, b y (a), and there

are 2

s

�

s + t

t

�

strings with s signs and t zeros; so k m ust b e

�

s + t

t

�

� 1.

R efer enc e: SICOMP 2 (1973), 128{133.

30. Assume that t > 0. Initial strings are the negativ es of �nal strings. Let �

j

b e the

initial string 0

t

- �

j

for 0 � j < 2

s � 1

, where the k th c haracter of �

j

for 1 � k < s is the

sign of ( � 1)

a

k

when j is the binary n um b er ( a

s � 1

: : : a

1

)

2

; th us �

0

= 0

t

-++ : : : + , �

1

=

0

t

- -+ : : : + , : : : , �

2

s � 1

� 1

= 0

t

- -- : : : - . Let �

j

b e the �nal string obtained b y inserting

-0

t

after the �rst (p ossibly empt y) run of min us signs in �

j

; th us �

0

= - 0

t

++ : : : + ,

�

1

= - -0

t

+ : : : + , : : : , �

2

s � 1

� 1

= -- : : : - 0

t

. W e also let �

2

s � 1

= �

0

and �

2

s � 1

= �

0

.

Then w e can pro v e b y induction that the c hain b eginning with �

j

ends with �

j

when t

is ev en, with �

j � 1

when t is o dd, for 1 � j � 2

s � 1

. Therefore the c hain b eginning with

� �

j

ends with � �

j

or � �

j +1

.

Let A

j

( s; t ) b e the sequence of ( s; t )-com binations deriv ed b y mapping the c hain

that starts with �

j

, and let B

j

( s; t ) b e the analogous sequence deriv ed from � �

j

. Then,

for 1 � j � 2

s � 1

, the rev erse sequence A

j

( s; t )

R

is B

j

( s; t ) when t is ev en, B

j � 1

( s; t )

when t is o dd. The corresp onding recurrences when st > 0 are

A

j

( s; t ) =

(

1 A

j

( s; t � 1) ; 0 A

b (2

s � 1

� 1 � j ) = 2 c

( s � 1 ; t )

R

; if j + t is ev en;

1 A

j

( s; t � 1) ; 0 A

b j = 2 c

( s � 1 ; t ) ; if j + t is o dd;

and when st > 0 all 2

s � 1

of these sequences are distinct.

Chase's sequence C

st

is A

b 2

s

= 3 c

( s; t ), and

b

C

st

is A

b 2

s � 1

= 3 c

( s; t ). Inciden tally , the

homogeneous sequence K

st

of ( 31 ) is A

2

s � 1

� [ t ev en ]

( s; t )

R

.

31. (a) 2

(

s + t

t

)

� 1

solv es the recurrence f ( s; t ) = 2 f ( s � 1 ; t ) f ( s; t � 1) when f ( s; 0) =

f (0 ; t ) = 1. (b) No w f ( s; t ) = ( s + 1)! f ( s; t � 1) : : : f (0 ; t � 1) has the solution

( s + 1)!

t

s !

(

t

2

)

( s � 1)!

(

t +1

3

)

: : : 2!

(

s + t � 2

s

)

=

s

Y

r =1

( r + 1)!

(

s + t � 1 � r

t � 2

)

+[ r = s ]

:
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Ehrlic h

recurrence

Caron

32. (a) No simple form ula seems to exist, but the listings can b e coun ted for small s

and t b y systematically computing the n um b er of genlex paths that run through all

w eigh t- t strings from a giv en starting p oin t to a giv en ending p oin t via rev olving-do or

mo v es. The totals for s + t � 6 are

1

1 1

1 2 1

1 4 4 1

1 8 20 8 1

1 16 160 160 16 1

1 32 2264 17152 2264 32 1

and f (4 ; 4) = 95 ; 304 ; 112 ; 865 ; 280; f (5 ; 5) � 5 : 92646 � 10

48

. [This class of com bination

generators w as �rst studied b y G. Ehrlic h, JA CM 20 (1973), 500{513, but he did not

attempt to en umerate them.]

(b) By extending the pro of of Theorem N, one can sho w that all suc h listings or

their rev ersals m ust run from 1

t

0

s

to 0

a

1

t

0

s � a

for some a , 1 � a � s . Moreo v er, the

n um b er n

sta

of p ossibilities, giv en s , t , and a with st > 0, satis�es n

1 t 1

= 1 and

n

sta

=

�

n

s ( t � 1)1

n

( s � 1) t ( a � 1)

; if a > 1;

n

s ( t � 1)2

n

( s � 1) t 1

+ � � � + n

s ( t � 1) s

n

( s � 1) t ( s � 1)

; if a = 1 < s .

This recurrence has the remark able solution n

sta

= 2

m ( s;t;a )

, where

m ( s; t; a ) =

( �

s + t � 3

t

�

+

�

s + t � 5

t � 2

�

+ � � � +

�

s � 1

2

�

; if t is ev en;

�

s + t � 3

t

�

+

�

s + t � 5

t � 2

�

+ � � � +

�

s

3

�

+ s � a � [ a < s ] ; if t is o dd.

33. Consider �rst the case t = 1: The n um b er of near-p erfect paths from i to j > i is

f ( j � i � [ i > 0 ] � [ j < n � 1 ] ) , where

P

j

f ( j ) z

j

= 1 = (1 � z � z

3

). (By coincidence, the

same sequence f ( j ) arises in Caron's p olyphase merge on 6 tap es, T able 5.4.2{2.) The

sum o v er 0 � i < j < n is 3 f ( n ) + f ( n � 1) + f ( n � 2) + 2 � n ; and w e m ust double this,

to co v er cases with j > i .

When t > 1 w e can construct

�

n

t

�

�

�

n

t

�

matrices that tell ho w man y genlex listings

b egin and end with particular com binations. The en tries of these matrices are sums of

pro ducts of matrices for the case t � 1, summed o v er all paths of the t yp e considered

for t = 1. The totals for s + t � 6 turn out to b e

1

1 1

1 2 1

1 6 2 1

1 12 10 2 1

1 20 44 10 2 1

1 34 238 68 10 2 1

1

1 1

1 2 1

1 2 0 1

1 2 2 0 1

1 2 0 0 0 1

1 2 6 0 0 0 1

where the righ t-hand triangle sho ws the n um b er of cycles , g ( s; t ). F urther v alues include

f (4 ; 4) = 17736; f (5 ; 5) = 9 ; 900 ; 888 ; 879 ; 984; g (4 ; 4) = 96; g (5 ; 5) = 30 ; 961 ; 456 ; 320.

There are exactly 10 suc h sc hemes when s = 2 and n � 4. F or example, when

n = 7 they run from 43210 to 65431 or 65432, or from 54321 to 65420 or 65430 or

65432, or the rev erse.
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min-plus matrix m ultiplication

matrix m ultiplication

preorder trav ersal

rank

34. The minim um can b e computed as in the previous answ er, but using min-plus

matrix m ultiplication c

ij

= min

k

( a

ik

+ b

k j

) instead of ordinary matrix m ultiplication

c

ij

=

P

k

a

ik

b

k j

. (When s = t = 5, the genlex path in Fig. 26(e) with only 49 imp erfect

transitions is essen tially unique. There is a genlex cycle for s = t = 5 that has only 55

imp erfections.)

35. F rom the recurrences ( 35 ) w e ha v e a

st

= b

s ( t � 1)

+ [ s > 1 ][ t > 0 ] + a

( s � 1) t

, b

st

=

a

s ( t � 1)

+ a

( s � 1) t

; consequen tly a

st

= b

st

+ [ s > 1 ][ t o dd ] and a

st

= a

s ( t � 1)

+ a

( s � 1) t

+

[ s > 1 ][ t o dd ]. The solution is

a

st

=

t= 2

X

k =0

�

s + t � 2 � 2 k

s � 2

�

� [ s > 1 ][ t ev en ];

this sum is appro ximately s= ( s + 2 t ) times

�

s + t

t

�

.

36. Consider the binary tree with ro ot no de ( s; t ) and with recursiv ely de�ned subtrees

ro oted at ( s � 1 ; t ) and ( s; t � 1) whenev er st > 0 ; the no de ( s; t ) is a leaf if st = 0. Then

the subtree ro oted at ( s; t ) has

�

s + t

t

�

lea v es, corresp onding to all ( s; t )-com binations

a

n � 1

: : : a

1

a

0

. No des on lev el l corresp ond to pre�xes a

n � 1

: : : a

n � l

, and lea v es on

lev el l are com binations with r = n � l .

An y genlex algorithm for com binations a

n � 1

: : : a

1

a

0

corresp onds to preorder tra-

v ersal of suc h a tree, after the c hildren of the

�

s + t

t

�

� 1 branc h no des ha v e b een

ordered in an y desired w a y; that, in fact, is wh y there are 2

(

s + t

t

)

� 1

suc h genlex sc hemes

(exercise 31(a)). And the op eration j  j + 1 is p erformed exactly once p er branc h

no de, namely after b oth c hildren ha v e b een pro cessed.

Inciden tally , exercise 7.2.1.2{6(a) implies that the a v erage v alue of r is s= ( t + 1) +

t= ( s + 1), whic h can b e 
( n ); th us the extra time needed to k eep trac k of r is w orth while.

37. (a) In the lexicographic case w e needn't main tain the w

j

table, since a

j

is activ e

for j � r if and only if a

j

= 0. After setting a

j

 1 and a

j � 1

 0 there are t w o cases

to consider if j > 1: If r = j , set r  j � 1; otherwise set a

j � 2

: : : a

0

 0

r

1

j � 1 � r

and

r  j � 1 � r (or r  j if r w as j � 1).

(b) No w the transitions to b e handled when j > 1 are to c hange a

j

: : : a

0

as follo ws:

01

r

! 1101

r � 2

, 010

r

! 10

r +1

, 010

a

1

r

! 110

a +1

1

r � 1

, 10

r

! 010

r � 1

, 110

r

! 010

r � 1

1,

10

a

1

r

! 0

a

1

r +1

; these six cases are easily distinguished. The v alue of r should c hange

appropriately .

(c) Again the case j = 1 is trivial. Otherwise 01

a

0

r

! 101

a � 1

0

r

; 0

a

1

r

! 10

a

1

r � 1

;

101

a

0

r

! 01

a +1

0

r

; 10

a

1

r

! 0

a

1

r +1

; and there is also an am biguous case, whic h can

o ccur only if a

n � 1

: : : a

j +1

con tains at least one 0: Let k > j b e minimal with a

k

= 0.

Then 10

r

! 010

r � 1

if k is o dd, 10

r

! 0

r

1 if k is ev en.

38. The same algorithm w orks, except that (i) step C1 sets a

n � 1

: : : a

0

 01

t

0

s � 1

if

n is o dd or s = 1, a

n � 1

: : : a

0

 001

t

0

s � 2

if n is ev en and s > 1, with an appropriate

v alue of r ; (ii) step C3 in terc hanges the roles of ev en and o dd; (iii) step C5 go es to C4

also if j = 1.

39. In general, start with r  0, j  s + t � 1, and rep eat the follo wing steps un til

st = 0:

r  r + [ w

j

= 0 ]

�

j

s � a

j

�

; s  s � [ a

j

= 0 ] ; t  t � [ a

j

= 1 ] ; j  j � 1 :

Then r is the rank of a

n � 1

: : : a

1

a

0

. So the rank of 11001001000011111101101010 is

�

23

12

�

+

�

22

11

�

+

�

21

9

�

+

�

17

8

�

+

�

16

7

�

+

�

14

5

�

+

�

13

3

�

+

�

12

3

�

+

�

11

3

�

+

�

10

3

�

+

�

9

3

�

+

�

8

3

�

+

�

4

3

�

+

�

3

1

�

+

�

1

0

�

=

2390131.
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genlex40. W e start with N  999999, v  0, and rep eat the follo wing steps un til st = 0: If

v = 0, set t  t � 1 and a

s + t

 1 if N <

�

s + t � 1

s

�

, otherwise set N  N �

�

s + t � 1

s

�

,

v  ( s + t ) mo d 2, s  s � 1, a

s + t

 0. If v = 1, set v  ( s + t ) mo d 2, s  s � 1,

and a

s + t

 0 if N <

�

s + t � 1

t

�

, otherwise set N  N �

�

s + t � 1

t

�

, t  t � 1, a

s + t

 1.

Finally if s = 0, set a

t � 1

: : : a

0

 1

t

; if t = 0, set a

s � 1

: : : a

0

 0

s

. The answ er is

a

25

: : : a

0

= 11101001111110101001000001.

41. Let c (0), : : : , c (2

n

� 1) = C

n

where C

2 n

= 0 C

2 n � 1

, 1 C

2 n � 1

; C

2 n +1

= 0 C

2 n

,

1

b

C

2 n

;

b

C

2 n

= 1 C

2 n � 1

, 0

b

C

2 n � 1

;

b

C

2 n +1

= 1

b

C

2 n

, 0

b

C

2 n

; C

0

=

b

C

0

= � . Then a

j

� b

j

=

b

j +1

^ ( b

j +2

_ ( b

j +3

^ ( b

j +4

_ � � � ))) if j is ev en, b

j +1

_ ( b

j +2

^ ( b

j +3

_ ( b

j +4

^ � � � ))) if j is o dd.

Curiously w e also ha v e the in v erse relation c ( ( : : : a

4

�a

3

a

2

�a

1

a

0

)

2

) = ( : : : b

4

�

b

3

b

2

�

b

1

b

0

)

2

.

42. Equation ( 40 ) sho ws that the left con text a

n � 1

: : : a

l +1

do es not a�ect the b eha vior

of the algorithm on a

l � 1

: : : a

0

if a

l

= 0 and l > r . Therefore w e can analyze

Algorithm C b y coun ting com binations that end with certain bit patterns, and it

follo ws that the n um b er of times eac h op eration is p erformed can b e represen ted as

[ w

s

z

t

] p ( w ; z ) = (1 � w

2

)

2

(1 � z

2

)

2

(1 � w � z ) for an appropriate p olynomial p ( w ; z ).

F or example, the algorithm go es from C5 to C4 once for eac h com bination that ends

with 01

2 a +1

01

2 b +1

or has the form 1

a +1

01

2 b +1

, for in tegers a; b � 0 ; the corresp onding

generating functions are w

2

z

2

= (1 � z

2

)

2

(1 � w � z ) and w ( z

2

+ z

3

) = (1 � z

2

)

2

.

Here are the p olynomials p ( w ; z ) for k ey op erations. Let W = 1 � w

2

, Z = 1 � z

2

.

C3 ! C4 : w z W (1 + w z )(1 � w � z

2

);

C3 ! C5 : w z W ( w + z )(1 � w z � z

2

);

C3 ! C6 : w

2

z

2

W ( w + z );

C3 ! C7 : w

2

z W (1 + w z );

C4 ( j = 1): w z W

2

Z (1 � w � z

2

);

C4 ( r  j � 1): w

3

z W Z (1 � w � z

2

);

C4 ( r  j ): w z

2

W

2

(1 + z � 2 w z � z

2

� z

3

);

C5 ! C4 : w z

2

W

2

(1 � w z � z

2

);

C5 ( r  j � 2): w

4

z W Z (1 � w z � z

2

);

C5 ( r  1): w

2

z W

2

Z (1 � w z � z

2

);

C5 ( r  j � 1): w

2

z

3

W

2

(1 � w z � z

2

);

C6 ( j = 1): w

2

z W

2

Z ;

C6 ( r  j � 1): w

2

z

3

W

2

;

C6 ( r  j ): w

3

z

2

W Z ;

C7 ! C6 : w

2

z W

2

;

C7 ( r  j ): w

4

z W Z ;

C7 ( r  j � 2): w

3

z

2

W

2

:

The asymptotic v alue is

�

s + t

t

�

( p (1 � x; x ) = (2 x � x

2

)

2

(1 � x

2

)

2

+ O ( n

� 1

) ) , for �xed

0 < x < 1, if t = xn + O (1) as n ! 1 . Th us w e �nd, for example, that the four-w a y

branc hing in step C3 tak es place with relativ e frequencies x + x

2

� x

3

: 1 : x : 1 + x � x

2

.

Inciden tally , the n um b er of cases with j o dd exceeds the n um b er of cases with

j ev en b y

X

k ;l � 1

�

s + t � 2 k � 2 l

s � 2 k

�

[ 2 k + 2 l � s + t ] + [ s o dd ][ t o dd ] ;

in any genlex sc heme that uses ( 39 ) . This quan tit y has the in teresting generating

function w z = (1 + w )(1 + z )(1 � w � z ).

43. The iden tit y is true for all nonnegativ e in tegers x , except when x = 1.

44. In fact, C

t

( n ) � 1 =

b

C

t

( n � 1)

R

, and

b

C

t

( n ) � 1 = C

t

( n � 1)

R

. (Hence C

t

( n ) � 2 =

C

t

( n � 2), etc.)

45. In the follo wing algorithm, r is the least subscript with c

r

� r .

CC1. [Initialize.] Set c

j

 n � t � 1 + j and z

j

 0 for 1 � j � t + 1. Also set

r  1. (W e assume that 0 < t < n .)

CC2. [Visit.] Visit the com bination c

t

: : : c

2

c

1

. Then set j  r .

CC3. [Branc h.] Go to CC5 if z

j

6= 0.
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lo opless

Chase

homogeneous

T• or• ok

CC4. [T ry to decrease c

j

.] Set x  c

j

+ ( c

j

mo d 2) � 2. If x � j , set c

j

 x ,

r  1; otherwise if c

j

= j , set c

j

 j � 1, z

j

 c

j +1

� ( ( c

j +1

+ 1) mo d 2 ) ,

r  j ; otherwise if c

j

< j , set c

j

 j , z

j

 c

j +1

� ( ( c

j +1

+ 1) mo d 2 ) ,

r  max (1 ; j � 1); otherwise set c

j

 x , r  j . Return to CC2.

CC5. [T ry to increase c

j

.] Set x  c

j

+ 2. If x < z

j

, set c

j

 x ; otherwise if

x = z

j

and z

j +1

6= 0, set c

j

 x � ( c

j +1

mo d 2); otherwise set z

j

 0,

j  j + 1, and go to CC3 (but terminate if j > t ). If c

1

> 0, set r  1;

otherwise set r  j � 1. Return to CC2.

46. Equation ( 40 ) implies that u

k

= ( b

j

+ k + 1) mo d 2 when j is minimal with b

j

> k .

Then ( 37 ) and ( 38 ) yield the follo wing algorithm, where w e assume for con v enience

that 3 � s < n .

CB1. [Initialize.] Set b

j

 j � 1 for 1 � j � s ; also set z  s + 1, b

z

 1. (When

subsequen t steps examine the v alue of z , it is the smallest index suc h that

b

z

6= z � 1.)

CB2. [Visit.] Visit the dual com bination b

s

: : : b

2

b

1

.

CB3. [Branc h.] If b

2

is o dd: Go to CB4 if b

2

6= b

1

+ 1, otherwise to CB5 if b

1

> 0,

otherwise to CB6 if b

z

is o dd. Go to CB9 if b

2

is ev en and b

1

> 0. Otherwise

go to CB8 if b

z +1

= b

z

+ 1, otherwise to CB7.

CB4. [Increase b

1

.] Set b

1

 b

1

+ 1 and return to CB2.

CB5. [Slide b

1

and b

2

.] If b

3

is o dd, set b

1

 b

1

+ 1 and b

2

 b

2

+ 1; otherwise

set b

1

 b

1

� 1, b

2

 b

2

� 1, z  3. Go to CB2.

CB6. [Slide left.] If z is o dd, set z  z � 2, b

z +1

 z + 1, b

z

 z ; otherwise set

z  z � 1, b

z

 z . Go to CB2.

CB7. [Slide b

z

.] If b

z +1

is o dd, set b

z

 b

z

+ 1 and terminate if b

z

� n ; otherwise

set b

z

 b

z

� 1, then if b

z

< z set z  z + 1. T o CB2.

CB8. [Slide b

z

and b

z +1

.] If b

z +2

is o dd, set b

z

 b

z +1

, b

z +1

 b

z

+ 1, and

terminate if b

z +1

� n . Otherwise set b

z +1

 b

z

, b

z

 b

z

� 1, then if b

z

< z

set z  z + 2. T o CB2.

CB9. [Decrease b

1

.] Set b

1

 b

1

� 1, z  2, and return to CB2.

Notice that this algorithm is lo opless . Chase ga v e a similar pro cedure for the sequence

b

C

R

st

in Cong. Num. 69 (1989), 233{237. It is truly amazing that this algorithm de�nes

precisely the complemen ts of the indices c

t

: : : c

1

pro duced b y the algorithm in the

previous exercise.

47. W e can, for example, use Algorithm C and its rev erse (exercise 38), with w

j

replaced b y a d -bit n um b er whose bits represen t activit y at di�eren t lev els of the

recursion. Separate p oin ters r

0

, r

1

, : : : , r

d � 1

are needed to k eep trac k of the r -v alues

on eac h lev el. (Man y other solutions are p ossible.)

48. There are p erm utations �

1

, : : : , �

M

suc h that the k th elemen t of �

j

is �

k

�

j

" �

k � 1

.

And �

k

�

j

runs through all p erm utations of f s

1

� 1 ; : : : ; s

d

� d g as j v aries from 0 to N � 1.

Historic al note: The �rst publication of a homogeneous rev olving-do or sc heme

for ( s; t )-com binations w as b y

�

Ev a T• or• ok, Matematik ai Lap ok 19 (1968), 143{146,

who w as motiv ated b y the generation of m ultiset p erm utations. Man y authors ha v e

subsequen tly relied on the homogeneit y condition for similar constructions, but this

exercise sho ws that homogeneit y is not necessary .
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Oliv e

delta sequence

Lehmer

Eades

Hic k ey

Read

Stac ho wiak

top ological sorting

cycle

Enns

Williams

lo opless

49. W e ha v e lim

z ! q

( z

k m + r

� 1) = ( z

lm + r

� 1) = 1 when 0 < r < m , and the limit

is lim

z ! q

( k mz

k m � 1

) = ( l mz

lm � 1

) = k =l when r = 0. So w e can pair up factors of the

n umerator

Q

n � k <a � n

( z

a

� 1) with factors of the denominator

Q

0 <b � k

( z

b

� 1) when

a � b (mo dulo m ).

Notes: This form ula w as disco v ered b y G. Oliv e, AMM 72 (1965), 619. In the

sp ecial case m = 2, q = � 1, the second factor v anishes only when n is ev en and k is

o dd. The form ula

�

n

k

�

q

=

�

n

n � k

�

q

holds for all n � 0, but

�

b n=m c

b k =m c

�

is not alw a ys equal

to

�

b n=m c

b ( n � k ) =m c

�

. W e do, ho w ev er, ha v e b k =m c + b ( n � k ) =m c = b n=m c in the case when

n mo d m � k mo d m ; otherwise the second factor is zero.

50. The stated co e�cien t is zero when n

1

mo d m + � � � + n

t

mo d m � m . Otherwise it

equals

�

b ( n

1

+ � � � + n

t

) =m c

b n

1

=m c ; : : : ; b n

t

=m c

� �

( n

1

+ � � � + n

t

) mo d m

n

1

mo d m; : : : ; n

t

mo d m

�

q

;

b y Eq. 1.2.6{( 43 ) ; here eac h upp er index is the sum of the lo w er indices.

51. All paths clearly run b et w een 000111 and 111000, since those v ertices ha v e de-

gree 1. F ourteen total paths reduce to four under the stated equiv alences. The path

in ( 50 ), whic h is equiv alen t to itself under re
ection-and-rev ersal, can b e describ ed

b y the delta sequence A = 3452132523414354123; the other three classes are B =

3452541453414512543, C = 3452541453252154123, D = 3452134145341432543. D. H.

Lehmer found path C [ AMM 72 (1965), P art I I, 36{46]; D is essen tially the path

constructed b y Eades, Hic k ey , and Read.

(Inciden tally , p erfect sc hemes aren't really rare, although they seem to b e di�cult

to construct systematically . The case ( s; t ) = (3 ; 5) has 4,050,046 of them.)

52. W e ma y assume that eac h s

j

is nonzero and that d > 1. Then the di�erence

b et w een p erm utations with an ev en and o dd n um b er of in v ersions is

�

b ( s

0

+ ��� + s

d

) = 2 c

b s

0

= 2 c ;::: ; b s

d

= 2 c

�

�

2, b y exercise 50, unless at least t w o of the m ultiplicities s

j

are o dd.

Con v ersely , if at least t w o m ultiplicities are o dd, a general construction b y G. Sta-

c ho wiak [ SIAM J. Discrete Math. 5 (1992), 199{206] sho ws that a p erfect sc heme

exists. Indeed, his construction applies to a v ariet y of top ological sorting problems; in

the sp ecial case of m ultisets it giv es a Hamiltonian cycle in all cases with d > 1 and

s

0

s

1

o dd, except when d = 2, s

0

= s

1

= 1, and s

2

is ev en.

53. See AMM 72 (1965), P art I I, 36{46.

54. Assuming that st 6= 0, a Hamiltonian path exists if and only if s and t are not

b oth ev en; a Hamiltonian cycle exists if and only if, in addition, ( s 6= 2 and t 6= 2) or

n = 5. [T. C. Enns, Discrete Math. 122 (1993), 153{165.]

55. [Solution b y Aaron Williams.] The sequence 0

s

1

t

, W

st

has the correct prop erties if

W

st

= 0 W

( s � 1) t

; 1 W

s ( t � 1)

; 10

s

1

t � 1

; for st > 0 ; W

0 t

= W

s 0

= ; :

And there is an amazingly e�cien t, lo opless implemen tation: Assume that t > 0.

W1. [Initialize.] Set n  s + t , a

j

 1 for 0 � j < t , and a

j

 0 for t � i � n .

Also set j  k  t � 1. (This is tric ky , but it w orks.)

W2. [Visit.] Visit the ( s; t )-com bination a

n � 1

: : : a

1

a

0

.

W3. [Zero out a

j

.] Set a

j

 0 and j  j + 1.

W4. [Easy case?] If a

j

= 1, set a

k

 1, k  k + 1, and return to W2.

W5. [W rap around.] T erminate if j = n . Otherwise set a

j

 1. Then if k > 0,

set a

k

 1, a

0

 0, j  1, and k  0. Return to W2.
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middle lev els conjecture

delta sequence

Shields

Sa v age

Czern y

generating function

z-nomial

lexicographic order

After the second visit, j is the smallest index with a

j

a

j � 1

= 10, and k is smallest with

a

k

= 0. The easy case o ccurs exactly

�

s + t � 1

s

�

� 1 times; and the condition k = 0 o ccurs

in step W5 exactly

�

s + t � 2

t

�

+ �

t 1

times. [T o app ear.]

56. [ Discrete Math. 48 (1984), 163{171.] This problem is equiv alen t to the \middle

lev els conjecture," whic h states that there is a Gra y path through all binary strings

of length 2 t � 1 and w eigh ts f t � 1 ; t g . In fact, suc h strings can almost certainly b e

generated b y a delta sequence of the sp ecial form �

0

�

1

: : : �

2 t � 2

where the elemen ts of

�

k

are those of �

0

shifted b y k , mo dulo 2 t � 1. F or example, when t = 3 w e can start

with a

5

a

4

a

3

a

2

a

1

a

0

= 000111 and rep eatedly sw ap a

0

$ a

�

, where � runs through the

cycle (4134 5245 1351 2412 3523). The middle lev els conjecture is kno wn to b e true for

t � 15 [see I. Shields and C. D. Sa v age, Cong. Num. 140 (1999), 161{178].

57. Y es; there is a near-p erfect genlex solution for all m , n , and t when n � m > t .

One suc h sc heme, in bitstring notation, is 1 A

( m � t )( t � 1)

0

n � m

, 01 A

( m � t )( t � 1)

0

n � m � 1

,

: : : , 0

n � m

1 A

( m � t )( t � 1)

, 0

n � m +1

1 A

( m � 1 � t )( t � 1)

, : : : , 0

n � t

1 A

0( t � 1)

, using the sequences

A

st

of ( 35 ) .

58. Solv e the previous problem with m and n reduced b y t � 1, then add j � 1 to

eac h c

j

. (Case (a), whic h is particularly simple, w as probably kno wn to Czern y .)

59. The generating function G

mnt

( z ) =

P

g

mntk

z

k

for the n um b er g

mntk

of c hords

reac hable in k steps from 0

n � t

1

t

satis�es G

mmt

( z ) =

�

m

t

�

z

and G

m ( n +1) t

( z ) = G

mnt

( z ) +

z

tn � ( t � 1) m

�

m � 1

t � 1

�

z

, b ecause the latter term accoun ts for cases with c

t

= n and c

1

>

n � m . A p erfect sc heme is p ossible only if j G

mnt

( � 1) j � 1. But if n � m > t � 2,

this condition holds only when m = t + 1 or ( n � t ) t is o dd, b y ( 49 ) . So there is no

p erfect solution when t = 4 and m > 5. (Man y c hords ha v e only t w o neigh b ors when

n = t + 2, so one can easily rule out that case. All cases with n � m > 5 and t = 3

apparen tly do ha v e p erfect paths when n is ev en.)

60. The follo wing solution uses lexicographic order, taking care to ensure that the a v er-

age amoun t of computation p er visit is b ounded. W e ma y assume that s t m

s

: : : m

0

6= 0

and t � m

s

+ � � � + m

1

+ m

0

.

Q1. [Initialize.] Set q

j

 0 for s � j � 1, and x = t .

Q2. [Distribute.] Set j  0. Then while x > m

j

, set q

j

 m

j

, x  x � m

j

,

j  j + 1, and rep eat un til x � m

j

. Finally set q

j

 x .

Q3. [Visit.] Visit the b ounded comp osition q

s

+ � � � + q

1

+ q

0

.

Q4. [Pic k up the righ tmost units.] If j = 0, set x  q

0

� 1, j  1. Otherwise if

q

0

= 0, set x  q

j

� 1, q

j

 0, and j  j + 1. Otherwise go to Q7.

Q5. [F ull?] T erminate if j > s . Otherwise if q

j

= m

j

, set x  x + m

j

, q

j

 0,

j  j + 1, and rep eat this step.

Q6. [Increase q

j

.] Set q

j

 q

j

+ 1. Then if x = 0, set q

0

 0 and return to Q3.

(In that case q

j � 1

= � � � = q

0

= 0.) Otherwise go to Q2.

Q7. [Increase and decrease.] (No w q

i

= m

i

for j > i � 0.) While q

j

= m

j

, set

j  j + 1 and rep eat un til q

j

< m

j

(but terminate if j > s ). Then set

q

j

 q

j

+ 1, j  j � 1, q

j

 q

j

� 1. If q

0

= 0, set j  1. Return to Q3.

F or example, if m

s

= � � � = m

0

= 9, the successors of the comp osition 3 + 9 + 9 + 7 + 0 + 0

are 4 + 0 + 0 + 6 + 9 + 9, 4 + 0 + 0 + 7 + 8 + 9, 4 + 0 + 0 + 7 + 9 + 8, 4 + 0 + 0 + 8 + 7 + 9, : : : .

61. Let F

s

( t ) = ; if t < 0 or t > m

s

+ � � � + m

0

; otherwise let F

0

( t ) = t , and

F

s

( t ) = 0+ F

s � 1

( t ) ; 1+ F

s � 1

( t � 1)

R

; 2+ F

s � 1

( t � 2) ; : : : ; m

s

+ F

s � 1

( t � m

s

)

R

m

s
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homogeneous

W alsh

Hamiltonian path

genlex

when s > 0. This sequence can b e sho wn to ha v e the required prop erties; it is, in

fact, equiv alen t to the comp ositions de�ned b y the homogeneous sequence K

st

of ( 31 )

under the corresp ondence of exercise 4, when restricted to the subsequence de�ned b y

the b ounds m

s

, : : : , m

0

. [See T. W alsh, J. Com binatorial Math. and Com binatorial

Computing 33 (2000), 323{345, who has implemen ted it lo oplessly .]

62. (a) A 2 � n con tingency table with ro w sums r and c

1

+ � � � + c

n

� r is equiv alen t

to solving r = a

1

+ � � � + a

n

with 0 � a

1

� c

1

, : : : , 0 � a

n

� c

n

.

(b) W e can compute it sequen tially b y setting a

ij

 min ( r

i

� a

i 1

� � � � � a

i ( j � 1)

;

c

j

� a

1 j

� � � � � a

( i � 1) j

) for j = 1, : : : , n , for i = 1, : : : , m . Alternativ ely , if r

1

� c

1

, set

a

11

 r

1

, a

12

 � � �  a

1 n

 0, and do the remaining ro ws with c

1

decreased b y r

1

; if

r

1

> c

1

, set a

11

 c

1

, a

21

 � � �  a

m 1

 0, and do the remaining columns with r

1

decreased b y c

1

. The second approac h sho ws that at most m + n � 1 of the en tries are

nonzero. W e can also write do wn the explicit form ula

a

ij

= max ( 0 ; min ( r

i

; c

j

; r

1

+ � � � + r

i

� c

1

� � � � � c

j � 1

; c

1

+ � � � + c

j

� r

1

� � � � � r

i � 1

) ) :

(c) The same matrix is obtained as in (b).

(d) Rev erse left and righ t in (b) and (c); in b oth cases the answ er is

a

ij

= max ( 0 ; min ( r

i

; c

j

; r

i +1

+ � � � + r

m

� c

1

� � � � � c

j � 1

; c

1

+ � � � + c

j

� r

i

� � � � � r

m

) ) .

(e) Here w e c ho ose, sa y , ro w-wise order: Generate the �rst ro w just as for b ounded

comp ositions of r

1

, with b ounds ( c

1

; : : : ; c

n

); and for eac h ro w ( a

11

; : : : ; a

1 n

), gen-

erate the remaining ro ws recursiv ely in the same w a y , but with the column sums

( c

1

� a

11

; : : : ; c

n

� a

1 n

). Most of the action tak es place on the b ottom t w o ro ws,

but when a c hange is made to an earlier ro w the later ro ws m ust b e re-initialized.

63. If a

ij

and a

k l

are p ositiv e, w e obtain another con tingency table b y setting a

ij

 

a

ij

� 1, a

il

 a

il

+ 1, a

k j

 a

k j

+ 1, a

k l

 a

k l

� 1. W e w an t to sho w that the graph G

whose v ertices are the con tingency tables for ( r

1

; : : : ; r

m

; c

1

; : : : ; c

n

), adjacen t if they

can b e obtained from eac h other b y suc h a transformation, has a Hamiltonian path.

When m = n = 2, G is a simple path. When m = 2 and n = 3, G has a t w o-

dimensional structure from whic h w e can see that ev ery v ertex is the starting p oin t of at

least t w o Hamiltonian paths, ha ving distinct endp oin ts. When m = 2 and n � 4 w e can

sho w, inductiv ely , that G actually has Hamiltonian paths from an y v ertex to an y other.

When m � 3 and n � 3, w e can reduce the problem from m to m � 1 as in answ er

62(e), if w e are careful not to \pain t ourselv es in to a corner." Namely , w e m ust a v oid

reac hing a state where the nonzero en tries of the b ottom t w o ro ws ha v e the form (

1

0

a

b

0

c

)

for some a , b , c > 0 and a c hange to ro w m � 2 forces this to b ecome (

0

0

a

b

1

c

) . The

previous round of c hanges to ro ws m � 1 and m can a v oid suc h a trap unless c = 1 and

it b egins with (

0

1

a +1

b � 1

0

1

) or (

1

0

a � 1

b +1

1

0

) . But that situation can b e a v oided to o.

(A genlex metho d based on exercise 61 w ould b e considerably simpler, and it

almost alw a ys w ould mak e only four c hanges p er step. But it w ould o ccasionally need

to up date 2 min ( m; n ) en tries at a time.)

64. When x

1

: : : x

s

is a binary string and A is a list of sub cub es, let A � x

1

: : : x

s

denote replacing the digits ( a

1

; : : : ; a

s

) in eac h sub cub e of A b y ( a

1

� x

1

; : : : ; a

s

� x

s

),

from left to righ t. F or example, 0 � 1 �� 10 � 1010 = 1 � 1 �� 00. Then the follo wing m utual

recursions de�ne a Gra y cycle, b ecause A

st

giv es a Gra y path from 0

s

�

t

to 10

s � 1

�

t

and

B

st

giv es a Gra y path from 0

s

�

t

to � 01

s � 1

�

t � 1

, when st > 0:

A

st

= 0 B

( s � 1) t

; � A

s ( t � 1)

� 001

s � 2

; 1 B

R

( s � 1) t

;
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Gra y binaryB

st

= 0 A

( s � 1) t

; 1 B

( s � 1) t

� 010

s � 2

; � A

s ( t � 1)

� 1

s

:

The strings 001

s � 2

and 010

s � 2

are simply 0

s

when s < 2; A

s 0

is Gra y binary co de;

A

0 t

= B

0 t

= �

t

. (Inciden tally , the somewhat simpler construction

G

st

= � G

s ( t � 1)

; a

t

G

( s � 1) t

; a

t � 1

G

R

( s � 1) t

; a

t

= t mo d 2 ;

de�nes a pleasan t Gra y p ath from �

t

0

s

to a

t � 1

�

t

0

s � 1

).

65. If a path P is considered equiv alen t to P

R

and to P � x

1

: : : x

s

, the total n um b er

can b e computed systematically as in exercise 33, with the follo wing results for s + t � 6:

paths

1

1 1

1 2 1

1 3 3 1

1 5 10 4 1

1 6 36 35 5 1

1 9 310 4630 218 6 1

cycles

1

1 1

1 1 1

1 1 1 1

1 2 1 1 1

1 2 3 1 1 1

1 3 46 4 1 1 1

In general there are t + 1 paths when s = 1 and

�

d s= 2 e +2

2

�

� ( s mo d 2) when t = 1. The

cycles for s � 2 are unique. When s = t = 5 there are appro ximately 6 : 869 � 10

170

paths and 2 : 495 � 10

70

cycles.

66. Let G ( n; 0) = � ; G ( n; t ) = ; when n < t ; and for 1 � t � n , let G ( n; t ) b e

^g (0) G ( n � 1 ; t ) ; ^g (1) G ( n � 1 ; t )

R

; : : : ; ^g (2

t

� 1) G ( n � 1 ; t )

R

; ^g (2

t

� 1) G ( n � 1 ; t � 1) ;

where ^g ( k ) is a t -bit column con taining the Gra y binary n um b er g ( k ) with its least

signi�can t bit at the top. In this general form ula w e implicitly add a ro w of zeros

b elo w the bases of G ( n � 1 ; t � 1).

This remark able rule giv es ordinary Gra y binary co de when t = 1, omitting 0 : : : 00.

A cyclic Gra y co de is imp ossible b ecause

�

n

t

�

2

is o dd.

67. A Gra y path for comp ositions corresp onding to Algorithm C implies that there is

a path in whic h all transitions are 0

k

1

l

$ 1

l

0

k

with min ( k ; l ) � 2. P erhaps there is, in

fact, a cycle with min ( k ; l ) = 1 in eac h transition.

68. (a) f;g ; (b) ; .

69. The least N with �

t

N < N is

�

2 t � 1

t

�

+

�

2 t � 3

t � 1

�

+ � � � +

�

1

1

�

+ 1 =

1

2

(

�

2 t

t

�

+

�

2 t � 2

t � 1

�

+

� � � +

�

0

0

�

+ 1 ) , b ecause

�

n

t � 1

�

�

�

n

t

�

if and only if n � 2 t � 1.

70. F rom the iden tit y

�

t

(

�

2 t � 3

t

�

+ N

0

) � (

�

2 t � 3

t

�

+ N

0

) = �

t

(

�

2 t � 2

t

�

+ N

0

) � (

�

2 t � 2

t

�

+ N

0

) =

�

2 t � 2

t

�

1

t � 1

+ �

t � 1

N

0

� N

0

when N

0

<

�

2 t � 3

t

�

, w e conclude that the maxim um is

�

2 t � 2

t

�

1

t

+

�

2 t � 4

t � 1

�

1

t � 2

+ � � � +

�

2

2

�

1

1

,

and it o ccurs at 2

t � 1

v alues of N when t > 1.

71. Let C

t

b e the t -cliques. The �rst

�

1414

t

�

+

�

1009

t � 1

�

t -com binations visited b y Al-

gorithm L de�ne a graph on 1415 v ertices with 1000000 edges. If j C

t

j w ere larger,

j @

t � 2

C

t

j w ould exceed 1000000. Th us the single graph de�ned b y P

(1000000)2

has the

maxim um n um b er of t -cliques for all t � 2.

72. M =

�

m

s

s

�

+ � � � +

�

m

u

u

�

for m

s

> � � � > m

u

� u � 1, where f m

s

; : : : ; m

u

g =

f s + t � 1 ; : : : ; n

v

g n f n

t

; : : : ; n

v +1

g . (Compare with exercise 15, whic h giv es

�

s + t

t

�

� 1 � N .)
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If � = a

n � 1

: : : a

0

is the bit string corresp onding to the com bination n

t

: : : n

1

, then

v is 1 plus the n um b er of trailing 1s in � , and u is the length of the righ tmost run

of 0s. F or example, when � = 1010001111 w e ha v e s = 4, t = 6, M =

�

8

4

�

+

�

6

3

�

, u = 3,

N =

�

9

6

�

+

�

7

5

�

, v = 5.

73. A and B are cross-in tersecting ( ) � 6� U n � for all � 2 A and � 2 B ( )

A \ @

n � s � t

B

�

= ; , where B

�

= f U n � j � 2 B g is a set of ( n � t )-com binations. Since

Q

�

N nt

= P

N ( n � t )

, w e ha v e j @

n � s � t

B

�

j � j @

n � s � t

P

N ( n � t )

j , and @

n � s � t

P

N ( n � t )

= P

N

0

s

where N

0

= �

s +1

: : : �

n � t

N . Th us if A and B are cross-in tersecting w e ha v e M + N

0

�

j A j + j @

n � s � t

B

�

j �

�

n

s

�

, and Q

M ns

\ P

N

0

s

= ; .

Con v ersely , if Q

M ns

\ P

N

0

s

6= ; w e ha v e

�

n

s

�

< M + N

0

� j A j + j @

n � s � t

B

�

j , so A

and B cannot b e cross-in tersecting.

74. j

@

Q

N nt

j = �

n � t

N (see exercise 94). Also, arguing as in ( 58 ) and ( 59 ) , w e �nd

@

P

N 5

= ( n � 1) P

N 5

[ � � � [ 10 P

N 5

[ f 543210 ; : : : ; 987654 g in that particular case; and

j

@

P

N t

j = ( n + 1 � n

t

) N +

�

n

t

+1

t +1

�

in general.

75. The iden tit y

�

n +1

k

�

=

�

n

k

�

+

�

n � 1

k � 1

�

+ � � � +

�

n � k

0

�

, Eq. 1.2.6{( 10 ) , giv es another

represen tation if n

v

> v . But ( 60 ) is una�ected, since w e ha v e

�

n +1

k � 1

�

=

�

n

k � 1

�

+

�

n � 1

k � 2

�

+

� � � +

�

n � k +1

0

�

.

76. Represen t N + 1 b y adding

�

v � 1

v � 1

�

to ( 57 ) ; then use the previous exercise to deduce

that �

t

( N + 1) � �

t

N =

�

v � 1

v � 2

�

= v � 1.

77. [D. E. Da ykin, Nan ta Math. 8 , 2 (1975), 78{83.] W e w ork with extended repre-

sen tations M =

�

m

t

t

�

+ � � � +

�

m

u

u

�

and N =

�

n

t

t

�

+ � � � +

�

n

v

v

�

as in exercise 75, calling

them impr op er if the �nal index u or v is zero. Call N 
exible if it has b oth prop er

and improp er represen tations, that is, if n

v

> v > 0.

(a) Giv en an in teger S , �nd M + N suc h that M + N = S and �

t

M + �

t

N is

minim um, with M as large as p ossible. If N = 0, w e're done. Otherwise the max-min

op eration preserv es b oth M + N and �

t

M + �

t

N , so w e can assume that v � u � 1 in

the prop er represen tations of M and N . If N is in
exible, �

t

( M + 1) + �

t

( N � 1) =

( �

t

M + u � 1) + ( �

t

N � v ) < �

t

M + �

t

N , b y exercise 76; therefore N m ust b e 
exible.

But then w e can apply the max-min op eration to M and the improp er represen tation

of N , increasing M : Con tradiction.

This pro of sho ws that equalit y holds if and only if M N = 0, a fact that w as noted

in 1927 b y F. S. Macaula y .

(b) No w w e try to minimize max ( �

t

M ; N ) + �

t � 1

N when M + N = S , this time

represen ting N as

�

n

t � 1

t � 1

�

+ � � � +

�

n

v

v

�

. The max-min op eration can still b e used if

n

t � 1

< m

t

; lea ving m

t

unc hanged, it preserv es M + N and �

t

M + �

t � 1

N as w ell as the

relation �

t

M > N . W e arriv e at a con tradiction as in (a) if N 6= 0, so w e can assume

that n

t � 1

� m

t

.

If n

t � 1

> m

t

w e ha v e N > �

t

M and also �

t

N > M ; hence M + N < �

t

N + N =

�

n

t � 1

+1

t

�

+ � � � +

�

n

v

+1

v

�

, and w e ha v e �

t

( M + N ) � �

t

( �

t

N + N ) = N + �

t � 1

N .

Finally if n

t � 1

= m

t

= a , let M =

�

a

t

�

+ M

0

and N =

�

a

t � 1

�

+ N

0

. Then �

t

( M + N ) =

�

a +1

t � 1

�

+ �

t � 1

( M

0

+ N

0

), �

t

M =

�

a

t � 1

�

+ �

t � 1

M

0

, and �

t � 1

N =

�

a

t � 2

�

+ �

t � 2

N

0

; the

result follo ws b y induction on t .

78. [J. Ec kho� and G. W egner, P erio dica Math. Hung. 6 (1975), 137{142; A. J. W.

Hilton, P erio dica Math. Hung. 10 (1979), 25{30.] Let M = j A

1

j and N = j A

0

j ; w e can

assume that t > 0 and N > 0. Then j @ A j = j @ A

1

[ A

0

j + j @ A

0

j � max ( j @ A

1

j ; j A

0

j ) +

j @ A

0

j � max ( �

t

M ; N ) + �

t � 1

N � �

t

( M + N ) = j P

j A j t

j , b y induction on m + n + t .



7.2.1.3 ANSWERS TO EXER CISES 51

Sc h • utzen b erger

Lo v� asz

T ak agi

Con v ersely , let A

1

= P

M t

+ 1 and A

0

= P

N ( t � 1)

+ 1; this notation means, for

example, that f 210 ; 320 g + 1 = f 321 ; 431 g . Then �

t

( M + N ) � j @ A j = j @ A

1

[ A

0

j +

j ( @ A

0

)0 j = max ( �

t

M ; N ) + �

t � 1

N , b ecause @ A

1

= P

( �

t

M )( t � 1)

+ 1. [Sc h • utzen b erger

observ ed in 1959 that �

t

( M + N ) � �

t

M + �

t � 1

N if and only if �

t

M � N .]

F or the �rst inequalit y , let A and B b e disjoin t sets of t -com binations with j A j = M ,

j @ A j = �

t

M , j B j = N , j @ B j = �

t

N . Then �

t

( M + N ) = �

t

j A [ B j � j @ ( A [ B ) j =

j @ A [ @ B j = j @ A j + j @ B j = �

t

M + �

t

N .

79. In fact, �

t

( M + �

t � 1

M ) = M , and �

t

N + �

t � 1

�

t

N = N + ( n

2

� n

1

)[ v = 1 ] when

N is giv en b y ( 57 ) .

80. If N > 0 and t > 1, represen t N as in ( 57 ) and let N = N

0

+ N

1

, where

N

0

=

�

n

t

� 1

t

�

+ � � � +

�

n

v

� 1

v

�

; N

1

=

�

n

t

� 1

t � 1

�

+ � � � +

�

n

v

� 1

v � 1

�

:

Let N

0

=

�

y

t

�

and N

1

=

�

z

t � 1

�

. Then, b y induction on t and b x c , w e ha v e

�

x

t

�

=

N

0

+ �

t

N

0

�

�

y

t

�

+

�

y

t � 1

�

=

�

y +1

t

�

; N

1

=

�

x

t

�

�

�

y

t

�

�

�

x

t

�

�

�

x � 1

t

�

=

�

x � 1

t � 1

�

; and

�

t

N = N

1

+ �

t � 1

N

1

�

�

z

t � 1

�

+

�

z

t � 2

�

=

�

z +1

t � 1

�

�

�

x

t � 1

�

.

[Lo v� asz actually pro v ed a stronger result; see exercise 1.2.6{66.]

81. F or example, if the largest elemen t of

b

P

N 5

is 66433, w e ha v e

b

P

N 5

= f 00000 ; : : : ; 55555 g [ f 60000 ; : : : ; 65555 g [ f 66000 ; : : : ; 66333 g [ f 66400 ; : : : ; 66433 g

so N =

�

10

5

�

+

�

9

4

�

+

�

6

3

�

+

�

5

2

�

. Its lo w er shado w is

@

b

P

N 5

= f 0000 ; : : : ; 5555 g [ f 6000 ; : : : ; 6555 g [ f 6600 ; : : : ; 6633 g [ f 6640 ; : : : ; 6643 g ;

of size

�

9

4

�

+

�

8

3

�

+

�

5

2

�

+

�

4

1

�

.

If the smallest elemen t of Q

N 95

is 66433, w e ha v e

b

Q

N 95

= f 99999 ; : : : ; 70000 g [ f 66666 ; : : : ; 66500 g [ f 66444 ; : : : ; 66440 g [ f 66433 g

so N = (

�

13

9

�

+

�

12

8

�

+

�

11

7

�

) + (

�

8

6

�

+

�

7

5

�

) +

�

5

4

�

+

�

3

3

�

. Its upp er shado w is

@

b

Q

N 95

= f 999999 ; : : : ; 700000 g [ f 666666 ; : : : ; 665000 g

[ f 664444 ; : : : ; 664400 g [ f 664333 ; : : : ; 664330 g ;

of size (

�

14

9

�

+

�

13

8

�

+

�

12

7

�

) + (

�

9

6

�

+

�

8

5

�

) +

�

6

4

�

+

�

4

3

�

= N + �

9

N . The size, t , of eac h

com bination is essen tially irrelev an t, as long as N �

�

s + t

t

�

; for example, the smallest

elemen t of

b

Q

N 98

is 99966433 in the case w e ha v e considered.

82. (a) The deriv ativ e w ould ha v e to b e

P

k > 0

r

k

( x ), but that series div erges.

[Informally , the graph of � ( x ) sho ws \pits" of relativ e magnitude 2

� k

at all o dd

m ultiples of 2

� k

. T ak agi's original publication, in Pro c. Ph ysico-Math. So c. Japan (2)

1 (1903), 176{177, has b een translated in to English in his Collected P ap ers (Iw anami

Shoten, 1973).]

(b) Since r

k

(1 � t ) = ( � 1)

d 2

k

t e

when k > 0, w e ha v e

R

1 � x

0

r

k

( t ) dt =

R

1

x

r

k

(1 � u ) du =

�

R

1

x

r

k

( u ) du =

R

x

0

r

k

( u ) du . The second equation follo ws from the fact that r

k

(

1

2

t ) =

r

k � 1

( t ). P art (d) sho ws that these t w o equations su�ce to de�ne � ( x ) when x is

rational.

(c) Since � (2

� a

x ) = a 2

� a

x + 2

� a

� ( x ) for 0 � x � 1, w e ha v e � ( � ) = a� + O ( � )

when 2

� a � 1

� � � 2

� a

. Therefore � ( � ) = � lg

1

�

+ O ( � ) for 0 < � � 1.
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(d) Supp ose 0 � p=q � 1. If p=q � 1 = 2 w e ha v e � ( p=q ) = p=q + � (2 p=q ) = 2;

otherwise � ( p=q ) = ( q � p ) =q + � (2( q � p ) =q ) = 2. Therefore w e can assume that q is

o dd. When q is o dd, let p

0

= p= 2 when p is ev en, p

0

= ( q � p ) = 2 when p is o dd. Then

� ( p=q ) = 2 � ( p

0

=q ) � 2 p

0

=q for 0 < p < q ; this system of q � 1 equations has a unique

solution. F or example, the v alues for q = 3, 4, 5, 6, 7 are 2/3, 2/3; 1/2, 1/2, 1/2; 8/15,

2/3, 2/3, 8/15; 1/2, 2/3, 1/2, 2/3, 1/2; 22/49, 30/49, 32/49, 32/49, 30/49, 22/49.

(e) The solutions <

1

2

are x =

1

4

,

1

4

�

1

16

,

1

4

�

1

16

�

1

64

,

1

4

�

1

16

�

1

64

�

1

256

, : : : ,

1

6

.

(f ) The v alue

2

3

is ac hiev ed for x =

1

2

�

1

8

�

1

32

�

1

128

� � � � , an uncoun table set.

83. Giv en an y in tegers q > p > 0, consider paths starting from 0 in the digraph

0  1  2  3  4  5  � � �

l l l l l l

1 ! 2 ! 3 ! 4 ! 5 ! 6 ! � � �

Compute an asso ciated v alue v , starting with v  � p ; horizon tal mo v es c hange v  2 v ,

v ertical mo v es from no de a c hange v  2( q a � v ). The path stops if w e reac h a no de

t wice with the same v alue v . T ransitions are not allo w ed to upp er no de a if v � � q or

v � q a at that no de; they are not allo w ed to lo w er no de a with v � 0 or v � q ( a + 1).

These restrictions force most steps of the path. (No de a in the upp er ro w means, \Solv e

� ( x ) = ax � v =q "; in the lo w er ro w it means, \Solv e � ( x ) = v =q � ax .") Empirical

tests suggest that all suc h paths are �nite. The equation � ( x ) = p=q then has solutions

x = x

0

de�ned b y the sequence x

0

, x

1

, x

2

, : : : where x

k

=

1

2

x

k +1

on a horizon tal step

and x

k

= 1 �

1

2

x

k +1

on a v ertical step; ev en tually x

k

= x

j

for some j < k . If j > 0 and

if q is not a p o w er of 2, these are all the solutions to � ( x ) = p=q when x > 1 = 2.

F or example, this pro cedure establishes that � ( x ) = 1 = 5 and x > 1 = 2 only when

x is 83581/87040; the only path yields x

0

= 1 �

1

2

x

1

, x

1

=

1

2

x

2

, : : : , x

18

=

1

2

x

19

, and

x

19

= x

11

. There are, similarly , just t w o v alues x > 1 = 2 with � ( x ) = 3 = 5, ha ving

denominator 2

46

(2

56

� 1) = 3.

Moreo v er, it app ears that all cycles in the digraph that pass through no de 0 de�ne

v alues of p and q suc h that � ( x ) = p=q has uncoun tably man y solutions. Suc h v alues

are, for example, 2/3, 8/15, 8/21, corresp onding to the cycles (01), (0121), (012321).

The v alue 32/63 corresp onds to (012121) and also to (012101234545454321), as w ell as

to t w o other paths that do not return to 0.

84. [F rankl, Matsumoto, Ruzsa, and T okushige, J. Com binatorial Theory A69 (1995),

125{148.] If a � b w e ha v e

�

2 t � 1 � b

t � a

�.

T = t

a

( t � 1)

b � a

/ (2 t � 1)

b

= 2

� b

( 1 + f ( a; b ) t

� 1

+ O ( b

4

=t

2

) ) ;

where f ( a; b ) = a (1 + b ) � a

2

� b (1 + b ) = 4 = f ( a + 1 ; b ) � b + 2 a . Therefore if N has

the com binatorial represen tation ( 57 ) , and if w e set n

j

= 2 t � 1 � b

j

, w e ha v e

t

T

�

�

t

N � N

�

=

b

t

2

b

t

+

b

t � 1

� 2

2

b

t � 1

+

b

t � 2

� 4

2

b

t � 2

+ � � � +

O (log t )

3

t

;

the terms b eing negligible when b

j

exceeds 2 lg t . And one can sho w that

�

�

l

X

j =0

2

� e

j

�

=

l

X

j =0

( e

j

� 2 j ) 2

� e

j

:

85. N � �

t � 1

N has the same asymptotic form as �

t

N � N , b y ( 63 ) , since � ( x ) = � (1 � x ).



7.2.1.3 ANSWERS TO EXER CISES 53

So do es 2 �

t

N � N , up to O ( T (log t )

3

=t

2

) , b ecause

�

2 t � 1 � b

t � a

�

= 2

�

2 t � 2 � b

t � a

�

( 1 + O (log t ) =t )

when b < 2 lg t .

86. x 2 X

� �

( ) �x =2 X

�

( ) �x =2 X or �x =2 X + e

1

or � � � or �x =2 X + e

n

( ) x 2 X

�

or x 2 X

�

� e

1

or � � � or x 2 X

�

� e

n

( ) x 2 X

� +

.

87. All three are true, using the fact that X � Y

�

if and only if X

+

� Y : (a) X � Y

�

( ) X

�

� Y

��

= Y

� +

( ) Y

�

� X

� �

. (b) X

+

� X

+

= ) X � X

+ �

; hence

X

�

� X

� + �

. Also X

�

� X

�

= ) X

� +

� X ; hence X

� + �

� X

�

. (c) �M � N ( )

S

+

M

� S

N

( ) S

M

� S

�

N

( ) M � � N .

88. If � x < � y then � ( x � e

k

) < � ( y � e

j

), so w e can assume that � x = � y and that

x > y in lexicographic order. W e m ust ha v e y

j

> 0 ; otherwise � ( y � e

j

) w ould exceed

� ( x � e

k

). If x

i

= y

i

for 1 � i � j , clearly k > j and x � e

k

� y � e

j

. Otherwise x

i

> y

i

for some i � j ; again w e ha v e x � e

k

� y � e

j

, unless x � e

k

= y � e

j

.

89. F rom the table

j = 0 1 2 3 4 5 6 7 8 9 10 11

e

j

+ e

1

= e

1

e

0

e

4

e

5

e

2

e

3

e

8

e

9

e

6

e

7

e

11

e

10

e

j

+ e

2

= e

2

e

4

e

0

e

6

e

1

e

8

e

3

e

10

e

5

e

11

e

7

e

9

e

j

+ e

3

= e

3

e

5

e

6

e

7

e

8

e

9

e

10

e

0

e

11

e

1

e

2

e

4

w e �nd ( � 0 ; � 1 ; : : : ; � 12) = (0 ; 4 ; 6 ; 7 ; 8 ; 9 ; 10 ; 11 ; 11 ; 12 ; 12 ; 12 ; 12); ( � 0 ; � 1 ; : : : ; � 12) =

(0 ; 0 ; 0 ; 0 ; 1 ; 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 8 ; 12).

90. Let Y = X

+

and Z = C

k

X , and let N

a

= j X

k

( a ) j for 0 � a < m

k

. Then

j Y j =

m

k

� 1

X

a =0

j Y

k

( a ) j =

m

k

� 1

X

a =0

j ( X

k

( a � 1) + e

k

) [ ( X

k

( a ) + E

k

(0)) j

�

m

k

� 1

X

a =0

max ( N

a � 1

; �N

a

) ;

where a � 1 stands for ( a � 1) mo d m

k

and the � function comes from the ( n � 1)-

dimensional torus, b ecause j X

k

( a ) + E

k

(0) j � �N

a

b y induction. Also

j Z

+

j =

m

k

� 1

X

a =0

j Z

+

k

( a ) j =

m

k

� 1

X

a =0

j ( Z

k

( a � 1) + e

k

) [ ( Z

k

( a ) + E

k

(0)) j

=

m

k

� 1

X

a =0

max ( N

a � 1

; �N

a

) ;

b ecause b oth Z

k

( a � 1) + e

k

and Z

k

( a ) + E

k

(0) are standard in n � 1 dimensions.

91. Let there b e N

a

p oin ts in ro w a of a totally compressed arra y , where ro w 0 is

at the b ottom; th us l = N

� 1

� N

0

� � � � � N

m � 1

� N

m

= 0. W e sho w �rst

that there is an optim um X for whic h the \bad" condition N

a

= N

a +1

nev er o ccurs

except when N

a

= 0 or N

a

= l . F or if a is the smallest bad subscript, supp ose

N

a � 1

> N

a

= N

a +1

= � � � = N

a + k

> N

a + k +1

. Then w e can alw a ys decrease N

a + k

b y 1

and add 1 to some N

b

for b � a without increasing j X

+

j , except in cases where k = 1

and N

a +2

= N

a +1

� 1 and N

b

= N

a

+ a � b for 0 � b � a . Exploring suc h cases further,

w e can �nd a subscript d suc h that N

c

= N

a +1

+ a + 1 � c > 0 for a < c < d , and

either N

d

= 0 or N

d

< N

d +1

� 1. Then it is OK to decrease N

c

b y 1 for a < c < d and

increase N

b

b y 1 for 0 � b < d � a � 1. (It is imp ortan t to note that if N

d

= 0 w e ha v e

N

0

� d � 1; hence d = m implies l = m .)
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Clemen tsRep eating suc h transformations un til N

a

> N

a +1

whenev er N

a

6= l and N

a +1

6= 0,

w e reac h situation ( 86 ) , and the pro of can b e completed as in the text.

92. Let x + k denote the lexicographically smallest elemen t of T ( m

1

; : : : ; m

n � 1

) that

exceeds x and has w eigh t � x + k , if an y suc h elemen t exists. F or example, if m

1

= m

2

=

m

3

= 4 and x = 211, w e ha v e x + 1 = 212, x + 2 = 213, x + 3 = 223, x + 4 = 233, x + 5 =

333, and x + 6 do es not exist; in general, x + k + 1 is obtained from x + k b y increasing

the righ tmost comp onen t that can b e increased. If x + k = ( m

1

� 1 ; : : : ; m

n � 1

� 1), let

us set x + k + 1 = x + k . Then if S ( k ) is the set of all elemen ts of T ( m

1

; : : : ; m

n � 1

)

that are � x + k , w e ha v e S ( k + 1) = S ( k )

+

. F urthermore, the elemen ts of S that end

in a are those whose �rst n � 1 comp onen ts are in S ( m � 1 � a ).

The result of this exercise can b e stated more in tuitiv ely: As w e generate n -

dimensional standard sets S

1

, S

2

, : : : , the ( n � 1)-dimensional standard sets on eac h

la y er b ecome spreads of eac h other just after eac h p oin t is added to la y er m � 1.

Similarly , they b ecome cores of eac h other just b efore eac h p oin t is added to la y er 0.

93. (a) Supp ose the parameters are 2 � m

0

1

� m

0

2

� � � � � m

0

n

when sorted prop erly ,

and let k b e minimal with m

k

6= m

0

k

. Then tak e N = 1 + rank(0 ; : : : ; 0 ; m

0

k

� 1 ; 0 ; : : : ; 0).

(W e m ust assume that min ( m

1

; : : : ; m

n

) � 2, since parameters equal to 1 can b e placed

an ywhere.)

(b) Only in the pro of for n = 2, buried inside the answ er to exercise 92. That

pro of is incorp orated b y induction when n is larger.

94. Complemen tation rev erses lexicographic order and c hanges

@

to @ .

95. F or Theorem K, let d = n � 1 and s

0

= � � � = s

d

= 1. F or Theorem M, let d = s

and s

0

= � � � = s

d

= t + 1.

96. In suc h a represen tation, N is the n um b er of t -m ulticom binations of f s

0

� 0 ; s

1

� 1 ;

s

2

� 2 ; : : : g that precede n

t

n

t � 1

: : : n

1

in lexicographic order, b ecause the generalized

co e�cien t

�

S ( n )

t

�

coun ts the m ulticom binations whose leftmost comp onen t is < n .

If w e truncate the represen tation b y stopping at the righ tmost nonzero term

�

S ( n

v

)

v

�

, w e obtain a nice generalization of ( 60 ) :

j @ P

N t

j =

�

S ( n

t

)

t � 1

�

+

�

S ( n

t � 1

)

t � 2

�

+ � � � +

�

S ( n

v

)

v � 1

�

:

[See G. F. Clemen ts, J. Com binatorial Theory A37 (1984), 91{97. The inequalities

s

0

� s

1

� � � � � s

d

are needed for the v alidit y of Corollary C, but not for the calculation

of j @ P

N t

j . Some terms

�

S ( n

k

)

k

�

for t � k > v ma y b e zero. F or example, when N = 1,

t = 4, s

0

= 3, and s

1

= 2, w e ha v e N =

�

S (1)

4

�

+

�

S (1)

3

�

= 0 + 1.]

97. (a) The tetrahedron has four v ertices, six edges, four faces: ( N

0

; : : : ; N

4

) =

(1 ; 4 ; 6 ; 4 ; 1). The o ctahedron, similarly , has ( N

0

; : : : ; N

6

) = (1 ; 6 ; 8 ; 8 ; 0 ; 0 ; 0), and

the icosahedron has ( N

0

; : : : ; N

12

) = (1 ; 12 ; 30 ; 20 ; 0 ; : : : ; 0). The hexahedron, ak a the

3-cub e, has eigh t v ertices, 12 edges, and six square faces; p erturbation breaks eac h

square face in to t w o triangles and in tro duces new edges, so w e ha v e ( N

0

; : : : ; N

8

) =

(1 ; 8 ; 18 ; 12 ; 0 ; : : : ; 0). Finally , the p erturb ed p en tagonal faces of the do decahedron lead

to ( N

0

; : : : ; N

20

) = (1 ; 20 ; 54 ; 36 ; 0 ; : : : ; 0).

(b) f 210 ; 310 g [ f 10 ; 20 ; 21 ; 30 ; 31 g [ f 0 ; 1 ; 2 ; 3 g [ f � g .

(c) 0 � N

t

�

�

n

t

�

for 0 � t � n and N

t � 1

� �

t

N

t

for 1 � t � n . The second

condition is equiv alen t to �

t � 1

N

t � 1

� N

t

for 1 � t � n , if w e de�ne �

0

1 = 1 . These

conditions are necessary for Theorem K, and su�cien t if A =

S

P

N

t

t

:
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Lin usson

Clemen ts

dualit y

compressed

simplicial complex

(d) The complemen ts of the elemen ts not in a simplicial complex, namely the sets

f f 0 ; : : : ; n � 1 g n � j � =2 C g , form a simplicial complex. (W e can also v erify that

the necessary and su�cien t condition holds: N

t � 1

� �

t

N

t

( ) �

t � 1

N

t � 1

� N

t

( )

�

n � t +1

N

n � t +1

� N

n � t

, b ecause �

n � t

N

n � t +1

=

�

n

t

�

� �

t � 1

N

t � 1

b y exercise 94.)

(e) 00000 $ 14641; 10000 $ 14640 ; 11000 $ 14630 ; 12000 $ 14620 ; 13000 $

14610 ; 14000 $ 14600 ; 12100 $ 14520 ; 13100 $ 14510 ; 14100 $ 14500 ; 13200 $

14410 ; 14200 $ 14400 ; 13300 $ 14400 ; and the self-dual cases 14300, 13310.

98. The follo wing pro cedure b y S. Lin usson [ Com binatorica 19 (1999), 255{266], who

considered also the more general problem for m ultisets, is considerably faster than a

more ob vious approac h. Let L ( n; h; l ) coun t feasible v ectors with N

t

=

�

n

t

�

for 0 � t � l ,

N

t +1

<

�

n

t +1

�

, and N

t

= 0 for t > h . Then L ( n; h; l ) = 0 unless � 1 � l � h � n ;

also L ( n; h; h ) = L ( n; h; � 1) = 1, and L ( n; n; l ) = L ( n; n � 1 ; l ) for l < n . When

n > h � l � 0 w e can compute L ( n; h; l ) =

P

h

j = l

L ( n � 1 ; h; j ) L ( n � 1 ; j � 1 ; l � 1), a

recurrence that follo ws from Theorem K. (Eac h size v ector corresp onds to the complex

S

P

N

t

t

, with L ( n � 1 ; h; j ) represen ting com binations that do not con tain the maxim um

elemen t n � 1 and L ( n � 1 ; j � 1 ; l � 1) represen ting those that do.) Finally the grand

total is L ( n ) =

P

n

l =1

L ( n; n; l ).

W e ha v e L (0), L (1), L (2), : : : = 2, 3, 5, 10, 26, 96, 553, 5461, 100709, 3718354,

289725509, : : : ; L (100) � 3 : 2299 � 10

1842

.

99. The maximal elemen ts of a simplicial complex form a clutter; con v ersely , the

com binations con tained in elemen ts of a clutter form a simplicial complex. Th us the

t w o concepts are essen tially equiv alen t.

(a) If ( M

0

; M

1

; : : : ; M

n

) is the size v ector of a clutter, then ( N

0

; N

1

; : : : ; N

n

) is

the size v ector of a simplicial complex if N

n

= M

n

and N

t

= M

t

+ �

t +1

N

t +1

for

0 � t < n . Con v ersely , ev ery suc h ( N

0

; : : : ; N

n

) yields an ( M

0

; : : : ; M

n

) if w e use

the lexicographically �rst N

t

t -com binations. [G. F. Clemen ts extended this result to

general m ultisets in Discrete Math. 4 (1973), 123{128.]

(b) In the order of answ er 97(e) they are 00000, 00001, 10000, 00040, 01000, 00030,

02000, 00120, 03000, 00310, 04000, 00600, 00100, 00020, 01100, 00210, 02100, 00500,

00200, 00110, 01200, 00400, 00300, 01010, 01300, 00010. Notice that ( M

0

; : : : ; M

n

) is

feasible if and only if ( M

n

; : : : ; M

0

) is feasible, so w e ha v e a di�eren t sort of dualit y in

this in terpretation.

100. Represen t A as a subset of T ( m

1

; : : : ; m

n

) as in the pro of of Corollary C. Then the

maxim um v alue of � A is obtained when A consists of the N lexicographically smallest

p oin ts x

1

: : : x

n

.

The pro of starts b y reducing to the case that A is compressed, in the sense that

its t -m ulticom binations are P

j A \ T

t

j t

for eac h t . Then if y is the largest elemen t 2 A

and if x is the smallest elemen t =2 A , w e pro v e that x < y implies � x > � y , hence

� ( A n f y g [ f x g ) > � A . F or if � x = � y � k w e could �nd an elemen t of @

k

y that is

greater than x , con tradicting the assumption that A is compressed.

101. (a) In general, F ( p ) = N

0

p

n

+ N

1

p

n � 1

(1 � p ) + � � � + N

n

(1 � p )

n

when f ( x

1

; : : : ; x

n

)

is satis�ed b y exactly N

t

binary strings x

1

: : : x

n

of w eigh t t . Th us w e �nd G ( p ) =

p

4

+ 3 p

3

(1 � p ) + p

2

(1 � p )

2

; H ( p ) = p

4

+ p

3

(1 � p ) + p

2

(1 � p )

2

.

(b) A monotone form ula f is equiv alen t to a simplicial complex C under the cor-

resp ondence f ( x

1

; : : : ; x

n

) = 1 ( ) f j � 1 j x

j

= 0 g 2 C . Therefore the functions f ( p )

of monotone Bo olean functions are those that satisfy the condition of exercise 97(c), and

w e obtain a suitable function b y c ho osing the lexicographically last N

n � t

t -com binations
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Sc h • utzen b erger

Lindstr• om

Engel

Sp erner

cross order

Danh

Da ykin

Ahlsw ede

Cai

Lec k

ternary strings

(whic h are complemen ts of the �rst N

s

s -com binations): f 3210 g , f 321 ; 320 ; 310 g , f 32 g

giv es f ( w ; x; y ; z ) = w xy z _ xy z _ w y z _ w xz _ y z = w xz _ y z .

M. P . Sc h • utzen b erger observ ed that w e can �nd the parameters N

t

easily from

f ( p ) b y noting that f ( 1 = (1 + u ) ) = ( N

0

+ N

1

u + � � � + N

n

u

n

) = (1 + u )

n

. One can sho w

that H ( p ) is not equiv alen t to a monotone form ula in an y n um b er of v ariables, b ecause

(1 + u + u

2

) = (1 + u )

4

= ( N

0

+ N

1

u + � � � + N

n

u

n

) = (1 + u )

n

implies that N

1

= n � 3,

N

2

=

�

n � 3

2

�

+ 1, and �

2

N

2

= n � 2.

But the task of deciding this question is not so simple in general. F or example,

the function (1 + 5 u + 5 u

2

+ 5 u

3

) = (1 + u )

5

do es not matc h an y monotone form ula in

�v e v ariables, b ecause �

3

5 = 7; but it equals (1 + 6 u + 10 u

2

+ 10 u

3

+ 5 u

4

) = (1 + u )

6

,

whic h w orks �ne with six.

102. (a) Cho ose N

t

linearly indep enden t p olynomials of degree t in I ; order their terms

lexicographically , and tak e linear com binations so that the lexicographically smallest

terms are distinct monomials. Let I

0

consist of all m ultiples of those monomials.

(b) Eac h monomial of degree t in I

0

is essen tially a t -m ulticom bination; for

example, x

3

1

x

2

x

4

5

corresp onds to 55552111. If M

t

is the set of indep enden t monomials

for degree t , the ideal prop ert y is equiv alen t to sa ying that M

t +1

�

@

M

t

.

In the giv en example, M

3

= f x

0

x

2

1

g ; M

4

=

@

M

3

[ f x

0

x

1

x

2

2

g ; M

5

=

@

M

4

[ f x

1

x

4

2

g ,

since x

2

2

( x

0

x

2

1

� 2 x

1

x

2

2

) � x

1

( x

0

x

1

x

2

2

) = � 2 x

1

x

4

2

; and M

t +1

=

@

M

t

thereafter.

(c) By Theorem M w e can assume that M

t

=

b

Q

M st

. Let N

t

=

�

n

ts

s

�

+ � � � +

�

n

t 2

2

�

+

�

n

t 1

1

�

, where s + t � n

ts

> � � � > n

t 2

> n

t 1

� 0 ; then n

ts

= s + t if and only if

n

t ( s � 1)

= s � 2, : : : , n

t 1

= 0. F urthermore w e ha v e

N

t +1

� N

t

+ �

s

N

t

=

�

n

ts

+ [ n

ts

� s ]

s

�

+ � � � +

�

n

t 2

+ [ n

t 2

� 2 ]

2

�

+

�

n

t 1

+ [ n

t 1

� 1 ]

1

�

:

Therefore the sequence ( n

ts

� t � 1 [ n

ts

< s ] ; : : : ; n

t 2

� t � 1 [ n

t 2

< 2 ] ; n

t 1

� t � 1 [ n

t 1

< 1 ] )

is lexicographically nondecreasing as t increases, where w e insert ` �1 ' in comp onen ts

that ha v e n

tj

= j � 1. Suc h a sequence cannot increase in�nitely man y times without

exceeding the maxim um v alue ( s; �1 ; : : : ; �1 ), b y exercise 1.2.1{15(d).

103. Let P

N st

b e the �rst N elemen ts of a sequence determined as follo ws: F or eac h

binary string x = x

s + t � 1

: : : x

0

, in lexicographic order, write do wn

�

� x

t

�

sub cub es b y

c hanging t of the 1s to � s in all p ossible w a ys, in lexicographic order (considering 1 < � ).

F or example, if x = 0101101 and t = 2, w e generate the sub cub es 0101 � 0 � , 010 � 10 � ,

010 � � 01, 0 � 0110 � , 0 � 01 � 01, 0 � 0 � 101.

[See B. Lindstr• om, Arkiv f• or Mat. 8 (1971), 245{257; a generalization analogous

to Corollary C app ears in K. Engel, Sp erner Theory (Cam bridge Univ. Press, 1997),

Theorem 8.1.1.]

104. The �rst N strings in cross order ha v e the desired prop ert y . [T. N. Danh and

D. E. Da ykin, J. London Math. So c. (2) 55 (1997), 417{426.]

Notes: Beginning with the observ ation that the \1-shado w" of the N lexico-

graphically �rst strings of w eigh t t (namely the strings obtained b y deleting 1 bits

only) consists of the �rst �

t

N strings of w eigh t t , R. Ahlsw ede and N. Cai extended

the Danh{Da ykin theorem to allo w insertion, deletion, and/or transp osition of bits

[ Com binatorica 17 (1997), 11{29; Applied Math. Letters 11 , 5 (1998), 121{126]. Uw e

Lec k has pro v ed that no total ordering of ternary strings has the analogous minim um-

shado w prop ert y [Preprin t 98/6 (Univ. Rosto c k, 1998), 6 pages].

105. Ev ery n um b er m ust o ccur the same n um b er of times in the cycle. Equiv alen tly ,

�

n � 1

t � 1

�

m ust b e a m ultiple of t . This necessary condition app ears to b e su�cien t as
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Ch ung

Graham

Diaconis

Eulerian trails

complete graph

Reiss

Reiss

Joliv ald

T arry

Lucas

McKa y

Robinson

Fly e Sain te-Marie

P oinsot

Jac kson

Hurlb ert

w ell, pro vided that n is not to o small with resp ect to t ; but suc h a result ma y w ell b e

true y et imp ossible to pro v e. [See Ch ung, Graham, and Diaconis, Discrete Math. 110

(1992), 55{57.]

The next few exercises consider the cases t = 2 and t = 3, for whic h elegan t

results are kno wn. Similar but more complicated results ha v e b een deriv ed for t = 4

and t = 5, and the case t = 6 has b een partially resolv ed. The case ( n; t ) = (12 ; 6) is

curren tly the smallest for whic h the existence of a univ ersal cycle is unkno wn.

106. Let the di�erences mo d (2 m + 1) b e 1, 2, : : : , m , 1, 2, : : : , m , : : : , rep eated 2 m + 1

times; for example, the cycle for m = 3 is (0 1 3 6 0 2 5 6 1 4 5 0 3 4 6 2 3 5 1 2 4 ). This w orks

b ecause 1 + � � � + m =

�

m +1

2

�

is relativ ely prime to 2 m + 1. [ J.

�

Ecole P olytec hnique 4 ,

Cahier 10 (1810), 16{48.]

107. The sev en doubles

<0> 0

,

<1> 1

, : : : ,

<6> 6

can b e inserted in 3

7

w a ys in to an y

univ ersal cycle of 3-com binations for f 0 ; 1 ; 2 ; 3 ; 4 ; 5 ; 6 g . The n um b er of suc h univ ersal

cycles is the n um b er of Eulerian trails of the complete graph K

7

, whic h can b e sho wn

to b e 129,976,320 if w e regard ( a

0

a

1

: : : a

20

) as equiv alen t to ( a

1

: : : a

20

a

0

) but not to

the rev erse-order cycle ( a

20

: : : a

1

a

0

). So the answ er is 284,258,211,840.

[This problem w as �rst solv ed in 1859 b y M. Reiss, whose metho d w as so com-

plicated that p eople doubted the result; see Nouv elles Annales de Math � ematiques 8

(1849), 74; 11 (1852), 115; Annali di Matematica Pura ed Applicata (2) 5 (1871{

1873), 63{120. A considerably simpler solution, con�rming Reiss's claim, w as found b y

P . Joliv ald and G. T arry , who also en umerated the Eulerian trails of K

9

; see Comptes

Rendus Asso ciation F ran� caise p our l'Av ancemen t des Sciences 15 , part 2 (1886), 49{

53;

�

E. Lucas, R � ecr � eations Math � ematiques 4 (1894), 123{151. Brendan D. McKa y and

Rob ert W. Robinson found an approac h that is b etter still, enabling them to con tin ue

the en umeration through K

21

b y using the fact that the n um b er of trails is

( m � 1)!

2 m +1

[ z

2 m

0

z

2 m � 2

1

: : : z

2 m � 2

2 m

] det( a

j k

)

Y

1 � j <k � 2 m

( z

2

j

+ z

2

k

) ;

where a

j k

= � 1 = ( z

2

j

+ z

2

k

) when j 6= k ; a

j j

= � 1 = (2 z

2

j

) +

P

0 � k � 2 m

1 = ( z

2

j

+ z

2

k

); see

Com binatorics, Probabilit y , and Computing 7 (1998), 437{449.]

C. Fly e Sain te-Marie, in L' In term � ediaire des Math � ematiciens 1 (1894), 164{165,

noted that the Eulerian trails of K

7

include 2 � 720 that ha v e 7-fold symmetry under

p erm utation of f 0 ; 1 ; : : : ; 6 g (namely P oinsot's cycle and its rev erse), plus 32 � 1680

with 3-fold symmetry , plus 25778 � 5040 cycles that are asymmetric.

108. No solution is p ossible for n < 7, except in the trivial case n = 4. When

n = 7 there are 12 ; 255 ; 208 � 7! univ ersal cycles, not considering ( a

0

a

1

: : : a

34

) to b e the

same as ( a

1

: : : a

34

a

0

), including cases with 5-fold symmetry lik e the example cycle in

exercise 105.

When n � 8 w e can pro ceed systematically as suggested b y B. Jac kson in Discrete

Math. 117 (1993), 141{150; see also G. Hurlb ert, SIAM J. Disc. Math. 7 (1994),

598{604: Put eac h 3-com bination in to the \standard cyclic order" c

1

c

2

c

3

where c

2

=

( c

1

+ � ) mo d n , c

3

= ( c

2

+ �

0

) mo d n , 0 < � ; �

0

< n= 2, and either � = �

0

or max ( � ; �

0

) <

n � � � �

0

6= ( n � 1) = 2 or (1 < � < n= 4 and �

0

= ( n � 1) = 2) or ( � = ( n � 1) = 2 and

1 < �

0

< n= 4). F or example, when n = 8 the allo w able v alues of ( � ; �

0

) are (1 ; 1),

(1 ; 2), (1 ; 3), (2 ; 1), (2 ; 2), (3 ; 1), (3 ; 3); when n = 11 they are (1 ; 1), (1 ; 2), (1 ; 3),

(1 ; 4), (2 ; 1), (2 ; 2), (2 ; 3), (2 ; 5), (3 ; 1), (3 ; 2), (3 ; 3), (4 ; 1), (4 ; 4), (5 ; 2), (5 ; 5). Then

construct the digraph with v ertices ( c; � ) for 0 � c < n and 1 � � < n= 2, and with arcs

( c

1

; � ) ! ( c

2

; �

0

) for ev ery com bination c

1

c

2

c

3

in standard cyclic order. This digraph is
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Eulerian trail

bit wise manipulation

Gra y-co de order

D A VIDSON

connected and balanced, so it has an Eulerian trail b y Theorem 2.3.4.2D. (The p eculiar

rules ab out ( n � 1) = 2 mak e the digraph connected when n is o dd. The Eulerian trail

can b e c hosen to ha v e n -fold symmetry when n = 8, but not when n = 12.)

109. When n = 1 the cycle (0 0 0) is trivial; when n = 2 there is no cycle; and

there are essen tially only t w o when n = 4, namely (0 0 0 1 1 1 2 2 2 3 3 3 0 2 0 2 1 3 1 3) and

(0 0 0 1 1 1 2 0 2 0 3 3 3 2 2 2 1 3 1 3) . When n � 5, let the m ulticom bination d

1

d

2

d

3

b e in

standard cyclic order if d

2

= ( d

1

+ � � 1) mo d n , d

3

= ( d

2

+ �

0

� 1) mo d n , and ( � ; �

0

)

is allo w able for n + 3 in the previous answ er. Construct the digraph with v ertices

( d; � ) for 0 � d < n and 1 � � < ( n + 3) = 2, and with arcs ( d

1

; � ) ! ( d

2

; �

0

) for ev ery

m ulticom bination d

1

d

2

d

3

in standard cyclic order; then �nd an Eulerian trail.

P erhaps a univ ersal cycle of t -m ulticom binations exists for f 0 ; 1 ; : : : ; n � 1 g if and

only if a univ ersal cycle of t -com binations exists for f 0 ; 1 ; : : : ; n + t � 1 g .

110. A nice w a y to c hec k for runs is to compute the n um b ers b ( S ) =

P

f 2

p ( c )

j c 2 S g

where ( p ( A ) ; : : : ; p ( K ) ) = (1 ; : : : ; 13); then set l  b ( S ) ^ � b ( S ) and c hec k that b ( S ) + l =

l � s , and also that ( ( l � s ) _ ( l � 1) ) ^ a = 0, where a = 2

p ( c

1

)

_ � � � _ 2

p ( c

5

)

. The

v alues of b ( S ) and

P

f v ( c ) j c 2 S g are easily main tained as S runs through all 31

nonempt y subsets in Gra y-co de order. The answ ers are (1009008, 99792, 2813796,

505008, 2855676, 697508, 1800268, 751324, 1137236, 361224, 388740, 51680, 317340,

19656, 90100, 9168, 58248, 11196, 2708, 0, 8068, 2496, 444, 356, 3680, 0, 0, 0, 76, 4)

for x = (0 ; : : : ; 29); th us the mean score is � 4 : 769 and the v ariance is � 9 : 768.

Hands without p oints a re sometimes facetiously called nineteen,

as that numb er cannot b e made b y the ca rds.

| G. H. D A VIDSON, Dee's Hand-Bo ok of Cribbage (1839)

Note: A four-card 
ush is not allo w ed in the \crib." Then the distribution is a bit

easier to compute, and it turns out to b e (1022208, 99792, 2839800, 508908, 2868960,

703496, 1787176, 755320, 1118336, 358368, 378240, 43880, 310956, 16548, 88132, 9072,

57288, 11196, 2264, 0, 7828, 2472, 444, 356, 3680, 0, 0, 0, 76, 4); the mean and v ariance

decrease to appro ximately 4.735 and 9.667.
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