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PREF A CE

I thought it w o rth a Da y es lab our,

to write something on this Art o r Science,

that the Rules thereof might not b e lost and obscured.

| RICHARD DUCKW ORTH, Tintinnalogia (1668)

This booklet con tains draft material that I'm circulating to exp erts in the

�eld, in hop es that they can help remo v e its most egregious errors b efore to o

man y other p eople see it. I am also, ho w ev er, p osting it on the In ternet for

courageous and/or random readers who don't mind the risk of reading a few

pages that ha v e not y et reac hed a v ery mature state. Bewar e: This material has

not y et b een pro ofread as thoroughly as the man uscripts of V olumes 1, 2, and 3

w ere at the time of their �rst prin tings. And those carefully-c hec k ed v olumes,

alas, w ere subsequen tly found to con tain thousands of mistak es.

Giv en this ca v eat, I hop e that m y errors this time will not b e so n umerous

and/or obtrusiv e that y ou will b e discouraged from reading the material carefully .

I did try to mak e it b oth in teresting and authoritativ e, as far as it go es. But the

�eld is so v ast, I cannot hop e to ha v e surrounded it enough to corral it completely .

Therefore I b eg y ou to let me kno w ab out an y de�ciencies y ou disco v er.

T o put the material in con text, this is Section 7.2.1.2 of a long, long c hapter

on com binatorial algorithms. Chapter 7 will ev en tually �ll three v olumes (namely

V olumes 4A, 4B, and 4C), assuming that I'm able to remain health y . It will

b egin with a short review of graph theory , with emphasis on some highligh ts

of signi�can t graphs in The Stanford GraphBase (from whic h I will b e dra wing

man y examples). Then comes Section 7.1, whic h deals with the topic of bit wise

manipulations. (I drafted ab out 60 pages ab out that sub ject in 1977, but those

pages need extensiv e revision; mean while I'v e decided to w ork for a while on

the material that follo ws it, so that I can get a b etter feel for ho w m uc h to

cut.) Section 7.2 is ab out generating all p ossibilities, and it b egins with Section

7.2.1: Generating Basic Com binatorial P atterns | whic h, in turn, b egins with

Section 7.2.1.1, \Generating all n -tuples." (Readers of the presen t b o oklet should

ha v e already lo ok ed at Section 7.2.1.1, a draft of whic h is a v ailable as Pre-

F ascicle 2A.) That sets the stage for the main con ten ts of this b o oklet, Section

7.2.1.2: \Generating all p erm utations." Then will come Section 7.2.1.3 (ab out

com binations), etc. Section 7.2.2 will deal with bac ktrac king in general. And

so it will go on, if all go es w ell; an outline of the en tire Chapter 7 as curren tly

en visaged app ears on the taocp w ebpage that is cited on page ii.

iii
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iv PREF A CE

Ev en the apparen tly lo wly topic of p erm utation generation turns out to b e

surprisingly ric h, with ties to Sections 1.2.9, 1.3.3, 2.2.3, 2.3.4.2, 3.4.2, 4.1, 5.1.1,

5.1.2, 5.1.4, 5.2.1, 5.2.2, 5.3.1, and 6.1 of the �rst three v olumes. There also is

material related to the MMIX computer, de�ned in Section 1.3.1

0

of F ascicle 1.

I strongly b eliev e in building up a �rm foundation, so I ha v e discussed this topic

m uc h more thoroughly than I will b e able to do with material that is new er or

less basic. T o m y surprise, I came up with 112 exercises, ev en though | b eliev e

it or not | I had to eliminate quite a bit of the in teresting material that app ears

in m y �les.

Some of the things presen ted are new, to the b est of m y kno wledge, although

I will not b e at all surprised to learn that m y o wn little \disco v eries" ha v e b een

disco v ered b efore. Please lo ok, for example, at the exercises that I'v e classed as

researc h problems (rated with di�cult y lev el 46 or higher), namely exercises 71

and 109; I'v e also implicitly p osed additional unsolv ed questions in the answ ers

to exercises 28, 58, 63, 67, 100, 106, and 112. Are those problems still op en?

Please let me kno w if y ou kno w of a solution to an y of these in triguing questions.

And of course if no solution is kno wn to da y but y ou do mak e progress on an y of

them in the future, I hop e y ou'll let me kno w.

I urgen tly need y our help also with resp ect to some exercises that I made

up as I w as preparing this material. I certainly don't lik e to get credit for things

that ha v e already b een published b y others, and most of these results are quite

natural \fruits" that w ere just w aiting to b e \pluc k ed." Therefore please tell

me if y ou kno w who I should ha v e credited, with resp ect to the ideas found in

exercises 6, 7, 20, 25, 41, 55, 60, 65, 66, 67, 69, 70, 76, 89, 99, 104, and/or 106.

I shall happily pa y a �nder's fee of $2.56 for eac h error in this draft when it is

�rst rep orted to me, whether that error b e t yp ographical, tec hnical, or historical.

The same rew ard holds for items that I forgot to put in the index. And v aluable

suggestions for impro v emen ts to the text are w orth 32/ c eac h. (F urthermore, if

y ou �nd a b etter solution to an exercise, I'll actually rew ard y ou with immortal

glory instead of mere money , b y publishing y our name in the ev en tual b o ok: � )

Cross references to y et-un written material sometimes app ear as `00'; this

imp ossible v alue is a placeholder for the actual n um b ers to b e supplied later.

Happ y reading!

Stanfor d, California D. E. K.

31 De c emb er 2001
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7.2.1.2 GENERA TING ALL PERMUT A TIONS 1

Tin tan din dan bim bam b om b o |

tan tin din dan bam bim b o b om |

tin tan dan din bim bam b om b o |

tan tin dan din bam bim b o b om |

tan dan tin bam din b o bim b om |

: : : . Tin tan din dan bim bam b om b o.

| DOROTHY L. SA YERS, The Nine T ailo rs (1934)

A p ermutation on the ten decimal digits is simply a 10 digit decimal numb er

in which all digits a re distinct. Hence all w e need to do is to p ro duce

all 10 digit numb ers and select only those whose digits a re distinct.

Isn't it w onderful ho w high sp eed computing saves us from

the drudgery of thinking! W e simply p rogram k + 1 ! k

and examine the digits of k fo r undesirable equalities.

This gives us the p ermutations in dictiona ry o rder to o!

On second sob er thought : : : w e do need to think of something else.

| D. H. LEHMER (1957)

7.2.1.2. Generating all p erm utations. After n -tuples, the next most im-

p ortan t item on nearly ev eryb o dy's wish list for com binatorial generation is the

task of visiting all p ermutations of some giv en set or m ultiset. Man y di�eren t

w a ys ha v e b een devised to solv e this problem. In fact, almost as man y di�eren t

algorithms ha v e b een published for unsorting as for sorting! W e will study the

most imp ortan t p erm utation generators in this section, b eginning with a classical

metho d that is b oth simple and 
exible:

Algorithm L ( L exic o gr aphic p ermutation gener ation ). Giv en a sequence of n

elemen ts a

1

a

2

: : : a

n

, initially sorted so that

a

1

� a

2

� � � � � a

n

; ( 1 )

this algorithm generates all p erm utations of f a

1

; a

2

; : : : ; a

n

g , visiting them in

lexicographic order. (F or example, the p erm utations of f 1 ; 2 ; 2 ; 3 g are

1223 ; 1232 ; 1322 ; 2123 ; 2132 ; 2213 ; 2231 ; 2312 ; 2321 ; 3122 ; 3212 ; 3221 ;

ordered lexicographically .) An auxiliary elemen t a

0

is assumed to b e presen t for

con v enience; a

0

m ust b e strictly less than the largest elemen t a

n

.

L1. [Visit.] Visit the p erm utation a

1

a

2

: : : a

n

.

1



2 COMBINA TORIAL ALGORITHMS (F2B) 7.2.1.2

L2. [Find j .] Set j  n � 1. If a

j

� a

j +1

, decrease j b y 1 rep eatedly un til

a

j

< a

j +1

. T erminate the algorithm if j = 0. (A t this p oin t j is the smallest

subscript suc h that w e ha v e already visited all p erm utations b eginning with

a

1

: : : a

j

. Therefore the lexicographically next p erm utation will increase the

v alue of a

j

.)

L3. [Increase a

j

.] Set l  n . If a

j

� a

l

, decrease l b y 1 rep eatedly un til a

j

< a

l

.

Then in terc hange a

j

$ a

l

. (Since a

j +1

� � � � � a

n

, elemen t a

l

is the

smallest elemen t greater than a

j

that can legitimately follo w a

1

: : : a

j � 1

in a

p erm utation. Before the in terc hange w e had a

j +1

� � � � � a

l � 1

� a

l

> a

j

�

a

l +1

� � � � � a

n

; after the in terc hange, w e ha v e a

j +1

� � � � � a

l � 1

� a

j

>

a

l

� a

l +1

� � � � � a

n

.)

L4. [Rev erse a

j +1

: : : a

n

.] Set k  j + 1 and l  n . Then, if k < l , in terc hange

a

k

$ a

l

, set k  k + 1, l  l � 1, and rep eat un til k � l . Return to L1.

This algorithm go es bac k to N� ar� ay an

.

a P an

.

d

.

ita in 14th-cen tury India (see Section

7.2.1.7); it also app eared in C. F. Hinden burg's preface to Sp ecimen Analyticum

de Lineis Curvis Secundi Ordinis b y C. F. R • udiger (Leipzig: 1784), xlvi{xlvii,

and it has b een frequen tly redisco v ered ev er since. The paren thetical remarks in

steps L2 and L3 explain wh y it w orks.

In general, the lexicographic successor of an y com binatorial pattern a

1

: : : a

n

is obtainable b y a three-step pro cedure:

1) Find the largest j suc h that a

j

can b e increased.

2) Increase a

j

b y the smallest feasible amoun t.

3) Find the lexicographically least w a y to extend the new a

1

: : : a

j

to a complete

pattern.

Algorithm L follo ws this general pro cedure in the case of p erm utation generation,

just as Algorithm 7.2.1.1M follo w ed it in the case of n -tuple generation; w e will

see n umerous further instances later, as w e consider other kinds of com binatorial

patterns. Notice that w e ha v e a

j +1

� � � � � a

n

at the b eginning of step L4.

Therefore the �rst p erm utation b eginning with the curren t pre�x a

1

: : : a

j

is

a

1

: : : a

j

a

n

: : : a

j +1

, and step L4 pro duces it b y doing b ( n � j ) = 2 c in terc hanges.

In practice, step L2 �nds j = n � 1 half of the time when the elemen ts are

distinct, b ecause exactly n ! = 2 of the n ! p erm utations ha v e a

n � 1

< a

n

. Therefore

Algorithm L can b e sp eeded up b y recognizing this sp ecial case, without making

it signi�can tly more complicated. (See exercise 1.) Similarly , the probabilit y

that j � n � t is only 1 =t ! when the a 's are distinct; hence the lo ops in steps L2{

L4 usually go v ery fast. Exercise 6 analyzes the running time in general, sho wing

that Algorithm L is reasonably e�cien t ev en when equal elemen ts are presen t,

unless some v alues app ear m uc h more often than others do in the m ultiset

f a

1

; a

2

; : : : ; a

n

g .

Adjacen t in terc hanges. W e sa w in Section 7.2.1.1 that Gra y co des are ad-

v an tageous for generating n -tuples, and similar considerations apply when w e

w an t to generate p erm utations. The simplest p ossible c hange to a p erm utation

is to in terc hange adjacen t elemen ts, and w e kno w from Chapter 5 that an y

2



7.2.1.2 GENERA TING ALL PERMUT A TIONS 3

p erm utation can b e sorted in to order if w e mak e a suitable sequence of suc h

in terc hanges. (F or example, Algorithm 5.2.2B w orks in this w a y .) Hence w e can

go bac kw ard and obtain an y desired p erm utation, b y starting with all elemen ts

in order and then exc hanging appropriate pairs of adjacen t elemen ts.

A natural question no w arises: Is it p ossible to run through al l p erm utations

of a giv en m ultiset in suc h a w a y that only t w o adjacen t elemen ts c hange places

at ev ery step? If so, the o v erall program that is examining all p erm utations will

often b e simpler and faster, b ecause it will only need to calculate the e�ect of

an exc hange instead of to repro cess an en tirely new arra y a

1

: : : a

n

eac h time.

Alas, when the m ultiset has rep eated elemen ts, w e can't alw a ys �nd suc h

a Gra y-lik e sequence. F or example, the six p erm utations of f 1 ; 1 ; 2 ; 2 g are con-

nected to eac h other in the follo wing w a y b y adjacen t in terc hanges:

1122 1212

2112

1221

2121 2211

; ( 2 )

this graph has no Hamiltonian path.

But most applications deal with p erm utations of distinct elemen ts, and for

this case there is go o d news: A simple algorithm mak es it p ossible to generate

all n ! p erm utations b y making just n ! � 1 adjacen t in terc hanges. F urthermore,

another suc h in terc hange returns to the starting p oin t, so w e ha v e a Hamiltonian

cycle analogous to Gra y binary co de.

The idea is to tak e suc h a sequence for f 1 ; : : : ; n � 1 g and to insert the

n umb er n in to eac h p erm utation in all w a ys. F or example, if n = 4 the sequence

(123 ; 132 ; 312 ; 321 ; 231 ; 213) leads to the columns of the arra y

1234 1324 3124 3214 2314 2134

1243 1342 3142 3241 2341 2143

1423 1432 3412 3421 2431 2413

4123 4132 4312 4321 4231 4213

( 3 )

when 4 is inserted in all four p ossible p ositions. No w w e obtain the desired

sequence b y reading do wn w ards in the �rst column, up w ards in the second, do wn-

w ards in the third, : : : , up w ards in the last: (1234 ; 1243 ; 1423 ; 4123 ; 4132 ; 1432 ;

1342 ; 1324 ; 3124 ; 3142 ; : : : ; 2143 ; 2134).

In Section 5.1.1 w e studied the in v ersions of a p erm utation, namely the pairs

of elemen ts (not necessarily adjacen t) that are out of order. Ev ery in terc hange

of adjacen t elemen ts c hanges the total n um b er of in v ersions b y � 1. In fact, when

w e consider the so-called in v ersion table c

1

: : : c

n

of exercise 5.1.1{7, where c

j

is

the n um b er of elemen ts lying to the righ t of j that are less than j , w e �nd that

the p erm utations in ( 3 ) ha v e the follo wing in v ersion tables:

0000 0010 0020 0120 0110 0100

0001 0011 0021 0121 0111 0101

0002 0012 0022 0122 0112 0102

0003 0013 0023 0123 0113 0103

( 4 )

And if w e read these columns alternately do wn and up as b efore, w e obtain

precisely the re
ected Gra y co de for mixed radices (1 ; 2 ; 3 ; 4), as in Eqs. ( 46 ) {( 51 )

3



4 COMBINA TORIAL ALGORITHMS (F2B) 7.2.1.2

of Section 7.2.1.1. The same prop ert y holds for all n , as noticed b y E. W. Dijkstra

[ Acta Informatica 6 (1976), 357{359], and it leads us to the follo wing form ulation:

Algorithm P ( Plain changes ). Giv en a sequence a

1

a

2

: : : a

n

of n distinct

elemen ts, this algorithm generates all of their p erm utations b y rep eatedly in ter-

c hanging adjacen t pairs. It uses an auxiliary arra y c

1

c

2

: : : c

n

, whic h represen ts

in v ersions as describ ed ab o v e, running through all sequences of in tegers suc h that

0 � c

j

< j for 1 � j � n . ( 5 )

Another arra y o

1

o

2

: : : o

n

go v erns the directions b y whic h the en tries c

j

c hange.

P1. [Initialize.] Set c

j

 0 and o

j

 1 for 1 � j � n .

P2. [Visit.] Visit the p erm utation a

1

a

2

: : : a

n

.

P3. [Prepare for c hange.] Set j  n and s  0. (The follo wing steps determine

the co ordinate j for whic h c

j

is ab out to c hange, preserving ( 5 ) ; v ariable s

is the n um b er of indices k > j suc h that c

k

= k � 1.)

P4. [Ready to c hange?] Set q  c

j

+ o

j

. If q < 0, go to P7; if q = j , go to P6.

P5. [Change.] In terc hange a

j � c

j

+ s

$ a

j � q + s

. Then set c

j

 q and return to P2.

P6. [Increase s .] T erminate if j = 1; otherwise set s  s + 1.

P7. [Switc h direction.] Set o

j

 � o

j

, j  j � 1, and go bac k to P4.

This pro cedure, whic h clearly w orks for all n � 1, originated in 17th-cen tury

England, when b ell ringers b egan the deligh tful custom of ringing a set of b ells

in all p ossible p erm utations. They called Algorithm P the metho d of plain

changes . Figure 18(a) illustrates the \Cam bridge F ort y-Eigh t," an irregular

and ad ho c sequence of 48 p erm utations on 5 b ells that had b een used in

the early 1600s, b efore the plain-c hange principle rev ealed ho w to ac hiev e all

5! = 120 p ossibilities. The v enerable history of Algorithm P has b een traced to

a man uscript b y P eter Mundy no w in the Bo dleian Library , written ab out 1653

and transcrib ed b y Ernest Morris in The History and Art of Change Ringing

(1931), 29{30. Shortly afterw ards, a famous b o ok called Tin tinnalogia , published

anon ymously in 1668 but no w kno wn to ha v e b een written b y Ric hard Duc kw orth

and F abian Stedman, dev oted its �rst 60 pages to a detailed description of plain

c hanges, w orking up from n = 3 to the case of arbitrarily large n .

Camb ridge F o rt y-eight , fo r many y ea rs,

w as the greatest P eal that w as Rang o r invented; but no w,

neither F o rt y-eight , no r a Hundred , no r Seven-hundred and t w ent y ,

no r any Numb er can con�ne us; fo r w e can Ring Changes, Ad in�nitum.

: : : On four Bells, there a re Tw ent y four several Changes ,

in Ringing of which, there is one Bell called the Hunt ,

and the other three a re Extream Bells;

the Hunt moves, and hunts up and do wn continually : : : ;

t w o of the Extream Bells mak es a Change

every time the Hunt comes b efo re o r b ehind them.

| DUCKW ORTH and STEDMAN, Tintinnalogia (1668)

4



7.2.1.2 GENERA TING ALL PERMUT A TIONS 5

(incomplete)

(a) The Cam bridge F ort y-Eigh t.

(b) Plain Changes.

(c) Grandsire Doubles.

(d) Stedman Doubles.

Fig. 18. F our patterns used to ring �v e c h urc h-b ells

in 17th-cen tury England. P attern (b) corresp onds to

Algorithm P .

British b ellringing en th usiasts so on w en t on to dev elop more complicated

sc hemes in whic h t w o or more pairs of b ells c hange places sim ultaneously . F or

example, they devised the pattern in Fig. 18(c) kno wn as Grandsire Doubles,

\the b est and most ingenious P eal that ev er w as comp osed, to b e rang on �v e

b ells" [ Tin tinnalogia , page 95]. Suc h fancier metho ds are more in teresting than

Algorithm P from a m usical or mathematical standp oin t, but they are less useful

in computer applications, so w e shall not dw ell on them here. In terested readers

can learn more b y reading W. G. Wilson's b o ok, Change Ringing (1965); see

also A. T. White, AMM 103 (1996), 771{778.

H. F. T rotter published the �rst computer implemen tation of plain c hanges

in CA CM 5 (1962), 434{435. The algorithm is quite e�cien t, esp ecially when it

is streamlined as in exercise 16, b ecause n � 1 out of ev ery n p erm utations are

generated without using steps P6 and P7. By con trast, Algorithm L enjo ys its

b est case only ab out half of the time.

The fact that Algorithm P do es exactly one in terc hange p er visit means that

the p erm utations it generates are alternately ev en and o dd (see exercise 5.1.1{

13). Therefore w e can generate all the ev en p erm utations b y simply b ypassing

the o dd ones. In fact, the c and o tables mak e it easy to k eep trac k of the curren t

total n um b er of in v ersions, c

1

+ � � � + c

n

, as w e go.

Man y programs need to generate the same p erm utations rep eatedly , and in

suc h cases w e needn't run through the steps of Algorithm P eac h time. W e can

simply prepare a list of suitable transitions, using the follo wing metho d:

Algorithm T ( Plain change tr ansitions ). This algorithm computes a table t [1],

t [2], : : : , t [ n ! � 1] suc h that the actions of Algorithm P are equiv alen t to the

successiv e in terc hanges a

t [ k ]

$ a

t [ k ]+1

for 1 � k < n !. W e assume that n � 2.

T1. [Initialize.] Set N  n !, d  N = 2, t [ d ]  1, and m  2.

5



6 COMBINA TORIAL ALGORITHMS (F2B) 7.2.1.2

T2. [Lo op on m .] T erminate if m = n . Otherwise set m  m + 1, d  d=m ,

and k  0. (W e main tain the condition d = n ! =m !.)

T3. [Hun t do wn.] Set k  k + d and j  m � 1. Then while j > 0, set t [ k ]  j ,

j  j � 1, and k  k + d , un til j = 0.

T4. [O�set.] Set t [ k ]  t [ k ] + 1 and k  k + d .

T5. [Hun t up.] While j < m � 1, set j  j + 1, t [ k ]  j , and k  k + d . Return

to T3 if k < N , otherwise return to T2.

F or example, if n = 4 w e get the table ( t [1] ; t [2] ; : : : ; t [23]) = (3 ; 2 ; 1 ; 3 ; 1 ; 2 ; 3 ; 1 ;

3 ; 2 ; 1 ; 3 ; 1 ; 2 ; 3 ; 1 ; 3 ; 2 ; 1 ; 3 ; 1 ; 2 ; 3).

Alphametics. No w let's consider a simple kind of puzzle in whic h p erm utations

are useful: Ho w can the pattern

SEND

+ MORE

MONEY

( 6 )

represen t a correct sum, if ev ery letter stands for a di�eren t decimal digit?

[H. E. Dudeney , Strand 68 (1924), 97, 214.] Suc h puzzles are often called

\alphametics," a w ord coined b y J. A. H. Hun ter [ Glob e and Mail (T oron to:

27 Octob er 1955), 27]; another term, \cryptarithm," has also b een suggested b y

S. V atriquan t [ Sphinx 1 (Ma y 1931), 50].

The classic alphametic ( 6 ) can easily b e solv ed b y hand (see exercise 21). But

let's supp ose w e w an t to deal with a large set of complicated alphametics, some

of whic h ma y b e unsolv able while others ma y ha v e dozens of solutions. Then w e

can sa v e time b y programming a computer to try out all p erm utations of digits

that matc h a giv en pattern, seeing whic h p erm utations yield a correct sum.

[A computer program for solving alphametics w as published b y John Beidler in

Creativ e Computing 4 , 6 (No v em b er{Decem b er 1978), 110{113.]

W e migh t as w ell raise our sigh ts sligh tly and consider additiv e alphametics

in general, dealing not only with simple sums lik e ( 6 ) but also with examples lik e

VIOLIN + VIOLIN + VIOLA = TRIO + SONATA :

Equiv alen tly , w e w an t to solv e puzzles suc h as

2( VIOLIN ) + VIOLA � TRIO � SONATA = 0 ; ( 7 )

where a sum of terms with in teger co e�cien ts is giv en and the goal is to obtain

zero b y substituting distinct decimal digits for the di�eren t letters. Eac h letter

in suc h a problem has a \signature" obtained b y substituting 1 for that letter

and 0 for the others; for example, the signature for I in ( 7 ) is

2(010010) + 01000 � 0010 � 000000 ;

namely 21010. If w e arbitrarily assign the co des (1 ; 2 ; : : : ; 10) to the letters

( V ; I ; O ; L ; N ; A ; T ; R ; S ; X ), the resp ectiv e signatures corresp onding to ( 7 ) are

s

1

= 210000 ; s

2

= 21010 ; s

3

= � 7901 ; s

4

= 210 ; s

5

= � 998 ;

s

6

= � 100 ; s

7

= � 1010 ; s

8

= � 100 ; s

9

= � 100000 ; s

10

= 0 :

( 8 )

6



7.2.1.2 GENERA TING ALL PERMUT A TIONS 7

(An additional letter, X , has b een added b ecause w e need ten of them.) The

problem no w is to �nd all p erm utations a

1

: : : a

10

of f 0 ; 1 ; : : : ; 9 g suc h that

a � s =

10

X

j =1

a

j

s

j

= 0 : ( 9 )

There also is a side condition, b ecause the n um b ers in alphametics should not

ha v e zero as a leading digit. F or example, the sums

7316

+ 0823

08139

and

5731

+ 0647

06378

and

6524

+ 0735

07259

and

2817

+ 0368

03185

and n umerous others are not considered to b e v alid solutions of ( 6 ) . In general

there is a set F of �rst letters suc h that w e m ust ha v e

a

j

6= 0 for all j 2 F ; ( 10 )

the set F corresp onding to ( 7 ) and ( 8 ) is f 1 ; 7 ; 9 g .

One w a y to tac kle a family of additiv e alphametics is to start b y using

Algorithm T to prepare a table of 10! � 1 transitions t [ k ]. Then, for eac h problem

de�ned b y a signature sequence ( s

1

; : : : ; s

10

) and a �rst-letter set F , w e can

exhaustiv ely lo ok for solutions as follo ws:

A1. [Initialize.] Set a

1

a

2

: : : a

10

 01 : : : 9, v  

P

10

j =1

( j � 1) s

j

, k  1, and

�

j

 s

j +1

� s

j

for 1 � j < 10.

A2. [T est.] If v = 0 and if ( 10 ) holds, output the solution a

1

: : : a

10

.

A3. [Sw ap.] Stop if k = 10!. Otherwise set j  t [ k ], v  v � ( a

j +1

� a

j

) �

j

,

a

j +1

$ a

j

, k  k + 1, and return to A2.

Step A3 is justi�ed b y the fact that sw apping a

j

with a

j +1

simply decreases a � s

b y ( a

j +1

� a

j

)( s

j +1

� s

j

). Ev en though 10! is 3,628,800, a fairly large n um b er,

the op erations in step A3 are so simple that the whole job tak es only a fraction

of a second on a mo dern computer.

An alphametic is said to b e pur e if it has a unique solution. Unfortunately

( 7 ) is not pure; the p erm utations 1764802539 and 3546281970 b oth solv e ( 9 ) and

( 10 ) , hence w e ha v e b oth

176478 + 176478 + 17640 = 2576 + 368020

and

354652 + 354652 + 35468 = 1954 + 742818 :

F urthermore s

6

= s

8

in ( 8 ) , so w e can obtain t w o more solutions b y in terc hanging

the digits assigned to A and R .

On the other hand ( 6 ) is pure, y et the metho d w e ha v e describ ed will �nd

t w o di�eren t p erm utations that solv e it. The reason is that ( 6 ) in v olv es only

eigh t distinct letters, hence w e will set it up for solution b y using t w o dumm y

signatures s

9

= s

10

= 0. In general, an alphametic with m distinct letters will

ha v e 10 � m dumm y signatures s

m +1

= � � � = s

10

= 0, and eac h of its solutions

will b e found (10 � m )! times unless w e insist that, sa y , a

m +1

< � � � < a

10

.

7
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A general framew ork. A great man y algorithms ha v e b een prop osed for

generating p erm utations of distinct ob jects, and the b est w a y to understand

them is to apply the m ultiplicativ e prop erties of p erm utations that w e studied

in Section 1.3.3. F or this purp ose w e will c hange our notation sligh tly , b y using

0-origin indexing and writing a

0

a

1

: : : a

n � 1

for p erm utations of f 0 ; 1 ; : : : ; n � 1 g

instead of writing a

1

a

2

: : : a

n

for p erm utations of f 1 ; 2 ; : : : ; n g . More imp ortan tly ,

w e will consider sc hemes for generating p erm utations in whic h most of the action

tak es place at the left , so that all p erm utations of f 0 ; 1 ; : : : ; k � 1 g will b e

generated during the �rst k ! steps, for 1 � k � n . F or example, one suc h

sc heme for n = 4 is

0123 ; 1023 ; 0213 ; 2013 ; 1203 ; 2103 ; 0132 ; 1032 ; 0312 ; 3012 ; 1302 ; 3102 ;

0231 ; 2031 ; 0321 ; 3021 ; 2301 ; 3201 ; 1230 ; 2130 ; 1320 ; 3120 ; 2310 ; 3210 ;

( 11 )

this is called \rev erse colex order," b ecause if w e re
ect the strings from righ t

to left w e get 3210, 3201, 3120, : : : , 0123, the rev erse of lexicographic order.

Another w a y to think of ( 11 ) is to view the en tries as ( n � a

n

) : : : ( n � a

2

)( n � a

1

),

where a

1

a

2

: : : a

n

runs lexicographically through the p erm utations of f 1 ; 2 ; : : : ; n g .

Let's recall from Section 1.3.3 that a p erm utation lik e � = 250143 can b e

written either in the t w o-line form

� =

�

0 1 2 3 4 5

2 5 0 1 4 3

�

or in the more compact cycle form

� = (0 2) (1 5 3) ;

with the meaning that � tak es 0 7! 2, 1 7! 5, 2 7! 0, 3 7! 1, 4 7! 4, and

5 7! 3; a 1-cycle lik e `(4)' need not b e indicated. Since 4 is a �xed p oin t of this

p erm utation w e sa y that \ � �xes 4." W e also write 0 � = 2, 1 � = 5, and so on,

sa ying that j � is \the image of j under � ." Multiplication of p erm utations, lik e

� times � where � = 543210, is readily carried out either in the t w o-line form

� � =

�

0 1 2 3 4 5

2 5 0 1 4 3

��

0 1 2 3 4 5

5 4 3 2 1 0

�

=

�

0 1 2 3 4 5

2 5 0 1 4 3

��

2 5 0 1 4 3

3 0 5 4 1 2

�

=

�

0 1 2 3 4 5

3 0 5 4 1 2

�

or in the cycle form

� � = (0 2) (1 5 3) � (0 5) (1 4)(2 3) = (0 3 4 1) (2 5) :

Notice that the image of 1 under � � is 1( � � ) = (1 � ) � = 5 � = 0, etc. Warning:

Ab out half of all b o oks that deal with p erm utations m ultiply them the other w a y

(from righ t to left), imagining that � � means that � should b e applied b efore � .

The reason is that traditional functional notation, in whic h one writes � (1) = 5,

mak es it natural to think that � � (1) should mean � ( � (1)) = � (4) = 4. Ho w ev er,

the presen t b o ok subscrib es to the other philosoph y , and w e shall alw a ys m ultiply

p erm utations from left to righ t.

The order of m ultiplication needs to b e understo o d carefully when p erm u-

tations are represen ted b y arra ys of n um b ers. F or example, if w e \apply" the

re
ection � = 543210 to the p erm utation � = 250143, the result 341052 is not � �

8



7.2.1.2 GENERA TING ALL PERMUT A TIONS 9

but � � . In general, the op eration of replacing a p erm utation � = a

0

a

1

: : : a

n � 1

b y some rearrangemen t a

0 �

a

1 �

: : : a

( n � 1) �

tak es k 7! a

k �

= k � � . P erm uting

the p ositions b y � corresp onds to pr emultiplic ation b y � , c hanging � to � � ;

p erm uting the values b y � corresp onds to p ostmultiplic ation b y � , c hanging �

to � � . Th us, for example, a p erm utation generator that in terc hanges a

1

$ a

2

is

prem ultiplying the curren t p erm utation b y (1 2), p ostm ultiplying it b y ( a

1

a

2

).

F ollo wing a prop osal made b y

�

Ev ariste Galois in 1830, a nonempt y set G

of p erm utations is said to form a gr oup if it is closed under m ultiplication, that

is, if the pro duct � � is in G whenev er � and � are elemen ts of G [see

�

Ecrits

et M � emoires Math � ematiques d'

�

Ev ariste Galois (P aris: 1962), 47]. Consider, for

example, the 4-cub e represen ted as a 4 � 4 torus

0 1 3 2

4 5 7 6

c d f e

8 9 b a

( 12 )

as in exercise 7.2.1.1{17, and let G b e the set of all p erm utations of the v ertices

f 0 ; 1 ; : : : ; f g that preserv e adjacency: A p erm utation � is in G if and only if

u � � � v implies u� � � � v � in the 4-cub e. (Here w e are using hexadecimal

digits ( 0 ; 1 ; : : : ; f ) to stand for the in tegers (0 ; 1 ; : : : ; 15). The lab els in ( 12 )

are c hosen so that u � � � v if and only if u and v di�er in only one bit p osition.)

This set G is ob viously a group, and its elemen ts are called the symmetries or

\automorphisms" of the 4-cub e.

Groups of p erm utations G are con v enien tly represen ted inside a computer b y

means of a Sims table , in tro duced b y Charles C. Sims [ Computational Metho ds

in Abstract Algebra (Oxford: P ergamon, 1970), 169{183], whic h is a family of

subsets S

1

, S

2

, : : : of G ha ving the follo wing prop ert y: S

k

con tains exactly one

p erm utation �

k j

that tak es k 7! j and �xes the v alues of all elemen ts greater

than k , whenev er G con tains suc h a p erm utation. W e let �

k k

b e the iden tit y

p erm utation, whic h is alw a ys presen t in G ; but when 0 � j < k , an y suitable

p erm utation can b e selected to pla y the role of �

k j

. The main adv an tage of a

Sims table is that it pro vides a con v enien t represen tation of the en tire group:

Lemma S. Let S

1

, S

2

, : : : , S

n � 1

b e a Sims table for a group G of p erm utations

on f 0 ; 1 ; : : : ; n � 1 g . Then ev ery elemen t � of G has a unique represen tation

� = �

1

�

2

: : : �

n � 1

; where �

k

2 S

k

for 1 � k < n . ( 13 )

Pr o of. If � has suc h a represen tation and if �

n � 1

is the p erm utation �

( n � 1) j

2

S

n � 1

, then � tak es n � 1 7! j , b ecause all elemen ts of S

1

[ � � � [ S

n � 2

�x the

v alue of n � 1. Con v ersely , if � tak es n � 1 7! j w e ha v e � = �

0

�

( n � 1) j

, where

�

0

= � �

�

( n � 1) j

is a p erm utation of G that �xes n � 1. (As in Section 1.3.3, �

�

denotes the

in v erse of � .) The set G

0

of all suc h p erm utations is a group, and S

1

, : : : , S

n � 2

is a Sims table for G

0

; therefore the result follo ws b y induction on n .

9
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F or example, a bit of calculation sho ws that one p ossible Sims table for the

automorphism group of the 4-cub e is

S

f

= f () ; ( 01 )( 23 )( 45 )( 67 )( 89 )( ab )( cd )( ef ) ; : : : ;

( 0f )( 1e )( 2d )( 3c )( 4b )( 5a )( 69 )( 78 ) g ;

S

e

= f () ; ( 12 )( 56 )( 9a )( de ) ; ( 14 )( 36 )( 9c )( be ) ; ( 18 )( 3a )( 5c )( 7e ) g ;

S

d

= f () ; ( 24 )( 35 )( ac )( bd ) ; ( 28 )( 39 )( 6c )( 7d ) g ;

S

c

= f () g ;

S

b

= f () ; ( 48 )( 59 )( 6a )( 7b ) g ;

S

a

= S

9

= � � � = S

1

= f () g ;

( 14 )

here S

f

con tains 16 p erm utations �

f j

for 0 � j � 15, whic h resp ectiv ely tak e

i 7! i � (15 � j ) for 0 � i � 15. The set S

e

con tains only four p erm utations,

b ecause an automorphism that �xes f m ust tak e e in to a neigh b or of f ; th us the

image of e m ust b e either e or d or b or 7 . The set S

c

con tains only the iden tit y

p erm utation, b ecause an automorphism that �xes f , e , and d m ust also �x c .

Most groups ha v e S

k

= f () g for all small v alues of k , as in this example; hence a

Sims table usually needs to con tain only a fairly small n um b er of p erm utations

although the group itself migh t b e quite large.

The Sims represen tation ( 13 ) mak es it easy to test if a giv en p erm utation �

lies in G : First w e determine �

n � 1

= �

( n � 1) j

, where � tak es n � 1 7! j , and w e

let �

0

= � �

�

n � 1

; then w e determine �

n � 2

= �

( n � 2) j

0

, where �

0

tak es n � 2 7! j

0

,

and w e let �

00

= �

0

�

�

n � 2

; and so on. If at an y stage the required �

k j

do es not

exist in S

k

, the original p erm utation � do es not b elong to G . In the case of ( 14 ),

this pro cess m ust reduce � to the iden tit y after �nding �

f

, �

e

, �

d

, �

c

, and �

b

.

F or example, let � b e the p erm utation ( 14 )( 28 )( 3c )( 69 )( 7d )( be ), whic h cor-

resp onds to transp osing ( 12 ) ab out its main diagonal f 0 ; 5 ; f ; a g . Since � �xes f ,

�

f

will b e the iden tit y p erm utation (), and �

0

= � . Then �

e

is the mem b er of S

e

that tak es e 7! b , namely ( 14 )( 36 )( 9c )( be ), and w e �nd �

00

= ( 28 )( 39 )( 6c )( 7d ).

This p erm utation b elongs to S

d

, so � is indeed an automorphism of the 4-cub e.

Con v ersely , ( 13 ) also mak es it easy to generate all elemen ts of the corre-

sp onding group. W e simply run through all p erm utations of the form

� (1 ; c

1

) � (2 ; c

2

) : : : � ( n � 1 ; c

n � 1

) ;

where � ( k ; c

k

) is the ( c

k

+ 1)st elemen t of S

k

for 0 � c

k

< s

k

= j S

k

j and

1 � k < n , using an y algorithm of Section 7.2.1.1 that runs through all ( n � 1)-

tuples ( c

1

; : : : ; c

n � 1

) for the resp ectiv e radices ( s

1

; : : : ; s

n � 1

).

Using the general framew ork. Our c hief concern is the group of al l p erm uta-

tions on f 0 ; 1 ; : : : ; n � 1 g , and in this case ev ery set S

k

of a Sims table will con tain

k + 1 elemen ts f � ( k ; 0) ; � ( k ; 1) ; : : : ; � ( k ; k ) g , where � ( k ; 0) is the iden tit y and the

others tak e k to the v alues f 0 ; : : : ; k � 1 g in some order. (The p erm utation � ( k ; j )

need not b e the same as �

k j

, and it usually is di�eren t.) Ev ery suc h Sims table

leads to a p erm utation generator, according to the follo wing outline:

10
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Algorithm G ( Gener al p ermutation gener ator ). Giv en a Sims table ( S

1

; S

2

;

: : : ; S

n � 1

) where eac h S

k

has k + 1 elemen ts � ( k ; j ) as just describ ed, this

algorithm generates all p erm utations a

0

a

1

: : : a

n � 1

of f 0 ; 1 ; : : : ; n � 1 g , using

an auxiliary con trol table c

n

: : : c

2

c

1

.

G1. [Initialize.] Set a

j

 j and c

j +1

 0 for 0 � j < n .

G2. [Visit.] (A t this p oin t the mixed-radix n um b er

�

c

n � 1

;

n;

::: ;

::: ;

c

2

;

3 ;

c

1

2

�

is the n um b er

of p erm utations visited so far.) Visit the p erm utation a

0

a

1

: : : a

n � 1

.

G3. [Add 1 to c

n

: : : c

2

c

1

.] Set k  1. If c

k

= k , set c

k

 0, k  k + 1,

and rep eat un til c

k

< k . T erminate the algorithm if k = n ; otherwise set

c

k

 c

k

+ 1.

G4. [P erm ute.] Apply the p erm utation � ( k ; c

k

) ! ( k � 1)

�

to a

0

a

1

: : : a

n � 1

, as

explained b elo w, and return to G2.

Applying a p erm utation � to a

0

a

1

: : : a

n � 1

means replacing a

j

b y a

j �

for

0 � j < n ; this corresp onds to prem ultiplication b y � as explained earlier. Let

us de�ne

� ( k ; j ) = � ( k ; j ) � ( k ; j � 1)

�

for 1 � j � k ; ( 15 )

! ( k ) = � (1 ; 1) : : : � ( k ; k ) : ( 16 )

Then steps G3 and G4 main tain the prop ert y that

a

0

a

1

: : : a

n � 1

is the p erm utation � (1 ; c

1

) � (2 ; c

2

) : : : � ( n � 1 ; c

n � 1

), ( 17 )

and Lemma S pro v es that ev ery p erm utation is visited exactly once.

0

00

000 001

01

010 011

02

020 021

1

10

100 101

11

110 111

12

120 121

2

20

200 201

21

210 211

22

220 221

3

30

300 301

31

310 311

32

320 321

Fig. 19. Algorithm G implicitly tra v erses this tree when n = 4.

The tree in Fig. 19 illustrates Algorithm G in the case n = 4. According

to ( 17 ) , ev ery p erm utation a

0

a

1

a

2

a

3

of f 0 ; 1 ; 2 ; 3 g corresp onds to a three-digit

con trol string c

3

c

2

c

1

, with 0 � c

3

� 3, 0 � c

2

� 2, and 0 � c

1

� 1. Some no des

of the tree are lab eled b y a single digit c

3

; these corresp ond to the p erm utations

� (3 ; c

3

) of the Sims table b eing used. Other no des, lab eled with t w o digits c

3

c

2

,

corresp ond to the p erm utations � (2 ; c

2

) � (3 ; c

3

). A hea vy line connects no de c

3

to no de c

3

0 and no de c

3

c

2

to no de c

3

c

2

0, b ecause � (2 ; 0) and � (1 ; 0) are the

iden tit y p erm utation and these no des are essen tially equiv alen t. Adding 1 to the

mixed-radix n um b er c

3

c

2

c

1

in step G3 corresp onds to mo ving from one no de of

Fig. 19 to its successor in preorder, and the transformation in step G4 c hanges

the p erm utations accordingly . F or example, when c

3

c

2

c

1

c hanges from 121 to

200, step G4 prem ultiplies the curren t p erm utation b y

� (3 ; 2) ! (2)

�

= � (3 ; 2) � (2 ; 2)

�

� (1 ; 1)

�

;

11
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prem ultiplying b y � (1 ; 1)

�

tak es us from no de 121 to no de 12, prem ultiplying

b y � (2 ; 2)

�

tak es us from no de 12 to no de 1, and prem ultiplying b y � (3 ; 2) =

� (3 ; 2) � (3 ; 1)

�

tak es us from no de 1 to no de 2 � 200, whic h is the preorder suc-

cessor of no de 121. Stating this another w a y , prem ultiplication b y � (3 ; 2) ! (2)

�

is exactly what is needed to c hange � (1 ; 1) � (2 ; 2) � (3 ; 1) to � (1 ; 0) � (2 ; 0) � (3 ; 2),

preserving ( 17 ) .

Algorithm G de�nes a h uge n um b er of p erm utation generators (see exer-

cise 37), so it is no w onder that man y of its sp ecial cases ha v e app eared in the

literature. Of course some of its v arian ts are m uc h more e�cien t than others,

and w e w an t to �nd examples where the op erations are particularly w ell suited

to the computer w e are using.

W e can, for instance, obtain p erm utations in rev erse colex order as a sp ecial

case of Algorithm G (see ( 11 ) ), b y letting � ( k ; j ) b e the ( j + 1)-cycle

� ( k ; j ) = ( k � j k � j +1 : : : k ) : ( 18 )

The reason is that � ( k ; j ) should b e the p erm utation that corresp onds to c

n

: : : c

1

in rev erse colex order when c

k

= j and c

i

= 0 for i 6= k , and this p erm utation

a

0

a

1

: : : a

n � 1

is 0 1 : : : ( k � j � 1) ( k � j +1) : : : ( k ) ( k � j ) ( k +1) : : : ( n � 1). F or exam-

ple, when n = 8 and c

n

: : : c

1

= 0 0 0 3 0 0 0 0 the corresp onding rev erse colex

p erm utation is 01345267, whic h is (2 3 4 5) in cycle form. When � ( k ; j ) is giv en

b y ( 18 ) , Eqs. ( 15 ) and ( 16 ) lead to the form ulas

� ( k ; j ) = ( k � j k ) ; ( 19 )

! ( k ) = (0 1) (0 1 2) : : : (0 1 : : : k ) = (0 k ) (1 k � 1) (2 k � 2) : : : = � ( k ); ( 20 )

here � ( k ) is the \( k + 1)-
ip" that c hanges a

0

: : : a

k

to a

k

: : : a

0

. In this case ! ( k )

turns out to b e the same as ! ( k )

�

, b ecause � ( k )

2

= ().

Equations ( 19 ) and ( 20 ) are implicitly presen t b ehind the scenes in Algo-

rithm L and in its rev erse colex equiv alen t (exercise 2), where step L3 essen tially

applies a transp osition and step L4 do es a 
ip. Step G4 actually do es the 
ip

�rst; but the iden tit y

( k � j k ) � ( k � 1) = � ( k � 1) ( j � 1 k ) ( 21 )

sho ws that a 
ip follo w ed b y a transp osition is the same as a (di�eren t) trans-

p osition follo w ed b y the 
ip.

In fact, equation ( 21 ) is a sp ecial case of the imp ortan t iden tit y

�

�

( j

1

j

2

: : : j

t

) � = ( j

1

� j

2

� : : : j

t

� ) ; ( 22 )

whic h is v alid for any p erm utation � and an y t -cycle ( j

1

j

2

: : : j

t

). On the

left of ( 22 ) w e ha v e, for example, j

1

� 7! j

1

7! j

2

7! j

2

� , in agreemen t with

the cycle on the righ t. Therefore if � and � are an y p erm utations whatso ev er,

the p erm utation �

�

� � (called the c onjugate of � b y � ) has exactly the same

cycle structure as � ; w e simply replace eac h elemen t j in eac h cycle b y j � .

Another signi�can t sp ecial case of Algorithm G w as in tro duced b y R. J.

Ord-Smith [ CA CM 10 (1967), 452; 12 (1969), 638; see also Comp. J. 14 (1971),

12



7.2.1.2 GENERA TING ALL PERMUT A TIONS 13

136{139], whose algorithm is obtained b y setting

� ( k ; j ) = ( k : : : 1 0)

j

: ( 23 )

No w it is clear from ( 15 ) that

� ( k ; j ) = ( k : : : 1 0); ( 24 )

and once again w e ha v e

! ( k ) = (0 k ) (1 k � 1) (2 k � 2) : : : = � ( k ) ; ( 25 )

b ecause � ( k ; k ) = (0 1 : : : k ) is the same as b efore. The nice thing ab out this

metho d is that the p erm utation needed in step G4, namely � ( k ; c

k

) ! ( k � 1)

�

,

do es not dep end on c

k

:

� ( k ; j ) ! ( k � 1)

�

= ( k : : : 1 0) � ( k � 1)

�

= � ( k ) : ( 26 )

Th us, Ord-Smith's algorithm is the sp ecial case of Algorithm G in whic h step G4

simply in terc hanges a

0

$ a

k

, a

1

$ a

k � 1

, : : : ; this op eration is usually quic k,

b ecause k is small, and it sa v es some of the w ork of Algorithm L. (See exercise 38

and the reference to G. S. Kl • ugel in Section 7.2.1.7.)

W e can do ev en b etter b y rigging things so that step G4 needs to do only a

single transp osition eac h time, somewhat as in Algorithm P but not necessarily

on adjacen t elemen ts. Man y suc h sc hemes are p ossible. The b est is probably

to let

� ( k ; j ) ! ( k � 1)

�

=

�

( k 0) ; if k is ev en,

( k j � 1) ; if k is o dd,

( 27 )

as suggested b y B. R. Heap [ Comp. J. 6 (1963), 293{294]. Notice that Heap's

metho d alw a ys transp oses a

k

$ a

0

except when k = 3, 5, : : : ; and the v alue of k ,

in 5 of ev ery 6 steps, is either 1 or 2. Exercise 40 pro v es that Heap's metho d

do es indeed generate all p erm utations.

Bypassing un w an ted blo c ks. One notew orth y adv an tage of Algorithm G is

that it runs through all p erm utations of a

0

: : : a

k � 1

b efore touc hing a

k

; then it

p erforms another k ! cycles b efore c hanging a

k

again, and so on. Therefore if at

an y time w e reac h a setting of the �nal elemen ts a

k

: : : a

n � 1

that is unimp ortan t

to the problem w e're w orking on, w e can skip quic kly o v er all p erm utations that

end with the undesirable su�x. More precisely , w e could replace step G2 b y the

follo wing substeps:

G2.0. [Acceptable?] If a

k

: : : a

n � 1

is not an acceptable su�x, go to G2.1. Oth-

erwise set k  k � 1. Then if k > 0, rep eat this step; if k = 0, pro ceed to

step G2.2.

G2.1. [Skip this su�x.] If c

k

= k , apply � ( k ; k )

�

to a

0

: : : a

n � 1

, set c

k

 0,

k  k + 1, and rep eat un til c

k

< k . T erminate if k = n ; otherwise set

c

k

 c

k

+ 1, apply � ( k ; c

k

) to a

0

: : : a

n � 1

, and return to G2.0.

G2.2. [Visit.] Visit the p erm utation a

0

: : : a

n � 1

.

Step G1 should also set k  n � 1. Notice that the new steps are careful to

preserv e condition ( 17 ) . The algorithm has b ecome more complicated, b ecause

13



14 COMBINA TORIAL ALGORITHMS (F2B) 7.2.1.2

w e need to kno w the p erm utations � ( k ; j ) and � ( k ; k ) in addition to the p erm u-

tations � ( k ; j ) ! ( k � 1)

�

that app ear in G4. But the additional complications

are often w orth the e�ort, b ecause the resulting program migh t run signi�can tly

faster.

0

00 01

010 011

02

020 021

1

10

100 101

11 12

120 121

2 3

30

300 301

31

310 311

32

320 321

Fig. 20. Un w an ted branc hes can b e pruned from the

tree of Fig. 19, if Algorithm G is suitably extended.

F or example, Fig. 20 sho ws what happ ens to the tree of Fig. 19 when

the su�xes of a

0

a

1

a

2

a

3

that corresp ond to no des 00, 11, 121, and 2 are not

acceptable. (Eac h su�x a

k

: : : a

n � 1

of the p erm utation a

0

: : : a

n � 1

corresp onds

to a pr e�x c

n

: : : c

k

of the con trol string c

n

: : : c

1

, b ecause the p erm utations

� (1 ; c

1

) : : : � ( k � 1 ; c

k � 1

) do not a�ect a

k

: : : a

n � 1

.) Step G2.1 prem ultiplies b y

� ( k ; j ) to mo v e from no de c

n � 1

: : : c

k +1

j to its righ t sibling c

n � 1

: : : c

k +1

( j +1),

and it prem ultiplies b y � ( k ; k )

�

to mo v e up from no de c

n � 1

: : : c

k +1

k to its

paren t c

n � 1

: : : c

k +1

. Th us, to get from the rejected pre�x 121 to its preorder

successor, the algorithm prem ultiplies b y � (1 ; 1)

�

, � (2 ; 2)

�

, and � (3 ; 2), thereb y

mo ving from no de 121 to 12 to 1 to 2. (This is a somewhat exceptional case,

b ecause a pre�x with k = 1 is rejected only if w e don't w an t to visit the unique

p erm utation a

0

a

1

: : : a

n � 1

that has su�x a

1

: : : a

n � 1

.) After no de 2 is rejected,

� (3 ; 3) tak es us to no de 3, etc.

Notice, inciden tally , that b ypassing a su�x a

k

: : : a

n � 1

in this extension

of Algorithm G is essen tially the same as b ypassing a pre�x a

1

: : : a

j

in our

original notation, if w e go bac k to the idea of generating p erm utations a

1

: : : a

n

of f 1 ; : : : ; n g and doing most of the w ork at the righ t-hand end. Our original

notation corresp onds to c ho osing a

1

�rst, then a

2

, : : : , then a

n

; the notation

in Algorithm G essen tially c ho oses a

n � 1

�rst, then a

n � 2

, : : : , then a

0

. Algo-

rithm G's con v en tions ma y seem bac kw ard, but they mak e the form ulas for Sims

table manipulation a lot simpler. A go o d programmer so on learns to switc h

without di�cult y from one viewp oin t to another.

W e can apply these ideas to alphametics, b ecause it is clear for example that

most c hoices of the v alues for the letters D , E , and Y will mak e it imp ossible for

SEND plus MORE to equal MONEY : W e need to ha v e ( D + E � Y ) mo d 10 = 0 in that

problem. Therefore man y p erm utations can b e eliminated from consideration.

In general, if r

k

is the maxim um p o w er of 10 that divides the signature

v alue s

k

, w e can sort the letters and assign co des f 0 ; 1 ; : : : ; 9 g so that r

0

�

r

1

� � � � � r

9

. F or example, to solv e the trio sonata problem ( 7 ) , w e could use

(0 ; 1 ; : : : ; 9) resp ectiv ely for ( X ; S ; V ; A ; R ; I ; L ; T ; O ; N ), obtaining the signatures

s

0

= 0 ; s

1

= � 100000 ; s

2

= 210000 ; s

3

= � 100 ; s

4

= � 100 ;

s

5

= 21010 ; s

6

= 210 ; s

7

= � 1010 ; s

8

= � 7901 ; s

9

= � 998;

14



7.2.1.2 GENERA TING ALL PERMUT A TIONS 15

hence ( r

0

; : : : ; r

9

) = ( 1 ; 5 ; 4 ; 2 ; 2 ; 1 ; 1 ; 1 ; 0 ; 0). No w if w e get to step G2.0 for a

v alue of k with r

k � 1

6= r

k

, w e can sa y that the su�x a

k

: : : a

9

is unacceptable

unless a

k

s

k

+ � � � + a

9

s

9

is a m ultiple of 10

r

k � 1

. Also, ( 10 ) tells us that a

k

: : : a

9

is unacceptable if a

k

= 0 and k 2 F ; the �rst-letter set F is no w f 1 ; 2 ; 7 g .

Our previous approac h to alphametics with steps A1{A3 ab o v e used brute

force to run through 10! p ossibilities. It op erated rather fast under the circum-

stances, since the adjacen t-transp osition metho d allo w ed it to get b y with only

6 memory references p er p erm utation; but still, 10! is 3,628,800, so the en tire

pro cess cost almost 22 megamems, regardless of the alphametic b eing solv ed.

By con trast, the extended Algorithm G with Heap's metho d and the cuto�s just

describ ed will �nd all four solutions to ( 7 ) with few er than 128 kilo mems! Th us

the su�x-skipping tec hnique runs more than 170 times faster than the previous

metho d, whic h simply blasted a w a y blindly .

Most of the 128 kilomems in the new approac h are sp en t applying � ( k ; c

k

)

in step G2.1. The other memory references come primarily from applications of

� ( k ; k )

�

in that step, but � is needed 7812 times while �

�

is needed only 2162

times. The reason is easy to understand from Fig. 20, b ecause the \shortcut

mo v e" � ( k ; c

k

) ! ( k � 1)

�

in step G4 hardly ev er applies; in this case it is used

only four times, once for eac h solution. Th us, preorder tra v ersal of the tree is

accomplished almost en tirely b y � steps that mo v e to the righ t and �

�

steps

that mo v e up w ard. The � steps dominate in a problem lik e this, where v ery

few complete p erm utations are actually visited, b ecause eac h step � ( k ; k )

�

is

preceded b y k steps � ( k ; 1), � ( k ; 2), : : : , � ( k ; k ).

This analysis rev eals that Heap's metho d | whic h go es to great lengths to

optimize the p erm utations � ( k ; j ) ! ( k � 1)

�

so that eac h transition in step G4

is a simple transp osition | is not esp ecially go o d for the extended Algorithm G

unless comparativ ely few su�xes are rejected in step G2.0. The simpler rev erse

colex order, for whic h � ( k ; j ) itself is alw a ys a simple transp osition, is no w m uc h

more attractiv e (see ( 19 ) ). Indeed, Algorithm G with rev erse colex order solv es

the alphametic ( 7 ) with only 97 kilomems.

Similar results o ccur with resp ect to other alphametic problems. F or ex-

ample, if w e apply the extended Algorithm G to the alphametics in exercise 24,

parts (a) through (h), the computations in v olv e resp ectiv ely

(551, 110, 14, 8, 350, 84, 153, 1598) kilomems with Heap's metho d;

(429, 84, 10, 5, 256, 63, 117, 1189) kilomems with rev erse colex.

( 28 )

The sp eedup factor for rev erse colex in these examples, compared to brute force

with Algorithm T, ranges from 18 in case (h) to 4200 in case (d), and it is ab out

80 on the a v erage; Heap's metho d giv es an a v erage sp eedup of ab out 60.

W e kno w from Algorithm L, ho w ev er, that lexicographic order is easily han-

dled without the complication of the con trol table c

n

: : : c

1

used b y Algorithm G.

And a closer lo ok at Algorithm L sho ws that w e can impro v e its b eha vior when

p erm utations are frequen tly b eing skipp ed, b y using a link ed list instead of a

sequen tial arra y . The impro v ed algorithm is w ell-suited to a wide v ariet y of

algorithms that wish to generate restricted classes of p erm utations:

15



16 COMBINA TORIAL ALGORITHMS (F2B) 7.2.1.2

Algorithm X ( L exic o gr aphic p ermutations with r estricte d pr e�xes ). This al-

gorithm generates all p erm utations a

1

a

2

: : : a

n

of f 1 ; 2 ; : : : ; n g that pass a giv en

sequence of tests

t

1

( a

1

) ; t

2

( a

1

; a

2

) ; : : : ; t

n

( a

1

; a

2

; : : : ; a

n

) ;

visiting them in lexicographic order. It uses an auxiliary table of links l

0

, l

1

,

: : : , l

n

to main tain a cyclic list of un used elemen ts, so that if the curren tly

a v ailable elemen ts are

f 1 ; : : : ; n g n f a

1

; : : : ; a

k

g = f b

1

; : : : ; b

n � k

g ; where b

1

< � � � < b

n � k

, ( 29 )

then w e ha v e

l

0

= b

1

; l

b

j

= b

j +1

for 1 � j < n � k ; and l

b

n � k

= 0 : ( 30 )

It also uses an auxiliary table u

1

: : : u

n

to undo op erations that ha v e b een

p erformed on the l arra y .

X1. [Initialize.] Set l

k

 k + 1 for 0 � k < n , and l

n

 0. Then set k  1.

X2. [En ter lev el k .] Set p  0, q  l

0

.

X3. [T est a

1

: : : a

k

.] Set a

k

 q . If t

k

( a

1

; : : : ; a

k

) is false, go to X5. Otherwise,

if k = n , visit a

1

: : : a

n

and go to X6.

X4. [Increase k .] Set u

k

 p , l

p

 l

q

, k  k + 1, and return to X2.

X5. [Increase a

k

.] Set p  q , q  l

p

. If q 6= 0 return to X3.

X6. [Decrease k .] Set k  k � 1, and terminate if k = 0. Otherwise set p  u

k

,

q  a

k

, l

p

 q , and go to X5.

The basic idea of this elegan t algorithm is due to M. C. Er [ Comp. J. 30 (1987),

282]. W e can apply it to alphametics b y c hanging notation sligh tly , obtaining

p erm utations a

0

: : : a

9

of f 0 ; : : : ; 9 g and letting l

10

pla y the former role of l

0

. The

resulting algorithm needs only 49 kilomems to solv e the trio-sonata problem ( 7 ),

and it solv es the alphametics of exercise 24(a){(h) in

(248, 38, 4, 3, 122, 30, 55, 553) kilomems ; ( 31 )

resp ectiv ely . Th us it runs ab out 165 times faster than the brute-force approac h.

Another w a y to apply Algorithm X to alphametics is often faster y et (see

exercise 49).

1

2

3

3

4

4

3

2

2

4

4

2 3

1

2 4

4

2

1

1

4

4

4

1

1

2

2

4

1

2

2

3

3

2

1

1

3

3

3

1

1

2

2

Fig. 21. The tree implicitly tra v ersed b y Algorithm X when n = 4, if all p erm u-

tations are visited except those b eginning with 132, 14, 2, 314, or 4312.

16



7.2.1.2 GENERA TING ALL PERMUT A TIONS 17

*Dual metho ds. If S

1

, : : : , S

n � 1

is a Sims table for a p erm utation group G ,

w e learned in Lemma S that ev ery elemen t of G can b e expressed uniquely as

a pro duct �

1

: : : �

n � 1

, where �

k

2 S

k

; see ( 13 ) . Exercise 50 sho ws that ev ery

elemen t � can also b e expressed uniquely in the dual form

� = �

�

n � 1

: : : �

�

2

�

�

1

; where �

k

2 S

k

for 1 � k < n ; ( 32 )

and this fact leads to another large family of p erm utation generators. In par-

ticular, when G is the group of all n ! p erm utations, ev ery p erm utation can b e

written

� ( n � 1 ; c

n � 1

)

�

: : : � (2 ; c

2

)

�

� (1 ; c

1

)

�

; ( 33 )

where 0 � c

k

� k for 1 � k < n and the p erm utations � ( k ; j ) are the same as

in Algorithm G. No w, ho w ev er, w e w an t to v ary c

n � 1

most rapidly and c

1

least

rapidly , so w e arriv e at an algorithm of a di�eren t kind:

Algorithm H ( Dual p ermutation gener ator ). Giv en a Sims table as in Algo-

rithm G, this algorithm generates all p erm utations a

0

: : : a

n � 1

of f 0 ; : : : ; n � 1 g ,

using an auxiliary table c

0

: : : c

n � 1

.

H1. [Initialize.] Set a

j

 j and c

j

 0 for 0 � j < n .

H2. [Visit.] (A t this p oin t the mixed-radix n um b er

�

c

1

;

2 ;

c

2

;

3 ;

::: ;

::: ;

c

n � 1

n

�

is the n um b er

of p erm utations visited so far.) Visit the p erm utation a

0

a

1

: : : a

n � 1

.

H3. [Add 1 to c

0

c

1

: : : c

n � 1

.] Set k  n � 1. If c

k

= k , set c

k

 0, k  k � 1, and

rep eat un til k = 0 or c

k

< k . T erminate the algorithm if k = 0 ; otherwise

set c

k

 c

k

+ 1.

H4. [P erm ute.] Apply the p erm utation � ( k ; c

k

) ! ( k + 1)

�

to a

0

a

1

: : : a

n � 1

, as

explained b elo w, and return to H2.

Although this algorithm lo oks almost iden tical to Algorithm G, the p erm utations

� and ! that it needs in step H4 are quite di�eren t from those needed in step G4.

The new rules, whic h replace ( 15 ) and ( 16 ) , are

� ( k ; j ) = � ( k ; j )

�

� ( k ; j � 1) ; for 1 � j � k ; ( 34 )

! ( k ) = � ( n � 1 ; n � 1)

�

� ( n � 2 ; n � 2)

�

: : : � ( k ; k )

�

: ( 35 )

The n um b er of p ossibilities is just as v ast as it w as for Algorithm G, so w e

will con�ne our atten tion to a few cases that ha v e sp ecial merit. One natural

case to try is, of course, the Sims table that mak es Algorithm G pro duce rev erse

colex order, namely

� ( k ; j ) = ( k � j k � j +1 : : : k ) ( 36 )

as in ( 18 ) . The resulting p erm utation generator turns out to b e v ery nearly the

same as the metho d of plain c hanges; so w e can sa y that Algorithms L and P

are essen tially dual to eac h other. (See exercise 52.)

Another natural idea is to construct a Sims table for whic h step H4 alw a ys

mak es a single transp osition of t w o elemen ts, b y analogy with the construction

of ( 27 ) that ac hiev es maxim um e�ciency in step G4. But suc h a mission no w

turns out to b e imp ossible: W e cannot ac hiev e it ev en when n = 4. F or if

17



18 COMBINA TORIAL ALGORITHMS (F2B) 7.2.1.2

w e start with the iden tit y p erm utation a

0

a

1

a

2

a

3

= 0123, the transitions that

tak e us from con trol table c

0

c

1

c

2

c

3

= 0000 to 0001 to 0002 to 0003 m ust mo v e

the 3; so, if they are transp ositions, they m ust b e (3 a ), ( a b ), and ( b c ) for some

p erm utation abc of f 0 ; 1 ; 2 g . The p erm utation corresp onding to c

0

c

1

c

2

c

3

= 0003

is no w � (3 ; 3)

�

= ( b c ) ( a b ) (3 a ) = (3 a b c ); and the next p erm utation, whic h

corresp onds to c

0

c

1

c

2

c

3

= 0010, will b e � (2 ; 1)

�

, whic h m ust �x the elemen t 3.

The only suitable transp osition is (3 c ), hence � (2 ; 1)

�

m ust b e (3 c ) (3 a b c ) =

( a b c ). Similarly w e �nd that � (2 ; 2)

�

m ust b e ( a c b ), and the p erm utation

corresp onding to c

0

c

1

c

2

c

3

= 0023 will b e (3 a b c ) ( a c b ) = (3 c ). Step H4 is no w

supp osed to con v ert this to the p erm utation � (1 ; 1)

�

, whic h corresp onds to the

con trol table 0100 that follo ws 0023. But the only transp osition that will con v ert

(3 c ) in to a p erm utation that �xes 2 and 3 is (3 c ); and the resulting p erm utation

also �xes 1, so it cannot b e � (1 ; 1)

�

.

The pro of in the preceding paragraph sho ws that w e cannot use Algorithm H

to generate all p erm utations with the minim um n um b er of transp ositions. But it

also suggests a simple generation sc heme that comes v ery close to the minim um,

and the resulting algorithm is quite attractiv e b ecause it needs to do extra w ork

only once p er n ( n � 1) steps. (See exercise 53.)

Finally , let's consider the dual of Ord-Smith's metho d, when

� ( k ; j ) = ( k : : : 1 0)

j

( 37 )

as in ( 23 ) . Once again the v alue of � ( k ; j ) is indep enden t of j ,

� ( k ; j ) = (0 1 : : : k ) ; ( 38 )

and this fact is particularly adv an tageous in Algorithm H b ecause it allo ws us

to disp ense with the con trol table c

0

c

1

: : : c

n � 1

. The reason is that c

n � 1

= 0 in

step H3 if and only if a

n � 1

= n � 1, b ecause of ( 32 ) ; and indeed, when c

j

= 0

for k < j < n in step H3 w e ha v e c

k

= 0 if and only if a

k

= k . Therefore w e can

reform ulate this v arian t of Algorithm H as follo ws.

Algorithm C ( Permutation gener ation by cyclic shifts ). This algorithm visits

all p erm utations a

1

: : : a

n

of the distinct elemen ts f x

1

; : : : ; x

n

g .

C1. [Initialize.] Set a

j

 x

j

for 1 � j � n .

C2. [Visit.] Visit the p erm utation a

1

: : : a

n

, and set k  n .

C3. [Shift.] Replace a

1

a

2

: : : a

k

b y the cyclic shift a

2

: : : a

k

a

1

, and return to C2

if a

k

6= x

k

.

C4. [Decrease k .] Set k  k � 1, and go bac k to C3 if k > 1.

F or example, the successiv e p erm utations of f 1 ; 2 ; 3 ; 4 g generated when n = 4 are

1234, 2341, 3412, 4123, (1234),

2314, 3142, 1423, 4231, (2314),

3124, 1243, 2431, 4312, (3124), (1234),

2134, 1342, 3421, 4213, (2134),

1324, 3241, 2413, 4132, (1324),

3214, 2143, 1432, 4321, (3214), (2134), (1234),

18



7.2.1.2 GENERA TING ALL PERMUT A TIONS 19

with un visited in termediate p erm utations sho wn in paren theses. This algorithm

ma y w ell b e the simplest p erm utation generator of all, in terms of minim um

program length. It is due to G. G. Langdon, Jr. [ CA CM 10 (1967), 298{299;

11 (1968), 392]; similar metho ds had b een published previously b y C. T ompkins

[ Pro c. Symp. Applied Math. 6 (1956), 202{205] and, more explicitly , b y R. Seitz

[ Un ternehmensforsc h ung 6 (1962), 2{15]. The pro cedure is particularly w ell

suited to applications in whic h cyclic shifting is e�cien t, for example when suc-

cessiv e p erm utations are b eing k ept in a mac hine register instead of in an arra y .

The main disadv an tage of dual metho ds is that they usually do not adapt

w ell to situations where large blo c ks of p erm utations need to b e skipp ed, b e-

cause the set of all p erm utations with a giv en v alue of the �rst con trol en tries

c

0

c

1

: : : c

k � 1

is usually not of imp ortance. The sp ecial case ( 36 ) is, ho w ev er,

sometimes an exception, b ecause the n ! =k ! p erm utations with c

0

c

1

: : : c

k � 1

=

00 : : : 0 in that case are precisely those a

0

a

1

: : : a

n � 1

in whic h 0 precedes 1,

1 precedes 2, : : : , and k � 2 precedes k � 1.

*Ehrlic h's sw ap metho d. Gideon Ehrlic h has disco v ered a completely di�eren t

approac h to p erm utation generation, based on y et another w a y to use a con trol

table c

1

: : : c

n � 1

. His metho d obtains eac h p erm utation from its predecessor b y

in terc hanging the leftmost elemen t with another:

Algorithm E ( Ehrlich swaps ). This algorithm generates all p erm utations of the

distinct elemen ts a

0

: : : a

n � 1

b y using auxiliary tables b

0

: : : b

n � 1

and c

1

: : : c

n

.

E1. [Initialize.] Set b

j

 j and c

j +1

 0 for 0 � j < n .

E2. [Visit.] Visit the p erm utation a

0

: : : a

n � 1

.

E3. [Find k .] Set k  1. Then if c

k

= k , set c

k

 0, k  k + 1, and rep eat un til

c

k

< k . T erminate if k = n , otherwise set c

k

 c

k

+ 1.

E4. [Sw ap.] In terc hange a

0

$ a

b

k

.

E5. [Flip.] Set j  1, k  k � 1. If j < k , in terc hange b

j

$ b

k

, set j  j + 1,

k  k � 1, and rep eat un til j � k . Return to E2.

Notice that steps E2 and E3 are iden tical to steps G2 and G3 of Algorithm G.

The most amazing thing ab out this algorithm, whic h Ehrlic h comm unicated to

Martin Gardner in 1987, is that it w orks; exercise 55 con tains a pro of. A similar

metho d, whic h simpli�es the op erations of step E5, can b e v alidated in the same

w a y (see exercise 56). The a v erage n um b er of in terc hanges p erformed in step E5

is less than 0.18 (see exercise 57).

As it stands, Algorithm E isn't faster than other metho ds w e ha v e seen. But

it has the nice prop ert y that it c hanges eac h p erm utation in a minimal w a y , using

only n � 1 di�eren t kinds of transp ositions. Whereas Algorithm P used adjacen t

in terc hanges, a

t � 1

$ a

t

, Algorithm E uses �rst-elemen t sw aps, a

0

$ a

t

, also

called star tr ansp ositions , for some w ell-c hosen sequence of indices t [1], t [2], : : : ,

t [ n ! � 1]. And if w e are generating p erm utations rep eatedly for the same fairly

small v alue of n , w e can precompute this sequence, as w e did in Algorithm T
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20 COMBINA TORIAL ALGORITHMS (F2B) 7.2.1.2

for the index sequence of Algorithm P. Notice that star transp ositions ha v e an

adv an tage o v er adjacen t in terc hanges, b ecause w e alw a ys kno w the v alue of a

0

from the previous sw ap; w e need not read it from memory .

Let E

n

b e the sequence of n ! � 1 indices t suc h that Algorithm E sw aps a

0

with a

t

in step E4. Since E

n +1

b egins with E

n

, w e can regard E

n

as the �rst

n ! � 1 elemen ts of an in�nite sequence

E

1

= 1 2 1 2 1 3 2 1 2 1 2 3 1 2 1 2 1 3 2 1 2 1 2 4 3 1 3 1 3 2 1 3 1 3 1 2 : : : : ( 39 )

F or example, if n = 4 and a

0

a

1

a

2

a

3

= 1234, the p erm utations visited b y

Algorithm E are

1234 ; 2134 ; 3124 ; 1324 ; 2314 ; 3214 ;

4213 ; 1243 ; 2143 ; 4123 ; 1423 ; 2413 ;

3412 ; 4312 ; 1342 ; 3142 ; 4132 ; 1432 ;

2431 ; 3421 ; 4321 ; 2341 ; 3241 ; 4231 :

( 40 )

*Using few er generators. After seeing Algorithms P and E, w e migh t naturally

ask whether all p erm utations can b e obtained b y using just two basic op erations,

instead of n � 1. F or example, Nijenh uis and Wilf [ Com binatorial Algorithms

(1975), Exercise 6] noticed that all p erm utations can b e generated for n = 4

if w e replace a

1

a

2

a

3

: : : a

n

at eac h step b y either a

2

a

3

: : : a

n

a

1

or a

2

a

1

a

3

: : : a

n

,

and they w ondered whether suc h a metho d exists for all n .

In general, if G is an y group of p erm utations and if �

1

, : : : , �

k

are ele-

men ts of G , the Cayley gr aph for G with generators ( �

1

; : : : ; �

k

) is the directed

graph whose v ertices are the p erm utations � of G and whose arcs go from �

to �

1

� , : : : , �

k

� . [Arth ur Ca yley , American J. Math. 1 (1878), 174{176.] The

question of Nijenh uis and Wilf is equiv alen t to asking whether the Ca yley graph

for all p erm utations of f 1 ; 2 ; : : : ; n g , with generators � and � where � is the cyclic

p erm utation (1 2 : : : n ) and � is the transp osition (1 2), has a Hamiltonian path.

A basic theorem due to R. A. Rankin [ Pro c. Cam bridge Philos. So c. 44

(1948), 17{25] allo ws us to conclude in man y cases that Ca yley graphs with t w o

generators do not ha v e a Hamiltonian cycle:

Theorem R. Let G b e a group consisting of g p erm utations. If the Ca yley graph

for G with generators ( � ; � ) has a Hamiltonian cycle, and if the p erm utations

( � ; � ; � �

�

) are resp ectiv ely of order ( a; b; c ) , then either c is ev en or g =a and g =b

are o dd.

(The or der of a p erm utation � is the least p ositiv e in teger a suc h that �

a

is the

iden tit y .)

Pr o of. See exercise 73.

In particular, when � = � and � = � as ab o v e, w e ha v e g = n !, a = n , b = 2, and

c = n � 1, b ecause � �

�

= (2 : : : n ). Therefore w e conclude that no Hamiltonian

cycle is p ossible when n � 4 is ev en. Ho w ev er, a Hamiltonian p ath is easy to

20



7.2.1.2 GENERA TING ALL PERMUT A TIONS 21

construct when n = 4, b ecause w e can join up the 12-cycles

1234 ! 2341 ! 3412 ! 4312 ! 3124 ! 1243 ! 2431

! 4231 ! 2314 ! 3142 ! 1423 ! 4123 ! 1234 ;

2134 ! 1342 ! 3421 ! 4321 ! 3214 ! 2143 ! 1432

! 4132 ! 1324 ! 3241 ! 2413 ! 4213 ! 2134 ;

( 41 )

b y starting at 2341 and jumping from 1234 to 2134, ending at 4213.

Rusk ey , Jiang, and W eston [ Discrete Applied Math. 57 (1995), 75{83] un-

derto ok an exhaustiv e searc h in the � { � graph for n = 5 and disco v ered that

it has �v e essen tially distinct Hamiltonian cycles, one of whic h (the \most

b eautiful") is illustrated in Fig. 22(a). They also found a Hamiltonian path

for n = 6; this w as a di�cult feat, b ecause it is the outcome of a 720-stage

binary decision tree. Unfortunately the solution they disco v ered has no apparen t

logical structure. A somewhat less complex path is describ ed in exercise 70, but

ev en that path cannot b e called simple. Therefore a � { � approac h will probably

not b e of practical in terest for larger v alues of n unless a new construction

is disco v ered. R. C. Compton and S. G. Williamson [ Linear and Multilinear

Algebra 35 (1993), 237{293] ha v e pro v ed that Hamiltonian cycles exist for all n

if the three generators � , �

�

, and � are allo w ed instead of just � and � ; their

cycles ha v e the in teresting prop ert y that ev ery n th transformation is � , and the

in terv ening n � 1 transformations are either all � or all �

�

. But their metho d is

to o complicated to explain in a short space.

Exercise 69 describ es a general p erm utation algorithm that is reasonably

simple and needs only three generators, eac h of order 2. Figure 22(b) illustrates

the case n = 5 of this metho d, whic h w as motiv ated b y examples of b ell-ringing.

(a) Using only transitions (1 2 3 4 5) and (1 2).

(b) Using only transitions (1 2) (3 4), (2 3) (4 5), and (3 4).

Fig. 22. Hamiltonian cycles for 5! p erm utations.

F aster, faster. What is the fastest w a y to generate p erm utations? This question

has often b een raised in computer publications, b ecause p eople who examine n !

p ossibilities w an t to k eep the running time as small as p ossible. But the answ ers

ha v e generally b een con tradictory , b ecause there are man y di�eren t w a ys to

form ulate the question. Let's try to understand the related issues b y studying

ho w p erm utations migh t b e generated most rapidly on the MMIX computer.

Supp ose �rst that our goal is to pro duce p erm utations in an arra y of n

consecutiv e memory w ords (o ctab ytes). The fastest w a y to do this, of all those

w e'v e seen in this section, is to streamline Heap's metho d ( 27 ) , as suggested b y

R. Sedgewic k [ Computing Surv eys 9 (1977), 157{160].
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The k ey idea is to optimize the co de for the most common cases of steps G2

and G3, namely the cases in whic h all activit y o ccurs at the b eginning of the

arra y . If registers u , v , and w con tain the con ten ts of the �rst three w ords, and

if the next six p erm utations to b e generated in v olv e p erm uting those w ords in

all six p ossible w a ys, w e can clearly do the job as follo ws:

PUSHJ 0,Visit

STO v,A0; STO u,A1; PUSHJ 0,Visit

STO w,A0; STO v,A2; PUSHJ 0,Visit

STO u,A0; STO w,A1; PUSHJ 0,Visit

STO v,A0; STO u,A2; PUSHJ 0,Visit

STO w,A0; STO v,A1; PUSHJ 0,Visit

( 42 )

(Here A0 is the address of o ctab yte a

0

, etc.) A complete p erm utation program,

whic h tak es care of getting the righ t things in to u , v , and w , app ears in exer-

cise 77, but the other instructions are less imp ortan t b ecause they need to b e

p erformed only

1

6

of the time. The total cost p er p erm utation, not coun ting the

4 � needed for PUSHJ and POP on eac h call to Visit , comes to appro ximately

2 : 77 � + 5 : 69 � with this approac h. If w e use four registers u , v , w , x , and if

w e expand ( 42 ) to 24 calls on Visit , the running time p er p erm utation drops

to ab out 2 : 19 � + 3 : 07 � . And with r registers and r ! Visit s, exercise 78 sho ws

that the cost is (2 + O (1 =r !))( � + � ), whic h is v ery nearly the cost of t w o STO

instructions.

The latter is, of course, the minim um p ossible time for an y metho d that

generates all p erm utations in a sequen tial arra y . : : : Or is it? W e ha v e assumed

that the visiting routine w an ts to see p erm utations in consecutiv e lo cations, but

p erhaps that routine is able to read the p erm utations from di�eren t starting

p oin ts. Then w e can arrange to k eep a

n � 1

�xed and to k eep t w o copies of the

other elemen ts in its vicinit y:

a

0

a

1

: : : a

n � 2

a

n � 1

a

0

a

1

: : : a

n � 2

: ( 43 )

If w e no w let a

0

a

1

: : : a

n � 2

run through ( n � 1)! p erm utations, alw a ys c hanging

b oth copies sim ultaneously b y doing t w o STO commands instead of one, w e can

let ev ery call to Visit lo ok at the n p erm utations

a

0

a

1

: : : a

n � 1

; a

1

: : : a

n � 1

a

0

; : : : ; a

n � 1

a

0

: : : a

n � 2

; ( 44 )

whic h all app ear consecutiv ely . The cost p er p erm utation is no w reduced to the

cost of three simple instructions lik e ADD , CMP , PBNZ , plus O (1 =n ). [See V arol

and Rotem, Comp. J. 24 (1981), 173{176.]

F urthermore, w e migh t not w an t to w aste time storing p erm utations in to

memory at all. Supp ose, for example, that our goal is to generate all p erm uta-

tions of f 0 ; 1 ; : : : ; n � 1 g . The v alue of n will probably b e at most 16, b ecause

16! = 20 ; 922 ; 789 ; 888 ; 000 and 17! = 355 ; 687 ; 428 ; 096 ; 000. Therefore an en tire

p erm utation will �t in the 16 n ybbles of an o ctab yte, and w e can k eep it in a

single register. This will b e adv an tageous only if the visiting routine do esn't

need to unpac k the individual n ybbles; but let's supp ose that it do esn't. Ho w

fast can w e generate p erm utations in the n ybbles of a 64-bit register?
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One idea, suggested b y a tec hnique due to A. J. Goldstein [ U. S. P aten t

3383661 (14 Ma y 1968)], is to precompute the table ( t [1] ; : : : ; t [5039]) of plain-

c hange transitions for sev en elemen ts, using Algorithm T. These n um b ers t [ k ] lie

b et w een 1 and 6, so w e can pac k 20 of them in to a 64-bit w ord. It is con v enien t

to put the n um b er

P

20

k =1

2

3 k � 1

t [20 j + k ] in to w ord j of an auxiliary table, for

0 � j < 252, with t [5040] = 1; for example, the table b egins with the co dew ord

00 j 001 j 010 j 011 j 100 j 101 j 110 j 100 j 110 j 101 j 100 j 011 j 010 j 001 j 110 j 001 j 010 j 011 j 100 j 101 j 110 j 00 :

The follo wing program reads suc h co des e�cien tly:

Perm h Set register a to the �rst p erm utation i

0H LDA p,T p  address of �rst co dew ord.

JMP 3F

1H h Visit the p erm utation in register a i

h Sw ap the n ybbles of a that lie t bits from the righ t i

SRU c,c,3 c  c � 3.

2H AND t,c,#1c t  c ^ (11100)

2

.

PBNZ t,1B Branc h if t 6= 0.

ADD p,p,8

3H LDO c,p,0 c  next co dew ord.

PBNZ c,2B (The �nal co dew ord is follo w ed b y 0.)

h If not done, adv ance the leading n � 7 n ybbles and return to 0B i

( 45 )

Exercise 79 sho ws ho w to h Sw ap the n ybbles : : : i with sev en instructions, using

bit manipulation op erations that are found on most computers. Therefore the

cost p er p erm utation is just a bit more than 10 � . (The instructions that fetc h

new co dew ords cost only ( � + 5 � ) = 20 ; and the instructions that adv ance the

leading n � 7 n ybbles are ev en more negligible since their cost is divided b y 5040.)

Notice that there is no w no need for PUSHJ and POP as there w as with ( 42 ) ; w e

ignored those instructions b efore, but they did cost 4 � .

W e can, ho w ev er, do ev en b etter b y adapting Langdon's cyclic-shift metho d,

Algorithm C. Supp ose w e start with the lexicographically largest p erm utation

and op erate as follo ws:

GREG @

0H OCTA #fedcba9876543210&(1<<(4*N)-1)

Perm LDOU a,0B Set a  

#

: : : 3210 .

JMP 2F

1H SRU a,a,4*(16-N) a  b a= 16

16 � n

c .

OR a,a,t a  a _ t .

2H h Visit the p erm utation in register a i

SRU t,a,4*(N-1) t  b a= 16

n � 1

c .

SLU a,a,4*(17-N) a  16

17 � n

a mo d 16

16

.

PBNZ t,1B T o 1B if t 6= 0.

h Con tin ue with Langdon's metho d i

( 46 )

The running time p er p erm utation is no w only 5 � + O (1 =n ), again without the

need for PUSHJ and POP . See exercise 81 for an in teresting w a y to extend ( 46 ) to

a complete program, obtaining a remark ably short and fast routine.
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F ast p erm utation generators are am using, but in practice w e can usually

sa v e more time b y streamlining the visiting routine than b y sp eeding up the

generator.

T op ological sorting. Instead of w orking with all n ! p erm utations of f 1 ; : : : ; n g ,

w e often w an t to lo ok only at p erm utations that ob ey certain restrictions. F or

example, w e migh t b e in terested only in p erm utations for whic h 1 precedes 3,

2 precedes 3, and 2 precedes 4; there are �v e suc h p erm utations of f 1 ; 2 ; 3 ; 4 g ,

namely

1234 ; 1243 ; 2134 ; 2143 ; 2413 : ( 47 )

The problem of top olo gic al sorting , whic h w e studied in Section 2.2.3 as a �rst

example of non trivial data structures, is the general problem of �nding a p erm u-

tation that satis�es m suc h conditions x

1

� y

1

, : : : , x

m

� y

m

, where x � y means

that x should precede y in the p erm utation. This problem arises frequen tly in

practice, so it has sev eral di�eren t names; for example, it is often called the line ar

emb e dding problem, b ecause w e w an t to arrange ob jects in a line while preserving

certain order relationships. It is also the problem of extending a partial ordering

to a total ordering (see exercise 2.2.3{14).

Our goal in Section 2.2.3 w as to �nd a single p erm utation that satis�es

all the relations. But no w w e w an t rather to �nd al l suc h p erm utations, all

top ological sorts. Indeed, w e will assume in the presen t section that the elemen ts

x and y on whic h the relations are de�ned are in tegers b et w een 1 and n , and

that w e ha v e x < y whenev er x � y . Consequen tly the p erm utation 12 : : : n

will alw a ys b e top ologically correct. (If this simplifying assumption is not met,

w e can prepro cess the data b y using Algorithm 2.2.3T to rename the ob jects

appropriately .)

Man y imp ortan t classes of p erm utations are sp ecial cases of this top ological

ordering problem. F or example, the p erm utations of f 1 ; : : : ; 8 g suc h that

1 � 2 ; 2 � 3 ; 3 � 4 ; 6 � 7 ; 7 � 8

are equiv alen t to p erm utations of the m ultiset f 1 ; 1 ; 1 ; 1 ; 2 ; 3 ; 3 ; 3 g , b ecause w e

can map f 1 ; 2 ; 3 ; 4 g 7! 1, 5 7! 2, and f 6 ; 7 ; 8 g 7! 3. W e kno w ho w to generate

p erm utations of a m ultiset using Algorithm L, but no w w e will learn another w a y .

Notice that x precedes y in a p erm utation a

1

: : : a

n

if and only if a

0

x

< a

0

y

in

the in v erse p erm utation a

0

1

: : : a

0

n

. Therefore the algorithm w e are ab out to study

will also �nd all p erm utations a

0

1

: : : a

0

n

suc h that a

0

j

< a

0

k

whenev er j � k . F or

example, w e learned in Section 5.1.4 that a Y oung tableau is an arrangemen t of

f 1 ; : : : ; n g in ro ws and columns so that eac h ro w is increasing from left to righ t

and eac h column is increasing from top to b ottom. The problem of generating all

3 � 3 Y oung tableaux is therefore equiv alen t to generating all a

0

1

: : : a

0

9

suc h that

a

0

1

< a

0

2

< a

0

3

; a

0

4

< a

0

5

< a

0

6

; a

0

7

< a

0

8

< a

0

9

;

a

0

1

< a

0

4

< a

0

7

; a

0

2

< a

0

5

< a

0

8

; a

0

3

< a

0

6

< a

0

9

;

( 48 )

and this is a sp ecial kind of top ological sorting.
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W e migh t also w an t to �nd all matchings of 2 n elemen ts, namely all w a ys to

partition f 1 ; : : : ; 2 n g in to n pairs. There are (2 n � 1)(2 n � 3) : : : (1) = (2 n )! = (2

n

n !)

w a ys to do this, and they corresp ond to p erm utations that satisfy

a

0

1

< a

0

2

; a

0

3

< a

0

4

; : : : ; a

0

2 n � 1

< a

0

2 n

; a

0

1

< a

0

3

< � � � < a

0

2 n � 1

: ( 49 )

An elegan t algorithm for exhaustiv e top ological sorting w as disco v ered b y

Y. L. V arol and D. Rotem [ Comp. J. 24 (1981), 83{84], who realized that a

metho d analogous to plain c hanges (Algorithm P) can b e used. Supp ose w e

ha v e found a w a y to arrange f 1 ; : : : ; n � 1 g top ologically , so that a

1

: : : a

n � 1

satis�es all the conditions that do not in v olv e n . Then w e can easily write do wn

all the allo w able w a ys to insert the �nal elemen t n without c hanging the relativ e

order of a

1

: : : a

n � 1

: W e simply start with a

1

: : : a

n � 1

n , then shift n left one step

at a time, un til it cannot mo v e further. Applying this idea recursiv ely yields the

follo wing straigh tforw ard pro cedure.

Algorithm V ( A l l top olo gic al sorts ). Giv en a relation � on f 1 ; : : : ; n g with the

prop ert y that x � y implies x < y , this algorithm generates all p erm utations

a

1

: : : a

n

and their in v erses a

0

1

: : : a

0

n

with the prop ert y that a

0

j

< a

0

k

whenev er

j � k . W e assume for con v enience that a

0

= 0 and that 0 � k for 1 � k � n .

V1. [Initialize.] Set a

j

 j and a

0

j

 j for 0 � j � n .

V2. [Visit.] Visit the p erm utation a

1

: : : a

n

and its in v erse a

0

1

: : : a

0

n

. Then set

k  n .

V3. [Can k mo v e left?] Set j  a

0

k

and l  a

j � 1

. If l � k , go to V5.

V4. [Y es, mo v e it.] Set a

j � 1

 k , a

j

 l , a

0

k

 j � 1, and a

0

l

 j . Go to V2.

V5. [No, put k bac k.] While j < k , set l  a

j +1

, a

j

 l , a

0

l

 j , and j  j + 1.

Then set a

k

 a

0

k

 k . Decrease k b y 1 and return to V3 if k > 0.

F or example, Theorem 5.1.4H tells us that there are exactly 42 Y oung tableaux

of size 3 � 3. If w e apply Algorithm V to the relations ( 48 ) and write the in v erse

p erm utation in arra y form

a

0

1

a

0

2

a

0

3

a

0

4

a

0

5

a

0

6

a

0

7

a

0

8

a

0

9

; ( 50 )

w e get the follo wing 42 results:

1 2 3

4 5 6

7 8 9

1 2 3

4 5 7

6 8 9

1 2 3

4 5 8

6 7 9

1 2 3

4 6 7

5 8 9

1 2 3

4 6 8

5 7 9

1 2 4

3 5 6

7 8 9

1 2 4

3 5 7

6 8 9

1 2 4

3 5 8

6 7 9

1 2 4

3 6 7

5 8 9

1 2 4

3 6 8

5 7 9

1 2 5

3 6 7

4 8 9

1 2 5

3 6 8

4 7 9

1 2 5

3 4 6

7 8 9

1 2 5

3 4 7

6 8 9

1 2 5

3 4 8

6 7 9

1 2 6

3 4 7

5 8 9

1 2 6

3 4 8

5 7 9

1 2 7

3 4 8

5 6 9

1 2 6

3 5 7

4 8 9

1 2 6

3 5 8

4 7 9

1 2 7

3 5 8

4 6 9

1 3 4

2 5 6

7 8 9

1 3 4

2 5 7

6 8 9

1 3 4

2 5 8

6 7 9

1 3 4

2 6 7

5 8 9

1 3 4

2 6 8

5 7 9

1 3 5

2 6 7

4 8 9

1 3 5

2 6 8

4 7 9

1 4 5

2 6 7

3 8 9

1 4 5

2 6 8

3 7 9

1 3 5

2 4 6

7 8 9

1 3 5

2 4 7

6 8 9

1 3 5

2 4 8

6 7 9

1 3 6

2 4 7

5 8 9

1 3 6

2 4 8

5 7 9

1 3 7

2 4 8

5 6 9

1 3 6

2 5 7

4 8 9

1 3 6

2 5 8

4 7 9

1 3 7

2 5 8

4 6 9

1 4 6

2 5 7

3 8 9

1 4 6

2 5 8

3 7 9

1 4 7

2 5 8

3 6 9
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Let t

r

b e the n um b er of top ological sorts for whic h the �nal n � r elemen ts

are in their initial p osition a

j

= j for r < j � n . Equiv alen tly , t

r

is the n um b er

of top ological sorts a

1

: : : a

r

of f 1 ; : : : ; r g , when w e ignore the relations in v olving

elemen ts greater than r . Then the recursiv e mec hanism underlying Algorithm V

sho ws that step V2 is p erformed N times and step V3 is p erformed M times,

where

M = t

n

+ � � � + t

1

and N = t

n

: ( 51 )

Also, step V4 and the lo op op erations of V5 are p erformed N � 1 times; the rest

of step V5 is done M � N + 1 times. Therefore the total running time of the

algorithm is a linear com bination of M , N , and n .

If the elemen t lab els are c hosen p o orly , M migh t b e m uc h larger than N .

F or example, if the constrain ts input to Algorithm V are

2 � 3 ; 3 � 4 ; : : : ; n � 1 � n; ( 52 )

then t

j

= j for 1 � j � n and w e ha v e M =

1

2

( n

2

+ n ), N = n . But those

constrain ts are also equiv alen t to

1 � 2 ; 2 � 3 ; : : : ; n � 2 � n � 1 ; ( 53 )

under renaming of the elemen ts; then M is reduced to 2 n � 1 = 2 N � 1.

Exercise 89 sho ws that a simple prepro cessing step will �nd elemen t lab els

so that a sligh t mo di�cation of Algorithm V is able to generate all top ological

sorts in O ( N + n ) steps. Th us top ological sorting can alw a ys b e done e�cien tly .

Think t wice b efore y ou p erm ute. W e ha v e seen sev eral attractiv e algorithms

for p erm utation generation in this section, but man y algorithms are kno wn b y

whic h p erm utations that are optim um for particular purp oses can b e found

without running through all p ossibilities. F or example, Theorem 6.1S sho w ed

that w e can �nd the b est w a y to arrange records on a sequen tial storage simply

b y sorting them with resp ect to a certain cost criterion, and this pro cess tak es

only O ( n log n ) steps. In Section 7.5.2 w e will study the assignment pr oblem ,

whic h asks ho w to p erm ute the columns of a square matrix so that the sum of

the diagonal elemen ts is maximized. That problem can b e solv ed in at most

O ( n

3

) op erations, so it w ould b e fo olish to use a metho d of order n ! unless n

is extremely small. Ev en in cases lik e the tra v eling salesrep problem, when no

e�cien t algorithm is kno wn, w e can usually �nd a m uc h b etter approac h than

to examine ev ery p ossible solution. P erm utation generation is b est used when

there is go o d reason to lo ok at eac h p erm utation individually .

EXERCISES

x 1. [ 20 ] Explain ho w to mak e Algorithm L run faster, b y streamlining its op erations

when the v alue of j is near n .

2. [ 20 ] Rewrite Algorithm L so that it pro duces all p erm utations of a

1

: : : a

n

in

rev erse colex order. (In other w ords, the v alues of the re
ections a

n

: : : a

1

should b e

lexicographically decreasing, as in ( 11 ) . This form of the algorithm is often simpler

and faster than the original, b ecause few er calculations dep end on the v alue of n .)
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x 3. [ M21 ] The r ank of a com binatorial arrangemen t X with resp ect to a generation

algorithm is the n um b er of other arrangemen ts that the algorithm visits prior to X .

Explain ho w to compute the rank of a giv en p erm utation a

1

: : : a

n

with resp ect to

Algorithm L, if f a

1

; : : : ; a

n

g = f 1 ; : : : ; n g . What is the rank of 314592687?

4. [ M23 ] Generalizing exercise 3, explain ho w to compute the rank of a

1

: : : a

n

with

resp ect to Algorithm L when f a

1

; : : : ; a

n

g is the m ultiset f n

1

� x

1

; : : : ; n

t

� x

t

g ; here

n

1

+ � � � + n

t

= n and x

1

< � � � < x

t

. (The total n um b er of p erm utations is, of course,

the m ultinomial co e�cien t

�

n

n

1

; : : : ; n

t

�

=

n !

n

1

! : : : n

t

!

;

see Eq. 5.1.2{( 3 ) .) What is the rank of 314159265?

5. [ H M25 ] Compute the mean and v ariance of the n um b er of comparisons made b y

Algorithm L in (a) step L2, (b) step L3, when the elemen ts f a

1

; : : : ; a

n

g are distinct.

6. [ H M34 ] Deriv e generating functions for the mean n um b er of comparisons made

b y Algorithm L in (a) step L2, (b) step L3, when f a

1

; : : : ; a

n

g is a general m ultiset

as in exercise 4. Also giv e the results in closed form when f a

1

; : : : ; a

n

g is the binary

m ultiset f s � 0 ; ( n � s ) � 1 g .

7. [ H M35 ] What is the limit as t ! 1 of the a v erage n um b er of comparisons

made p er p erm utation in step L2 when Algorithm L is b eing applied to the m ultiset

(a) f 2 � 1 ; 2 � 2 ; : : : ; 2 � t g ? (b) f 1 � 1 ; 2 � 2 ; : : : ; t � t g ? (c) f 2 � 1 ; 4 � 2 ; : : : ; 2

t

� t g ?

x 8. [ 21 ] The variations of a m ultiset are the p erm utations of all its subm ultisets. F or

example, the v ariations of f 1 ; 2 ; 2 ; 3 g are

�; 1 ; 12 ; 122 ; 1223 ; 123 ; 1232 ; 13 ; 132 ; 1322 ;

2 ; 21 ; 212 ; 2123 ; 213 ; 2132 ; 22 ; 221 ; 2213 ; 223 ; 2231 ; 23 ; 231 ; 2312 ; 232 ; 2321 ;

3 ; 31 ; 312 ; 3122 ; 32 ; 321 ; 3212 ; 322 ; 3221 :

Sho w that simple c hanges to Algorithm L will generate all v ariations of a giv en m ultiset

f a

1

; a

2

; : : : ; a

n

g .

9. [ 22 ] Con tin uing the previous exercise, design an algorithm to generate all r -

v ariations of a giv en m ultiset f a

1

; a

2

; : : : ; a

n

g , also called its r -p erm utations, namely all

p erm utations of its r -elemen t subm ultisets. (F or example, the solution to an alphametic

with r distinct letters is an r -v ariation of f 0 ; 1 ; : : : ; 9 g .)

10. [ 20 ] What are the v alues of a

1

a

2

: : : a

n

, c

1

c

2

: : : c

n

, and o

1

o

2

: : : o

n

at the end of

Algorithm P , if a

1

a

2

: : : a

n

= 1 2 : : : n at the b eginning?

11. [ M22 ] Ho w man y times is eac h step of Algorithm P p erformed? (Assume that

n � 2.)

x 12 . [ M23 ] What is the 1000000th p erm utation visited b y (a) Algorithm L, (b) Algo-

rithm P , (c) Algorithm C, if f a

1

; : : : ; a

n

g = f 0 ; : : : ; 9 g ? Hint: In mixed-radix notation

w e ha v e 1000000 = [

2 ;

10 ;

6 ;

9 ;

6 ;

8 ;

2 ;

7 ;

5 ;

6 ;

1 ;

5 ;

2 ;

4 ;

2 ;

3 ;

0 ;

2 ;

0

1

] = [

0 ;

1 ;

0 ;

2 ;

1 ;

3 ;

2 ;

4 ;

3 ;

5 ;

0 ;

6 ;

2 ;

7 ;

7 ;

8 ;

1 ;

9 ;

0

10

] .

13. [ M21 ] (Martin Gardner, 1974.) T rue or false: If a

1

a

2

: : : a

n

is initially 12 : : : n ,

Algorithm P b egins b y visiting all n ! = 2 p erm utations in whic h 1 precedes 2; then the

next p erm utation is n : : : 21.

14. [ M22 ] T rue or false: If a

1

a

2

: : : a

n

is initially x

1

x

2

: : : x

n

in Algorithm P , w e alw a ys

ha v e a

j � c

j

+ s

= x

j

at the b eginning of step P5.
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15. [ M23 ] (Selmer Johnson, 1963.) Sho w that the o�set v ariable s nev er exceeds 2 in

Algorithm P .

16. [ 21 ] Explain ho w to mak e Algorithm P run faster, b y streamlining its op erations

when the v alue of j is near n . (This problem is analogous to exercise 1.)

x 17 . [ 20 ] Extend Algorithm P so that the inverse p ermutation a

0

1

: : : a

0

n

is a v ailable for

pro cessing when a

1

: : : a

n

is visited in step P2. (The in v erse satis�es a

0

k

= j if and only

if a

j

= k .)

18. [ 21 ] ( R osary p ermutations .) Devise an e�cien t w a y to generate ( n � 1)! = 2 p erm u-

tations that represen t all p ossible undirected cycles on the v ertices f 1 ; : : : ; n g ; that is,

no cyclic shift of a

1

: : : a

n

or a

n

: : : a

1

will b e generated if a

1

: : : a

n

is generated. The

p erm utations (1234 ; 1324 ; 3124) could, for example, b e used when n = 4.

19. [ 25 ] Construct an algorithm that generates all p erm utations of n distinct elemen ts

lo oplessly in the spirit of Algorithm 7.2.1.1L.

x 20 . [ 20 ] The n -cub e has 2

n

n ! symmetries, one for eac h w a y to p erm ute and/or com-

plemen t the co ordinates. Suc h a symmetry is con v enien tly represen ted as a signe d

p ermutation , namely a p erm utation with optional signs attac hed to the elemen ts. F or

example, 2 3 1 is a signed p erm utation that transforms the v ertices of the 3-cub e b y

c hanging x

1

x

2

x

3

to x

2

x

3

x

1

, so that 000 7! 001, 001 7! 011, : : : , 111 7! 110. Design

a simple algorithm that generates all signed p erm utations of f 1 ; 2 ; : : : ; n g , where eac h

step either in terc hanges t w o adjacen t elemen ts or negates the �rst elemen t.

21. [ M21 ] (E. P . McCra vy , 1971.) Ho w man y solutions do es the alphametic ( 6 ) ha v e

in radix b ?

22. [ M15 ] T rue or false: If an alphametic has a solution in radix b , it has a solution

in radix b + 1.

23. [ M20 ] T rue or false: A pure alphametic cannot ha v e t w o iden tical signatures

s

j

= s

k

6= 0 when j 6= k .

24. [ 25 ] Solv e the follo wing alphametics b y hand or b y computer:

a) SEND + A + TAD + MORE = MONEY .

b) ZEROES + ONES = BINARY . (P eter MacDonald, 1977)

c) DCLIX + DLXVI = MCCXXV . (Willy Enggren, 1972)

d) COUPLE + COUPLE = QUARTET . (Mic hael R. W. Buc kley , 1977)

e) FISH + N + CHIPS = SUPPER . (Bob Vinnicom b e, 1978)

f ) SATURN + URANUS + NEPTUNE + PLUTO = PLANETS . (Willy Enggren, 1968)

g) EARTH + AIR + FIRE + WATER = NATURE . (Herman Nijon, 1977)

h) AN + ACCELERATING + INFERENTIAL + ENGINEERING + TALE + ELITE + GRANT + FEE +

ET + CETERA = ARTIFICIAL + INTELLIGENCE .

i) HARDY + NESTS = NASTY + HERDS .

x 25 . [ M21 ] Devise a fast w a y to compute min ( a � s ) and max ( a � s ) o v er all v alid

p erm utations a

1

: : : a

10

of f 0 ; : : : ; 9 g , giv en the signature v ector s = ( s

1

; : : : ; s

10

) and

the �rst-letter set F of an alphametic problem. (Suc h a pro cedure mak es it p ossible

to rule out man y cases quic kly when a large family of alphametics is b eing considered,

as in sev eral of the exercises that follo w, b ecause a solution can exist only when

min ( a � s ) � 0 � max ( a � s ).)

26. [ 25 ] What is the unique alphametic solution to

NIIHAU � KAUAI � OAHU � MOLOKAI � LANAI � MAUI � HAWAII = 0?

27. [ 30 ] Construct pure additiv e alphametics in whic h all w ords ha v e �v e letters.
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28. [ M25 ] A p artition of the in teger n is an expression of the form n = n

1

+ � � � + n

t

with

n

1

� � � � � n

t

> 0. Suc h a partition is called doubly true if � ( n ) = � ( n

1

) + � � � + � ( n

t

) is

also a pure alphametic, where � ( n ) is the \name" of n in some language. Doubly true

partitions w ere in tro duced b y Alan W a yne in AMM 54 (1947), 38, 412{414, where he

suggested solving TWENTY = SEVEN + SEVEN + SIX and a few others.

a) Find all partitions that are doubly true in English when 1 � n � 20.

b) W a yne also ga v e the example EIGHTY = FIFTY + TWENTY + NINE + ONE . Find all

doubly true partitions for 1 � n � 100 in whic h the parts are distinct , using the

names ONE , TWO , : : : , NINETYNINE , ONEHUNDRED .

x 29 . [ M25 ] Con tin uing the previous exercise, �nd all equations of the form n

1

+ � � � +

n

t

= n

0

1

+ � � � + n

0

t

0

that are b oth mathematically and alphametically true in English,

when f n

1

; : : : ; n

t

; n

0

1

; : : : ; n

0

t

0

g are distinct p ositiv e in tegers less than 20. F or example,

TWELVE + NINE + TWO = ELEVEN + SEVEN + FIVE ;

the alphametics should all b e pure.

30. [ 25 ] Solv e these m ultiplicativ e alphametics b y hand or b y computer:

a) TWO � TWO = SQUARE . (H. E. Dudeney , 1929)

b) HIP � HIP = HURRAY . (Willy Enggren, 1970)

c) PI � R � R = AREA . (Brian Barw ell, 1981)

d) NORTH = SOUTH = EAST = WEST . (Nob Y oshigahara, 1995)

e) NAUGHT � NAUGHT = ZERO � ZERO � ZERO . (Alan W a yne, 2003)

31. [ M22 ] (Nob Y oshigahara.) What is the unique solution to A = BC + D = EF + G = HI = 1,

when f A ; : : : ; I g = f 1 ; : : : ; 9 g ?

32. [ M25 ] (H. E. Dudeney , 1901.) Find all w a ys to represen t 100 b y inserting a

plus sign and a slash in to a p erm utation of the digits f 1 ; : : : ; 9 g . F or example, 100 =

91 + 5742 = 638. The plus sign should precede the slash.

33. [ 25 ] Con tin uing the previous exercise, �nd all p ositiv e in tegers less than 150 that

(a) cannot b e represen ted in suc h a fashion; (b) ha v e a unique represen tation.

34. [ M26 ] Mak e the equation EVEN + ODD + PRIME = x doubly true when (a) x is a

p erfect 5th p o w er; (b) x is a p erfect 7th p o w er.

x 35 . [ M20 ] The automorphisms of a 4-cub e ha v e man y di�eren t Sims tables, only one

of whic h is sho wn in ( 14 ) . Ho w man y di�eren t Sims tables are p ossible for that group,

when the v ertices are n um b ered as in ( 12 ) ?

36. [ M23 ] Find a Sims table for the group of all automorphisms of the 4 � 4 tic-tac-to e

b oard

0 1 2 3

4 5 6 7

8 9 a b

c d e f

;

namely the p erm utations that tak e lines in to lines, where a \line" is a set of four

elemen ts that b elong to a ro w, column, or diagonal.

x 37 . [ H M22 ] Ho w man y Sims tables can b e used with Algorithms G or H? Estimate

the logarithm of this n um b er as n ! 1 .

38. [ H M21 ] Pro v e that the a v erage n um b er of transp ositions p er p erm utation when

using Ord-Smith's algorithm ( 26 ) is appro ximately sinh 1 � 1 : 175 :
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39. [ 16 ] W rite do wn the 24 p erm utations generated for n = 4 b y (a) Ord-Smith's

metho d ( 26 ) ; (b) Heap's metho d ( 27 ) .

40. [ M23 ] Sho w that Heap's metho d ( 27 ) corresp onds to a v alid Sims table.

x 41 . [ M33 ] Design an algorithm that generates all r -v ariations of f 0 ; 1 ; : : : ; n � 1 g b y

in terc hanging just t w o elemen ts when going from one v ariation to the next. (See

exercise 9.) Hint: Generalize Heap's metho d ( 27 ) , obtaining the results in p ositions

a

n � r

: : : a

n � 1

of an arra y a

0

: : : a

n � 1

. F or example, one solution when n = 5 and r = 2

uses the �nal t w o elemen ts of the resp ectiv e p erm utations 01234, 31204, 30214, 30124,

40123, 20143, 24103, 24013, 34012, 14032, 13042, 13402, 23401, 03421, 02431, 02341,

12340, 42310, 41320, 41230.

42. [ M20 ] Construct a Sims table for all p erm utations in whic h ev ery � ( k ; j ) and

ev ery � ( k ; j ) for 1 � j � k is a cycle of length � 3.

43. [ M24 ] Construct a Sims table for all p erm utations in whic h ev ery � ( k ; k ), ! ( k ),

and � ( k ; j ) ! ( k � 1)

�

for 1 � j � k is a cycle of length � 3.

44. [ 20 ] When blo c ks of un w an ted p erm utations are b eing skipp ed b y the extended

Algorithm G, is the Sims table of Ord-Smith's metho d ( 23 ) sup erior to the Sims table

of the rev erse colex metho d ( 18 ) ?

45. [ 20 ] (a) What are the indices u

1

: : : u

9

when Algorithm X visits the p erm utation

314592687? (b) What p erm utation is visited when u

1

: : : u

9

= 314157700?

46. [ 20 ] T rue or false: When Algorithm X visits a

1

: : : a

n

, w e ha v e u

k

> u

k +1

if and

only if a

k

> a

k +1

, for 1 � k < n .

x 47 . [ M21 ] Express the n um b er of times that eac h step of Algorithm X is p erformed

in terms of the n um b ers N

0

, N

1

, : : : , N

n

, where N

k

is the n um b er of pre�xes a

1

: : : a

k

that satisfy t

j

( a

1

; : : : ; a

j

) for 1 � j � k .

x 48 . [ M25 ] Compare the running times of Algorithm X and Algorithm L, in the case

when the tests t

1

( a

1

), t

2

( a

1

; a

2

), : : : , t

n

( a

1

; a

2

; : : : ; a

n

) alw a ys are true.

x 49 . [ 28 ] The text's suggested metho d for solving additiv e alphametics with Algo-

rithm X essen tially c ho oses digits from righ t to left; in other w ords, it assigns ten tativ e

v alues to the least signi�can t digits b efore considering digits that corresp ond to higher

p o w ers of 10.

Explore an alternativ e approac h that c ho oses digits from left to righ t. F or example,

suc h a metho d will deduce immediately that M = 1 when SEND + MORE = MONEY . Hint:

See exercise 25.

50. [ M15 ] Explain wh y the dual form ula ( 32 ) follo ws from ( 13 ) .

51. [ M16 ] T rue or false: If the sets S

k

= f � ( k ; 0) ; : : : ; � ( k ; k ) g form a Sims table for

the group of all p erm utations, so also do the sets S

�

k

= f � ( k ; 0)

�

; : : : ; � ( k ; k )

�

g .

x 52 . [ M22 ] What p erm utations � ( k ; j ) and ! ( k ) arise when Algorithm H is used with

the Sims table ( 36 ) ? Compare the resulting generator with Algorithm P .

x 53 . [ M26 ] (F. M. Iv es.) Construct a Sims table for whic h Algorithm H will generate

all p erm utations b y making only n ! + O ( ( n � 2)! ) transp ositions.

54. [ 20 ] W ould Algorithm C w ork prop erly if step C3 did a righ t-cyclic shift, setting

a

1

: : : a

k � 1

a

k

 a

k

a

1

: : : a

k � 1

, instead of a left-cyclic shift?

55. [ M27 ] Consider the factorial ruler function

�

!

( m ) = max f k j m mo d k ! = 0 g :
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Let �

k

and �

k

b e p erm utations of the nonnegativ e in tegers suc h that �

j

�

k

= �

k

�

j

whenev er j � k . Let �

0

and �

0

b e the iden tit y p erm utation, and for m > 0 de�ne

�

m

= �

�

m � 1

�

�

!

( m )

�

m � 1

�

m � 1

; �

m

= �

�

!

( m )

�

m � 1

:

F or example, if �

k

is the 
ip op eration (1 k � 1) (2 k � 2) : : : = (0 k ) � ( k ) and if �

k

= (0 k ),

and if Algorithm E is started with a

j

= j for 0 � j < n , then �

m

and �

m

are the

con ten ts of a

0

: : : a

n � 1

and b

0

: : : b

n � 1

after step E5 has b een p erformed m times.

a) Pro v e that �

( n +1)!

�

( n +1)!

= �

n +1

�

�

n

�

n +1

�

�

n

( �

n !

�

n !

)

n +1

.

b) Use the result of (a) to establish the v alidit y of Algorithm E.

56. [ M22 ] Pro v e that Algorithm E remains v alid if step E5 is replaced b y

E5

0

. [T ransp ose pairs.] If k > 2, in terc hange b

j +1

$ b

j

for j = k � 2, k � 4, : : : ,

(2 or 1). Return to E2.

57. [ H M22 ] What is the a v erage n um b er of in terc hanges made in step E5?

58. [ M21 ] T rue or false: If Algorithm E b egins with a

0

: : : a

n � 1

= x

1

: : : x

n

then the

�nal p erm utation visited b egins with a

0

= x

n

.

59. [ M20 ] Some authors de�ne the arcs of a Ca yley graph as running from � to � �

j

instead of from � to �

j

� . Are the t w o de�nitions essen tially di�eren t?

x 60 . [ 21 ] A Gr ay cycle for p ermutations is a cycle ( �

0

; �

1

; : : : ; �

n ! � 1

) that includes

ev ery p erm utation of f 1 ; 2 ; : : : ; n g and has the prop ert y that �

k

di�ers from �

( k +1) mo d n !

b y an adjacen t transp osition. It can also b e describ ed as a Hamiltonian cycle on the

Ca yley graph for the group of all p erm utations on f 1 ; 2 ; : : : ; n g , with the n � 1 generators

( (1 2) ; (2 3) ; : : : ; ( n � 1 n ) ) . The delta se quenc e of suc h a Gra y cycle is the sequence of

in tegers �

0

�

1

: : : �

n ! � 1

suc h that

�

( k +1) mo d n !

= ( �

k

�

k

+ 1) �

k

:

(See 7.2.1.1{( 24 ) , whic h describ es the analogous situation for binary n -tuples.) F or

example, Fig. 23 illustrates the Gra y cycle de�ned b y plain c hanges when n = 4; its

delta sequence is (32131231)

3

.

a) Find all Gra y cycles for p erm utations of f 1 ; 2 ; 3 ; 4 g .

b) Tw o Gra y cycles are considered to b e equiv alen t if their delta sequences can b e

obtained from eac h other b y cyclic shifting ( �

k

: : : �

n ! � 1

�

0

: : : �

k � 1

) and/or rev ersal

( �

n ! � 1

: : : �

1

�

0

) and/or complemen tation (( n � �

0

) ( n � �

1

) : : : ( n � �

n ! � 1

)). Whic h of

the Gra y cycles in (a) are equiv alen t?

Fig. 23. Algorithm P traces out

this Hamiltonian cycle on the

truncated o ctahedron of Fig. 5{

1.

1234

2134

1243

2143

2314

3214

2341

3241

1324

3124

1342

3142

1423

1432

4132

4123

2413

2431

4231

4213

3421

3412

4321

4312

31



32 COMBINA TORIAL ALGORITHMS (F2B) 7.2.1.2

61. [ 21 ] Con tin uing the previous exercise, a Gr ay c o de for p ermutations is lik e a Gra y

cycle except that the �nal p erm utation �

n ! � 1

is not required to b e adjacen t to the initial

p erm utation �

0

. Study the set of all Gra y co des for n = 4 that start with 1234.

x 62 . [ M23 ] What p erm utations can b e reac hed as the �nal elemen t of a Gra y co de

that starts at 12 : : : n ?

63. [ M25 ] Estimate the total n um b er of Gra y cycles for p erm utations of f 1 ; 2 ; 3 ; 4 ; 5 g .

64. [ 23 ] A \doubly Gra y" co de for p erm utations is a Gra y cycle with the additional

prop ert y that �

k +1

= �

k

� 1 for all k . Compton and Williamson ha v e pro v ed that suc h

co des exist for all n � 3. Ho w man y doubly Gra y co des exist for n = 5?

65. [ M25 ] F or whic h in tegers N is there a Gra y path through the N lexicographically

smallest p erm utations of f 1 ; : : : ; n g ? (Exercise 7.2.1.1{26 solv es the analogous problem

for binary n -tuples.)

66. [ 22 ] Ehrlic h's sw ap metho d suggests another t yp e of Gra y cycle for p erm utations,

in whic h the n � 1 generators are the star transp ositions (1 2), (1 3), : : : , (1 n ). F or

example, Fig. 24 sho ws the relev an t graph when n = 4. Analyze the Hamiltonian cycles

of this graph.

1234 2431 1423 2143 1342 2314

1432 2413 1243 2341 1324 2134

4132 3412 4213 3241 4321 3124

4312 3214 4231 3421 4123 3142

4231 3421 4123 3142 4312 3214

1234

2134

4132

3142

1342 2314 1234 2431 1423 2143

Fig. 24. The Ca yley graph for p erm utations of f 1 ; 2 ; 3 ; 4 g , generated b y the

star transp ositions (1 2), (1 3), and (1 4), dra wn as a t wisted torus.

67. [ 26 ] Con tin uing the previous exercise, �nd a �rst-elemen t-sw ap Gra y cycle for

n = 5 in whic h eac h star transp osition (1 j ) o ccurs 30 times, for 2 � j � 5.

68. [ M30 ] (Komp el'makher and Lisk o v ets, 1975.) Let G b e the Ca yley graph for all

p erm utations of f 1 ; : : : ; n g , with generators ( �

1

; : : : ; �

k

) where eac h �

j

is a transp o-

sition ( u

j

v

j

); also let A b e the graph with v ertices f 1 ; : : : ; n g and edges u

j

� � � v

j

for 1 � j � k . Pro v e that G has a Hamiltonian cycle if and only if A is connected.

(Figure 23 is the sp ecial case when A is a path; Figure 24 is the sp ecial case when A

is a \star.")

x 69 . [ 28 ] If n � 4, the follo wing algorithm generates all p erm utations A

1

A

2

A

3

: : : A

n

of f 1 ; 2 ; 3 ; : : : ; n g using only three transformations,

� = (1 2) (3 4) (5 6) : : : ; � = (2 3) (4 5) (6 7) : : : ; � = (3 4) (5 6) (7 8) : : : ;

nev er applying � and � next to eac h other. Explain wh y it w orks.

Z1. [Initialize.] Set A

j

 j for 1 � j � n . Also set a

j

 2 j for j � n= 2 and

a

n � j

 2 j + 1 for j < n= 2. Then in v ok e Algorithm P , but with parameter

n � 1 instead of n . W e will treat that algorithm as a coroutine, whic h should
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return con trol to us whenev er it \visits" a

1

: : : a

n � 1

in step P2. W e will also

share its v ariables (except n ).

Z2. [Set x and y .] In v ok e Algorithm P again, obtaining a new p erm utation

a

1

: : : a

n � 1

and a new v alue of j . If j = 2, in terc hange a

1+ s

$ a

2+ s

(thereb y

undoing the e�ect of step P5) and rep eat this step; in suc h a case w e are at the

halfw a y p oin t of Algorithm P. If j = 1 (so that Algorithm P has terminated),

set x  y  0 and go to Z3. Otherwise set

x  a

j � c

j

+ s +[ o

j

= � 1]

; y  a

j � c

j

+ s � [ o

j

=+1]

;

these are the t w o elemen ts most recen tly in terc hanged in step P5.

Z3. [Visit.] Visit the p erm utation A

1

: : : A

n

. Then go to Z5 if A

1

= x and A

2

= y .

Z4. [Apply � , then � .] In terc hange A

1

$ A

2

, A

3

$ A

4

, A

5

$ A

6

, : : : . Visit

A

1

: : : A

n

. Then in terc hange A

2

$ A

3

, A

4

$ A

5

, A

6

$ A

7

, : : : . T erminate

if A

1

: : : A

n

= 1 : : : n , otherwise return to Z3.

Z5. [Apply � , then � .] In terc hange A

3

$ A

4

, A

5

$ A

6

, A

7

$ A

8

, : : : . Visit

A

1

: : : A

n

. Then in terc hange A

2

$ A

3

, A

4

$ A

5

, A

6

$ A

7

, : : : , and return

to Z2.

Hint: Sho w �rst that the algorithm w orks if mo di�ed so that A

j

 n + 1 � j and

a

j

 j in step Z1, and if the \
ip" p erm utations

�

0

= (1 n ) (2 n � 1) : : : ; �

0

= (2 n ) (3 n � 1) : : : ; �

0

= (2 n � 1) (3 n � 2) : : :

are used instead of � , � , � in steps Z4 and Z5. In this mo di�cation, step Z3 should go

to Z5 if A

1

= x and A

n

= y .

x 70 . [ M33 ] The t w o 12-cycles ( 41 ) can b e regarded as � { � cycles for the t w elv e p er-

m utations of f 1 ; 1 ; 3 ; 4 g :

1134 ! 1341 ! 3411 ! 4311 ! 3114 ! 1143 ! 1431

! 4131 ! 1314 ! 3141 ! 1413 ! 4113 ! 1134 :

Replacing f 1 ; 1 g b y f 1 ; 2 g yields disjoin t cycles, and w e obtained a Hamiltonian path b y

jumping from one to the other. Can a � { � path for all p erm utations of 6 elemen ts b e

formed in a similar w a y , based on a 360-cycle for the p erm utations of f 1 ; 1 ; 3 ; 4 ; 5 ; 6 g ?

71. [ 48 ] Do es the Ca yley graph with generators � = (1 2 : : : n ) and � = (1 2) ha v e a

Hamiltonian cycle whenev er n � 3 is o dd?

72. [ M21 ] Giv en a Ca yley graph with generators ( �

1

; : : : ; �

k

), assume that eac h �

j

tak es x 7! y . (F or example, b oth � and � in exercise 71 tak e 1 7! 2.) Pro v e that an y

Hamiltonian path starting at 12 : : : n in G m ust end at a p erm utation that tak es y 7! x .

x 73 . [ M30 ] Let � , � , and � b e p erm utations of a set X , where X = A [ B . Assume

that x� = x� when x 2 A and x� = x� when x 2 B , and that the order of ��

�

is o dd.

a) Pro v e that all three p erm utations � , � , � ha v e the same sign; that is, they are all

ev en or all o dd. Hint: A p erm utation has o dd order if and only if its cycles all

ha v e o dd length.

b) Deriv e Theorem R from part (a).

74. [ M30 ] (R. A. Rankin.) Assuming that �� = � � in Theorem R, pro v e that a

Hamiltonian cycle exists if and only if there is a n um b er k suc h that 0 � k � g =c and

t + k ? c , where �

g =c

= 


t

, 
 = � �

�

. Hint: Represen t elemen ts of the group in the

form �

j




k

.
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75. [ M25 ] The directed torus C

m

� C

n

has mn v ertices ( x; y ) for 0 � x < m , 0 � y <

n , and arcs ( x; y ) ! ( x; y ) � = ( ( x + 1) mo d m; y ) , ( x; y ) ! ( x; y ) � = ( x; ( y + 1) mo d n ) .

Pro v e that, if m > 1 and n > 1, the n um b er of Hamiltonian cycles of this digraph is

d � 1

X

k =1

�

d

k

�

[ gcd ( ( d � k ) m; k n ) = d ] ; d = gcd ( m; n ) :

76. [ M31 ] The cells n um b ered 0, 1, : : : , 63

in Fig. 25 illustrate a northe asterly knight's

tour on an 8 � 8 torus: If k app ears in cell

( x

k

; y

k

), then ( x

k +1

; y

k +1

) = ( x

k

+ 2 ; y

k

+ 1)

or ( x

k

+ 1 ; y

k

+ 2), mo dulo 8, and ( x

64

; y

64

) =

( x

0

; y

0

). Ho w man y suc h tours are p ossible

on an m � n torus, when m; n � 3?

Fig. 25. A northeasterly knigh t's tour.

29 24 19 14 49 44 39 34

58 53 48 43 38 9 4 63

23 18 13 8 3 62 33 28

52 47 42 37 32 27 22 57

17 12 7 2 61 56 51 46

6 41 36 31 26 21 16 11

35 30 1 60 55 50 45 40

0 59 54 25 20 15 10 5

x 77 . [ 22 ] Complete the MMIX program whose inner lo op app ears in ( 42 ) , using Heap's

metho d ( 27 ) .

78. [ M23 ] Analyze the running time of the program in exercise 77, generalizing it so

that the inner lo op do es r ! visits (with a

0

: : : a

r � 1

in global registers).

79. [ 20 ] What sev en MMIX instructions will h Sw ap the n ybbles : : : i as ( 45 ) requires?

F or example, if register t con tains the v alue 4 and register a con tains the n ybbles

#

12345678 , register a should c hange to

#

12345687 .

80. [ 21 ] Solv e the previous exercise with only �v e MMIX instructions. Hint: Use MXOR .

x 81 . [ 22 ] Complete the MMIX program ( 46 ) b y sp ecifying ho w to h Con tin ue with Lang-

don's metho d i .

82. [ M21 ] Analyze the running time of the program in exercise 81.

83. [ 22 ] Use the � { � path of exercise 70 to design an MMIX routine analogous to ( 42 )

that generates all p erm utations of

#

123456 in register a .

84. [ 20 ] Suggest a go o d w a y to generate all n ! p erm utations of f 1 ; : : : ; n g on p pro-

cessors that are running in parallel.

x 85 . [ 25 ] Assume that n is small enough that n ! �ts in a computer w ord. What's a

go o d w a y to con v ert a giv en p erm utation � = a

1

: : : a

n

of f 1 ; : : : ; n g in to an in teger

k = r ( � ) in the range 0 � k < n !? Both functions k = r ( � ) and � = r

[ � 1]

( k ) should

b e computable in only O ( n ) steps.

86. [ 20 ] A partial order relation is supp osed to b e transitiv e; that is, x � y and y � z

should imply x � z . But Algorithm V do es not require its input relation to satisfy this

condition.

Sho w that if x � y and y � z , Algorithm V will pro duce iden tical results whether

or not x � z .

87. [ 20 ] (F. Rusk ey .) Consider the in v ersion tables c

1

: : : c

n

of the p erm utations

visited b y Algorithm V. What notew orth y prop ert y do they ha v e? (Compare with

the in v ersion tables ( 4 ) in Algorithm P .)
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88. [ 21 ] Sho w that Algorithm V can b e used to generate all w a ys to partition the

digits f 0 ; 1 ; : : : ; 9 g in to t w o 3-elemen t sets and t w o 2-elemen t sets.

x 89 . [ M30 ] Consider the n um b ers t

0

, t

1

, : : : , t

n

in ( 51 ) . Clearly t

0

= t

1

= 1.

a) Sa y that index j is \trivial" if t

j

= t

j � 1

. F or example, 9 is trivial with resp ect to

the Y oung tableau relations ( 48 ) . Explain ho w to mo dify Algorithm V so that the

v ariable k tak es on only non trivial v alues.

b) Analyze the running time of the mo di�ed algorithm. What form ulas replace ( 51 ) ?

c) Sa y that the in terv al [ j : : k ] is not a c hain if w e do not ha v e l � l + 1 for j � l < k .

Pro v e that in suc h a case t

k

� 2 t

j � 1

.

d) Ev ery in v erse top ological sort a

0

1

: : : a

0

n

de�nes a lab eling that corresp onds to

relations a

0

j

1

� a

0

k

1

, : : : , a

0

j

m

� a

0

k

m

, whic h are equiv alen t to the original relations

j

1

� k

1

, : : : , j

m

� k

m

. Explain ho w to �nd a lab eling suc h that [ j : : k ] is not a

c hain when j and k are consecutiv e non trivial indices.

e) Pro v e that with suc h a lab eling, M < 4 N in the form ulas of part (b).

90. [ M21 ] Algorithm V can b e used to pro duce all p erm utations that are h -ordered

for all h in a giv en set, namely all a

0

1

: : : a

0

n

suc h that a

0

j

< a

0

j + h

for 1 � j � n � h

(see Section 5.2.1). Analyze the running time of Algorithm V when it generates all

p erm utations that are b oth 2-ordered and 3-ordered.

91. [ H M21 ] Analyze the running time of Algorithm V when it is used with the

relations ( 49 ) to �nd matc hings.

92. [ M18 ] Ho w man y p erm utations is Algorithm V lik ely to visit, in a \random"

case? Let P

n

b e the n um b er of partial orderings on f 1 ; : : : ; n g , namely the n um b er

of relations that are re
exiv e, an tisymmetric, and transitiv e. Let Q

n

b e the n um b er

of suc h relations with the additional prop ert y that j < k whenev er j � k . Express

the exp ected n um b er of w a ys to sort n elemen ts top ologically , a v eraged o v er all partial

orderings, in terms of P

n

and Q

n

.

93. [ 35 ] Pro v e that all top ological sorts can b e generated in suc h a w a y that only

one or t w o adjacen t transp ositions are made at eac h step. (The example 1 � 2, 3 � 4

sho ws that a single transp osition p er step cannot alw a ys b e ac hiev ed, ev en if w e allo w

nonadjacen t sw aps, b ecause only t w o of the six relev an t p erm utations are o dd.)

x 94 . [ 25 ] Sho w that in the case of matc hings, using the relations in ( 49 ) , all top ological

sorts can b e generated with just one transp osition p er step.

95. [ 21 ] Discuss ho w to generate all up-down p ermutations of f 1 ; : : : ; n g , namely those

a

1

: : : a

n

suc h that a

1

< a

2

> a

3

< a

4

> � � � .

96. [ 21 ] Discuss ho w to generate all cyclic p ermutations of f 1 ; : : : ; n g , namely those

a

1

: : : a

n

whose cycle represen tation consists of a single n -cycle.

97. [ 21 ] Discuss ho w to generate all der angements of f 1 ; : : : ; n g , namely those a

1

: : : a

n

suc h that a

1

6= 1, a

2

6= 2, a

3

6= 3, : : : .

98. [ H M23 ] Analyze the asymptotic running time of the metho d in the previous

exercise.

99. [ M30 ] Giv en n � 3, sho w that all derangemen ts of f 1 ; : : : ; n g can b e generated

b y making at most t w o transp ositions b et w een visits.

100. [ 21 ] Discuss ho w to generate all inde c omp osable p erm utations of f 1 ; : : : ; n g ,

namely those a

1

: : : a

n

suc h that f a

1

; : : : ; a

j

g 6= f 1 ; : : : ; j g for 1 � j < n .

101. [ 21 ] Discuss ho w to generate all involutions of f 1 ; : : : ; n g , namely those p erm u-

tations a

1

: : : a

n

with a

a

1

: : : a

a

n

= 1 : : : n .
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102. [ M30 ] Sho w that all in v olutions of f 1 ; : : : ; n g can b e generated b y making at

most t w o transp ositions b et w een visits.

103. [ M32 ] Sho w that all ev en p erm utations of f 1 ; : : : ; n g can b e generated b y suc-

cessiv e r otations of thr e e c onse cutive elements .

x 104 . [ M22 ] A p erm utation a

1

: : : a

n

of f 1 ; : : : ; n g is wel l-b alanc e d if

n

X

k =1

k a

k

=

n

X

k =1

( n + 1 � k ) a

k

:

F or example, 3142 is w ell-balanced when n = 4.

a) Pro v e that no p erm utation is w ell-balanced when n mo d 4 = 2.

b) Pro v e that if a

1

: : : a

n

is w ell-balanced, so are its rev ersal a

n

: : : a

1

, its complemen t

( n +1 � a

1

) : : : ( n +1 � a

n

), and its in v erse a

0

1

: : : a

0

n

.

c) Determine the n um b er of w ell-balanced p erm utations for small v alues of n .

x 105 . [ 26 ] A we ak or der is a relation � that is transitiv e ( x � y and y � z implies

x � z ) and complete ( x � y or y � x alw a ys holds). W e can write x � y if x � y and

y � x ; x � y if x � y and y 6� x . There are thirteen w eak orders on three elemen ts

f 1 ; 2 ; 3 g , namely

1 � 2 � 3 ; 1 � 2 � 3 ; 1 � 2 � 3 ; 1 � 2 � 3 ; 1 � 3 � 2 ; 1 � 3 � 2 ;

2 � 1 � 3 ; 2 � 1 � 3 ; 2 � 3 � 1 ; 2 � 3 � 1 ; 3 � 1 � 2 ; 3 � 1 � 2 ; 3 � 2 � 1 :

a) Explain ho w to generate all w eak orders of f 1 ; : : : ; n g systematically , as sequences

of digits separated b y the sym b ols � or � .

b) A w eak order can also b e represen ted as a sequence a

1

: : : a

n

where a

j

= k if j

is preceded b y k � signs. F or example, the thirteen w eak orders on f 1 ; 2 ; 3 g are

resp ectiv ely 000, 001, 011, 012, 010, 021, 101, 102, 100, 201, 110, 120, 210 in this

form. Find a simple w a y to generate all suc h sequences of length n .

106. [ M40 ] Can exercise 105(b) b e solv ed with a Gra y-lik e co de?

x 107 . [ 30 ] (John H. Con w a y , 1973.) T o pla y the solitaire game of \topsw ops," start

b y sh u�ing a pac k of n cards lab eled f 1 ; : : : ; n g and place them face up in a pile. Then

if the top card is k > 1, deal out the top k cards and put them bac k on top of the pile,

thereb y c hanging the p erm utation from a

1

: : : a

n

to a

k

: : : a

1

a

k +1

: : : a

n

. Con tin ue un til

the top card is 1. F or example, the 7-step sequence

31452 ! 41352 ! 53142 ! 24135 ! 42135 ! 31245 ! 21345 ! 12345

migh t o ccur when n = 5. What is the longest sequence p ossible when n = 13?

108. [ M27 ] If the longest n -card game of topsw ops has length f ( n ), pro v e that f ( n ) �

F

n +1

� 1.

109. [ M47 ] Find go o d upp er and lo w er b ounds on the topsw ops function f ( n ).

x 110 . [ 25 ] Find all p erm utations a

0

: : : a

9

of f 0 ; : : : ; 9 g suc h that

f a

0

; a

2

; a

3

; a

7

g = f 2 ; 5 ; 7 ; 8 g ;

f a

1

; a

4

; a

5

g = f 0 ; 3 ; 6 g ;

f a

1

; a

3

; a

7

; a

8

g = f 3 ; 4 ; 5 ; 7 g ;

f a

0

; a

3

; a

4

g = f 0 ; 7 ; 8 g :

Also suggest an algorithm for solving large problems of this t yp e.
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x 111 . [ M25 ] Sev eral p erm utation-orien ted analogs of de Bruijn cycles ha v e b een pro-

p osed. The simplest and nicest of these is the notion of a universal cycle of p ermu-

tations , in tro duced b y B. W. Jac kson in Discrete Math. 117 (1993), 141{150, namely

a cycle of n ! digits suc h that eac h p erm utation of f 1 ; : : : ; n g o ccurs exactly once as a

blo c k of n � 1 consecutiv e digits (with its redundan t �nal elemen t suppressed). F or

example, (121323) is a univ ersal cycle of p erm utations for n = 3, and it is essen tially

the only suc h cycle.

Find a univ ersal cycle of p erm utations for n = 4, and pro v e that suc h cycles exist

for all n � 2.

x 112 . [ H M43 ] Exactly ho w man y univ ersal cycles exist, for p erm utations of � 9 ob jects?
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SECTION 7.2.1.2

1. [J. P . N. Phillips, Comp. J. 10 (1967), 311.] Assuming that n � 3, w e can replace

steps L2{L4 b y:

L2

0

. [Easiest case?] Set y  a

n � 1

and z  a

n

. If y < z , set a

n � 1

 z , a

n

 y ,

and return to L1.

L2.1

0

. [Next easiest case?] Set x  a

n � 2

. If x � y , go on to step L2.2

0

. Otherwise

set ( a

n � 2

; a

n � 1

; a

n

)  ( z ; x; y ) if x < z , ( y ; z ; x ) if x � z . Return to L1.

L2.2

0

. [Find j .] Set j  n � 3 and y  a

j

. If y � x , set j  j � 1, x  y , y  a

j

,

and rep eat un til y < x . T erminate if j = 0.

L3

0

. [Easy increase?] If y < z , set a

j

 z , a

j +1

 y , a

n

 x , and go to L4.1

0

.

L3.1

0

. [Increase a

j

.] Set l  n � 1; if y � a

l

, rep eatedly decrease l b y 1 un til y < a

l

.

Then set a

j

 a

l

and a

l

 y .

L4

0

. [Begin to rev erse.] Set a

n

 a

j +1

and a

j +1

 z .

L4.1

0

. [Rev erse a

j +1

: : : a

n � 1

.] Set k  j + 2, l  n � 1. Then, if k < l , in terc hange

a

k

$ a

l

, set k  k + 1, l  l � 1, and rep eat un til k � l . Return to L1.

The program migh t run still faster if a

t

is stored in memory lo cation A [ n � t ] for

0 � t � n , or if rev erse colex order is used as in the follo wing exercise.

2. Again w e assume that a

1

� a

2

� � � � � a

n

initially; the p erm utations generated

from f 1 ; 2 ; 2 ; 3 g will, ho w ev er, b e 1223, 2123, 2213, : : : , 2321, 3221. Let a

n +1

b e an

auxiliary elemen t, lar ger than a

n

.

L1. [Visit.] Visit the p erm utation a

1

a

2

: : : a

n

.

L2. [Find j .] Set j  2. If a

j � 1

� a

j

, increase j b y 1 un til a

j � 1

< a

j

. T erminate

if j > n .

L3. [Decrease a

j

.] Set l  1. If a

l

� a

j

, increase l un til a

l

< a

j

. Then sw ap

a

l

$ a

j

.

L4. [Rev erse a

1

: : : a

j � 1

.] Set k  1 and l  j � 1. Then, if k < l , sw ap a

k

$ a

l

,

set k  k + 1, l  l � 1, and rep eat un til k � l . Return to L1.

3. Let C

1

: : : C

n

= c

a

1

: : : c

a

n

b e the in v ersion table, as in exercise 5.1.1{7. Then

rank( a

1

: : : a

n

) is the mixed-radix n um b er [

C

1

;

n;

::: ;

::: ;

C

n � 1

;

2 ;

C

n

1

] . [See H. A. Rothe, Samm-

lung com binatorisc h-analytisc her Abhandlungen 2 (1800), 263{264; and see also the

pioneering w ork of N� ar� ay an

.

a cited in Section 7.2.1.7.] F or example, 314592687 has

rank [

2 ;

9 ;

0 ;

8 ;

1 ;

7 ;

1 ;

6 ;

4 ;

5 ;

0 ;

4 ;

0 ;

3 ;

1 ;

2 ;

0

1

] = 2 � 8! + 6! + 5! + 4 � 4! + 1! = 81577; this is the factorial

n um b er system featured in Eq. 4.1{( 10 ) .

4. Use the recurrence rank( a

1

: : : a

n

) =

1

n

P

t

j =1

n

j

[ x

j

< a

1

]

�

n

n

1

;::: ;n

t

�

+ rank ( a

2

: : : a

n

).

F or example, rank(314159265) is

3

9

�

9

2 ; 1 ; 1 ; 1 ; 2 ; 1 ; 1

�

+ 0 +

2

7

�

7

1 ; 1 ; 1 ; 2 ; 1 ; 1

�

+ 0 +

1

5

�

5

1 ; 2 ; 1 ; 1

�

+

3

4

�

4

1 ; 1 ; 1 ; 1

�

+ 0 +

1

2

�

2

1 ; 1

�

= 30991 :

5. (a) Step L2 is p erformed n ! times. The probabilit y that exactly k comparisons are

made is q

k

� q

k +1

, where q

t

is the probabilit y that a

n � t +1

> � � � > a

n

, namely [ t � n ] =t !.

Therefore the mean is

P

k ( q

k

� q

k +1

) = q

1

+ � � � + q

n

= b n ! e c =n ! � 1 � e � 1 � 1 : 718,

and the v ariance is

X

k

2

( q

k

� q

k +1

) � mean

2

= q

1

+ 3 q

2

+ � � � + (2 n � 1) q

n

� ( q

1

+ � � � + q

n

)

2

� e (3 � e ) � 0 : 766 :

[F or higher momen ts, see R. Kemp, Acta Informatica 35 (1998), 17{89, Theorem 4.]
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Inciden tally , the a v erage n um b er of in terc hange op erations in step L4 is therefore

P

b k = 2 c ( q

k

� q

k +1

) = q

2

+ q

4

+ � � � � cosh 1 � 1 = ( e + e

� 1

� 2) = 2 � 0 : 543, a result due

to R. J. Ord-Smith [ Comp. J. 13 (1970), 152{155].

(b) Step L3 is p erformed only n ! � 1 times, but w e will assume for con v enience

that it o ccurs once more (with 0 comparisons). Then the probabilit y that exactly k

comparisons are made is

P

n

j = k +1

1 =j ! for 1 � k < n and 1 =n ! for k = 0. Hence the

mean is

1

2

P

n � 2

j =0

1 =j ! � e= 2 � 1 : 359; exercise 1 reduces this n um b er b y

2

3

. The v ariance

is

1

3

P

n � 3

j =0

1 =j ! +

1

2

P

n � 2

j =0

1 =j ! � mean

2

�

5

6

e �

1

4

e

2

� 0 : 418.

6. (a) Let e

n

( z ) =

P

n

k =0

z

k

=k !; then the n um b er of di�eren t pre�xes a

1

: : : a

j

is

j ! [ z

j

] e

n

1

( z ) : : : e

n

t

( z ). This is N =

�

n

n

1

;:::;n

t

�

times the probabilit y q

n � j

that at least

n � j comparisons are made in step L2. Therefore the mean is

1

N

w ( e

n

1

( z ) : : : e

n

t

( z ) ) � 1,

where w (

P

x

k

z

k

=k ! ) =

P

x

k

. In the binary case the mean is M =

�

n

s

�

� 1, where M =

P

s

l =0

P

n � s + l

k = l

�

k

l

�

=

P

s

l =0

�

n � s + l +1

l +1

�

=

�

n +2

s +1

�

� 1 =

�

n

s

�

( 2 +

s

n � s +1

+

n � s

s +1

) � 1.

(b) If f a

1

; : : : ; a

j

g = f n

0

1

� x

1

; : : : ; n

0

t

� x

t

g , the pre�x a

1

: : : a

j

con tributes altogether

P

1 � k <l � t

( n

k

� n

0

k

)[ n

l

< n

0

l

] to the total n um b er of comparisons made in step L3. Th us

the mean is

1

N

P

1 � k <l � t

w ( f

k l

( z ) ) , where

f

k l

( z ) =

�

Y

1 � m � t

m 6= k ; m 6= l

e

n

m

( z )

� �

n

k

X

r =0

( n

k

� r )

z

r

r !

�

e

n

l

� 1

( z )

= e

n

1

( z ) : : : e

n

t

( z ) ( n

k

� z r

k

( z ) ) r

l

( z ) ; where r

k

( z ) =

e

n

k

� 1

( z )

e

n

k

( z )

:

In the t w o-v alued case this form ula reduces to

1

N

w ( ( s e

s

( z ) � z e

s � 1

( z ) ) e

n � s � 1

( z ) ) =

s

N

(

�

n +1

s +1

�

� 1 ) �

1

N

(

�

n +1

s +1

�

( s �

s +1

n � s +1

) + 1 ) =

1

N

( � s � 1 +

�

n +1

s

�

) =

n +1

n � s +1

�

s +1

N

.

7. In the notation of the previous answ er, the quan tit y

1

N

w ( e

n

1

( z ) : : : e

n

t

( z ) ) � 1 is

n

1

+ � � � + n

t

n

+

( n

1

n

2

+ n

1

n

3

+ � � � + n

t � 1

n

t

) + n

1

( n

1

� 1) + � � � + n

t

( n

t

� 1)

n ( n � 1)

+ � � � � 1 :

One can sho w using Eq. 1.2.9{( 38 ) that the limit is � 1 + exp

P

k � 1

r

k

=k , where r

k

=

lim

t !1

( n

k

1

+ � � � + n

k

t

) = ( n

1

+ � � � + n

t

)

k

. In cases (a) and (b) w e ha v e r

k

= [ k = 1 ],

so the limit is e � 1 � 1 : 71828. In case (c) w e ha v e r

k

= 1 = (2

k

� 1), so the limit is

� 1 + exp

P

k � 1

1 = ( k (2

k

� 1)) � 2 : 46275.

8. Assume that j is initially zero, and c hange step L1 to

L1

0

. [Visit.] Visit the v ariation a

1

: : : a

j

. If j < n , set j  j + 1 and rep eat this

step.

This algorithm is due to L. J. Fisc her and K. C. Krause, Lehrbuc h der Com binations-

lehre und der Arithmetik (Dresden: 1812), 55{57.

Inciden tally , the total n um b er of v ariations is w ( e

n

1

( z ) : : : e

n

t

( z ) ) in the notation

of answ er 6. This coun ting problem w as �rst treated b y James Bernoulli in Ars

Conjectandi (1713), P art 2, Chapter 9.

9. R1. [Visit.] Visit the v ariation a

1

: : : a

r

. (A t this p oin t a

r +1

� � � � � a

n

.)

R2. [Easy case?] If a

r

< a

n

, in terc hange a

r

$ a

j

where j is the smallest subscript

suc h that j > r and a

j

> a

r

, and return to R1.

R3. [Rev erse.] Set ( a

r +1

; : : : ; a

n

)  ( a

n

; : : : ; a

r +1

) as in step L4.
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R4. [Find j .] Set j  r � 1. If a

j

� a

j +1

, decrease j b y 1 rep eatedly un til

a

j

< a

j +1

. T erminate if j = 0.

R5. [Increase a

j

.] Set l  n . If a

j

� a

l

, decrease l b y 1 rep eatedly un til a

j

< a

l

.

Then in terc hange a

j

$ a

l

.

R6. [Rev erse again.] Set ( a

j +1

; : : : ; a

n

)  ( a

n

; : : : ; a

j +1

) as in step L4, and return

to R1.

The n um b er of outputs is r ! [ z

r

] e

n

1

( z ) : : : e

n

t

( z ); this is, of course, n

r

when the elemen ts

are distinct.

10. a

1

a

2

: : : a

n

= 213 : : : n , c

1

c

2

: : : c

n

= 010 : : : 0, o

1

o

2

: : : o

n

= 1( � 1)1 : : : 1, if n � 2.

11. Step (P1, : : : , P7) is p erformed (1 ; n ! ; n ! ; n ! + x

n

; n ! ; ( x

n

+ 3) = 2 ; x

n

) times, where

x

n

=

P

n � 1

k =1

k !, b ecause P7 is p erformed ( j � 1)! times when 2 � j � n .

12. W e w an t the p erm utation of rank 999999. The answ ers are (a) 2783915460, b y

exercise 3; (b) 8750426319, b ecause the re
ected mixed-radix n um b er corresp onding

to [

0 ;

1 ;

0 ;

2 ;

1 ;

3 ;

2 ;

4 ;

3 ;

5 ;

0 ;

6 ;

2 ;

7 ;

7 ;

8 ;

0 ;

9 ;

9

10

] is [

0 ;

1 ;

0 ;

2 ;

1 ;

3 ;

3 � 2 ;

4 ;

3 ;

5 ;

5 � 0 ;

6 ;

2 ;

7 ;

7 ;

8 ;

8 � 0 ;

9 ;

9 � 9

10

] b y 7.2.1.1{( 50 ) ; (c) the

pro duct (0 1 : : : 9)

9

(0 1 : : : 8)

0

(0 1 : : : 7)

7

(0 1 : : : 6)

2

: : : (0 1 2)

1

, namely 9703156248.

13. The �rst statemen t is true for all n � 2. But when 2 crosses 1, namely when

c

2

c hanges from 0 to 1, w e ha v e c

3

= 2, c

4

= 3, c

5

= � � � = c

n

= 0, and the next

p erm utation when n � 5 is 432156 : : : n . [See Time T ra v el (1988), page 74.]

14. T rue at the b eginning of steps P4, P5, and P6, b ecause exactly j � 1 � c

j

+ s elemen ts

lie to the left of x

j

, namely j � 1 � c

j

from f x

1

; : : : ; x

j � 1

g and s from f x

j +1

; : : : ; x

n

g .

(In a sense, this form ula is the main p oin t of Algorithm P .)

15. If [

b

n � 1

;

1 ;

::: ;

::: ;

b

0

n

] corresp onds to the re
ected Gra y co de [

c

1

;

1 ;

:::;

:::;

c

n

n

] , w e get to step P6

if and only if b

k

= k � 1 for j � k � n and B

n � j +1

is ev en, b y 7.2.1.1{( 50 ) . But

b

n � k

= k � 1 for j � k � n implies that B

n � k

is o dd for j < k � m . Therefore

s = [ c

j +1

= j ] + [ c

j +2

= j + 1 ] = [ o

j +1

< 0 ] + [ o

j +2

< 0 ] in step P5. [See Math. Comp.

17 (1963), 282{285.]

16. P1

0

. [Initialize.] Set c

j

 j and o

j

 � 1 for 1 � j < n ; also set z  a

n

.

P2

0

. [Visit.] Visit a

1

: : : a

n

. Then go to P3.5

0

if a

1

= z .

P3

0

. [Hun t do wn.] F or j  n � 1, n � 2, : : : , 1 (in this order), set a

j +1

 a

j

,

a

j

 z , and visit a

1

: : : a

n

. Then set j  n � 1, s  1, and go to P4

0

.

P3.5

0

. [Hun t up.] F or j  1, 2, : : : , n � 1 (in this order), set a

j

 a

j +1

, a

j +1

 z ,

and visit a

1

: : : a

n

. Then set j  n � 1, s  0.

P4

0

. [Ready to c hange?] Set q  c

j

+ o

j

. If q = 0, go to P6

0

; if q > j , go to P7

0

.

P5

0

. [Change.] In terc hange a

c

j

+ s

$ a

q + s

. Then set c

j

 q and return to P2

0

.

P6

0

. [Increase s .] T erminate if j = 1; otherwise set s  s + 1.

P7

0

. [Switc h direction.] Set o

j

 � o

j

, j  j � 1, and go bac k to P4

0

.

17. Initially a

j

 a

0

j

 j for 1 � j � n . Step P5 should no w set t  j � c

j

+ s ,

u  j � q + s , v  a

u

, a

t

 v , a

0

v

 t , a

u

 j , a

0

j

 u , c

j

 q . (See exercise 14.)

But with the in v erse required and a v ailable w e can actually simplify the algorithm

signi�can tly , a v oiding the o�set v ariable s and letting the con trol table c

1

: : : c

n

coun t

only do wn w ards, as noted b y G. Ehrlic h [ JA CM 20 (1973), 505{506]:

Q1. [Initialize.] Set a

j

 a

0

j

 j , c

j

 j � 1, and d

j

 � 1 for 1 � j � n . Also

set c

0

= � 1.
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Q2. [Visit.] Visit the p erm utation a

1

: : : a

n

and its in v erse a

0

1

: : : a

0

n

.

Q3. [Find k .] Set k  n . Then if c

k

= 0, set c

k

 k � 1, o

k

 � o

k

, k  k � 1,

and rep eat un til c

k

6= 0. T erminate if k = 0.

Q4. [Change.] Set c

k

 c

k

� 1, j  a

0

k

, and i = j + o

k

. Then set t  a

i

, a

i

 k ,

a

j

 t , a

0

t

 j , a

0

k

 i , and return to Q2.

18. Set a

n

 n , and use ( n � 1)! = 2 iterations of Algorithm P to generate all p erm uta-

tions of f 1 ; : : : ; n � 1 g suc h that 1 precedes 2. [M. K. Ro y , CA CM 16 (1973), 312{313;

see also exercise 13.]

19. F or example, w e can use the idea of Algorithm P , with the n -tuples c

1

: : : c

n

c hanging as in Algorithm 7.2.1.1H with resp ect to the radices (1 ; 2 ; : : : ; n ). That

algorithm main tains the directions correctly , although it n um b ers subscripts di�eren tly .

The o�set s needed b y Algorithm P can b e computed as in the answ er to exercise 15, or

the in v erse p erm utation can b e main tained as in exercise 17. [See G. Ehrlic h, CA CM

16 (1973), 690{691.] Other algorithms, lik e that of Heap, can also b e implemen ted

lo oplessly .

( Note: In most applications of p erm utation generation w e are in terested in mini-

mizing the total running time, not the maxim um time b et w een successiv e visits; from

this standp oin t lo oplessness is usually undesirable, except on a parallel computer. Y et

there's something in tellectually satisfying ab out the fact that a lo opless algorithm

exists, whether practical or not.)

20. F or example, when n = 3 w e can b egin 1 2 3, 1 3 2, 3 1 2, 3 1 2, 1 3 2, 1 2 3 , 2 1 3 , : : : ,

2 1 3, 2 1 3, : : : . If the delta sequence for n is ( �

1

�

2

: : : �

2

n

n !

), the corresp onding sequence

for n + 1 is (�

n

�

1

�

n

�

2

: : : �

n

�

2

n

n !

), where �

n

is the sequence of 2 n � 1 op erations

n n � 1 : : : 1 � 1 : : : n � 1 n ; here �

k

= j means a

j

$ a

j +1

and �

k

= � means

a

1

 � a

1

.

(Signed p erm utations app ear in another guise in exercises 5.1.4{43 and 44. The

set of all signed p erm utations is called the o ctahedral group.)

21. Clearly M = 1, hence O m ust b e 0 and S m ust b e b � 1. Then N = E + 1, R = b � 2,

and D + E = b + Y . This lea v es exactly max (0 ; b � 7 � k ) c hoices for E when Y = k � 2,

hence a total of

P

b � 7

k =2

( b � 7 � k ) =

�

b � 8

2

�

solutions when b � 8. [ Math. Mag. 45 (1972),

48{49. Inciden tally , D. Eppstein has pro v ed that the task of solving alphametics with

a giv en radix is NP-complete; see SIGA CT News 18 , 3 (1987), 38{40.]

22. ( XY )

b

+ ( XX )

b

= ( XYX )

b

is solv able only when b = 2.

23. Almost true, b ecause the n um b er of solutions will b e ev en, unless [ j 2 F ] 6= [ k 2 F ].

(Consider the ternary alphametic X + ( XX )

3

+ ( YY )

3

+ ( XZ )

3

= ( XYX )

3

.)

24. (a) 9283 + 7 + 473 + 1062 = 10825. (b) 698392 + 3192 = 701584. (c) 63952 +

69275 = 133227. (d) 653924 + 653924 = 1307848. (e) 5718 + 3 + 98741 = 104462. (f )

127503 + 502351 + 3947539 + 46578 = 4623971. (g) 67432 + 704 + 8046 + 97364 = 173546.

(h) 59 + 577404251698 + 69342491650 + 49869442698 + 1504 + 40614 + 82591 + 344 +

41 + 741425 = 5216367650 + 691400684974. [All solutions are unique. References for

(b){(g): J. Recreational Math. 10 (1977), 115; 5 (1972), 296; 10 (1977), 41; 10 (1978),

274; 12 (1979), 133{134; 9 (1977), 207.]

(i) In this case there are

8

10

10! = 2903040 solutions, b ecause every p erm utation of

f 0 ; 1 ; : : : ; 9 g w orks except those that assign H or N to 0. (A w ell-written general additiv e

alphametic solv er will b e careful to reduce the amoun t of output in suc h cases.)

25. W e ma y assume that s

1

� � � � � s

10

. Let i b e the least index =2 F , and set

a

i

 0 ; then set the remaining elemen ts a

j

in order of increasing j . A pro of lik e that
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of Theorem 6.1S sho ws that this pro cedure maximizes a � s . A similar pro cedure yields

the minim um, b ecause min ( a � s ) = � max ( a � ( � s ) ) .

26. 400739 + 63930 � 2379 � 1252630 + 53430 � 1390 + 738300.

27. Readers can probably impro v e up on the follo wing examples: BLOOD + SWEAT +

TEARS = LATER ; EARTH + WATER + WRATH = HELLO + WORLD ; AWAIT + ROBOT + ERROR =

SOBER + WORDS ; CHILD + THEME + PEACE + ETHIC = IDEAL + ALPHA + METIC . (This exercise

w as inspired b y WHERE + SEDGE + GRASS + GROWS = MARSH [A. W. Johnson, Jr., J. Recr.

Math. 15 (1982), 51], whic h w ould b e marv elously pure except that D and O ha v e the

same signature.)

28. (a) 11 = 3 + 3 + 2 + 2 + 1, 20 = 11 + 3 + 3 + 3, 20 = 11 + 3 + 3 + 2 + 1,

20 = 11 + 3 + 3 + 1 + 1 + 1, 20 = 8 + 8 + 2 + 1 + 1, 20 = 7 + 7 + 6, 20 = 7 + 7 + 2 + 2 + 2,

20 = 7 + 7 + 2 + 1 + 1 + 1 + 1, 20 = 7 + 5 + 5 + 2 + 1, 20 = 7 + 5 + 2 + 2 + 2 + 1 + 1, 20 =

7 + 5 + 2 + 2 + 1 + 1 + 1 + 1, 20 = 7 + 3 + 3 + 2 + 2 + 1 + 1 + 1, 20 = 7 + 3 + 3 + 1 + 1 + 1 + 1 + 1 + 1 + 1,

20 = 5 + 3 + 3 + 3 + 3 + 3. [These fourteen solutions w ere �rst computed b y Ro y Childs

in 1999. The next doubly partitionable v alues of n are 30 (in 20 w a ys), then 40 (in 94

w a ys), 41 (in 67), 42 (in 57), 50 (in 190 w a ys, including 50 = 2 + 2 + � � � + 2), etc.]

(b) 51 = 20 + 15 + 14 + 2, 51 = 15 + 14 + 10 + 9 + 3, 61 = 19 + 16 + 11 + 9 + 6,

65 = 17 + 16 + 15 + 9 + 7 + 1, 66 = 20 + 19 + 16 + 6 + 5, 69 = 18 + 17 + 16 + 10 + 8,

70 = 30 + 20 + 10 + 7 + 3, 70 = 20 + 16 + 12 + 9 + 7 + 6, 70 = 20 + 15 + 12 + 11 + 7 + 5,

80 = 50 + 20 + 9 + 1, 90 = 50 + 12 + 11 + 9 + 5 + 2 + 1, 91 = 45 + 19 + 11 + 10 + 5 + 1. [The

t w o 51s are due to Stev en Kahan; see his b o ok Ha v e Some Sums T o Solv e (F armingdale,

New Y ork: Ba yw o o d, 1978), 36{37, 84, 112. Amazing examples with sev en teen distinct

terms in Italian and �ft y-eigh t distinct terms in Roman n umerals ha v e b een found b y

Giulio Cesare, J. Recr. Math. 30 (1999), 63.]

Notes: The b eautiful example THREE = TWO + ONE + ZERO [Ric hard L. Breisc h, Recre-

ational Math. Magazine 12 (Decem b er 1962), 24] is unfortunately ruled out b y our con-

v en tions. The total n um b er of doubly true partitions in to distinct parts is probably �-

nite, in English, although nomenclature for arbitrarily large in tegers is not standard. Is

there an example bigger than NINETYNINENONILLIONNIN ET YN INE SE XT IL LI ONS IX TY ON E =

NINETYNINENONILLIONNI NE TY NI NE SEX TI LL IO NN INE TE EN + SIXTEEN + ELEVEN + NINE + SIX

(suggested b y G. Gonz� alez-Morris)?

29. 10 + 7 + 1 = 9 + 6 + 3, 11 + 10 = 8 + 7 + 6, 12 + 7 + 6 + 5 = 11 + 10 + 9, : : : ,

19 + 10 + 3 = 14 + 13 + 4 + 1 (31 examples in all).

30. (a) 567

2

= 321489, 807

2

= 651249, or 854

2

= 729316. (b) 958

2

= 917764.

(c) 96 � 7

2

= 4704. (d) 51304 = 61904 = 7260 = 8760. (e) 328509

2

= 4761

3

. [ Strand 78

(1929), 91, 208; J. Recr. Math 3 (1970), 43; 13 (1981), 212; 27 (1995), 137; 31 (2003),

133. The solutions to (b), (c), (d), and (e) are unique. With a righ t-to-left approac h

based on Algorithm X, the answ ers are found in (14, 13, 11, 3423, 42) kilomems,

resp ectiv ely . Nob also noticed that NORTH = SOUTH = WEST = EAST has the unique solution

67104 = 27504 = 9320 = 3820.]

31. 5 = 34 + 7 = 68 + 9 = 12(!). One can v erify uniqueness with Algorithm X using the

side condition A < D < G , in ab out 265 K � . [ Quark Visual Science Magazine , No. 136

(T oky o: Ko dansha, Octob er 1993).] Curiously , a v ery similar puzzle also has a unique

solution: 1 = (3 � 6) + 5 = (8 � 9) + 7 = (2 � 4) = 1; see Scot Morris, Omni 17 , 4 (Jan uary

1995), 97.

32. There are elev en w a ys, of whic h the most surprising is 3 + 69258 = 714. [See The

W eekly Dispatc h (9 and 23 June 1901); Am usemen ts in Mathematics (1917), 158{159.]
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33. (a) 1, 2, 3, 4, 15, 18, 118, 146. (b) 6, 9, 16, 20, 27, 126, 127, 129, 136, 145. [ The

W eekly Dispatc h (11 and 30 No v em b er, 1902); Am usemen ts in Math. (1917), 159.]

In this case one suitable strategy is to �nd all v ariations where a

k

: : : a

l � 1

=a

l

: : : a

9

is an in teger, then to record solutions for all p erm utations of a

1

: : : a

k � 1

. There are

exactly 164959 in tegers with a unique solution, the largest b eing 9876533. There are

solutions for all y ears in the 21st cen tury except 2091. The most solutions (125) o ccur

when n = 6443; the longest stretc h of represen table n 's is 5109 < n < 7060. Dudeney

w as able to get the correct answ ers b y hand for small n b y \casting out nines."

34. (a) x = 10

5

, 7378 + 155 + 92467 = 7178 + 355 + 92467 = 1016 + 733 + 98251 = 100000.

(b) x = 4

7

, 3036 + 455 + 12893 = 16384 is unique. The fastest w a y to resolv e this

problem is probably to start with a list of the 2529 primes that consist of �v e distinct

digits (namely 10243, 10247, : : : , 98731) and to p erm ute the �v e remaining digits.

Inciden tally , the unrestricted alphametic EVEN + ODD = PRIME has ten solutions;

b oth ODD and PRIME are prime in just one of them. [See M. Arisa w a, J. Recr. Math. 8

(1975), 153.]

35. In general, if s

k

= j S

k

j for 1 � k < n , there are s

1

: : : s

k � 1

w a ys to c ho ose eac h of

the noniden tit y elemen ts of S

k

. Hence the answ er is

Q

n � 1

k =1

(

Q

k � 1

j =1

s

s

k

� 1

j

) , whic h in this

case is 2

2

� 6

3

� 24

15

= 436196692474023836123136.

(But if the v ertices are ren um b ered, the s

k

v alues ma y c hange. F or example,

if v ertices ( 0 ; 3 ; 5 ) of ( 12 ) are in terc hanged with ( e ; d ; c ), w e ha v e s

14

= 1, s

13

= 6,

s

12

= 4, s

11

= 1, and 4

5

� 24

15

Sims tables.)

36. Since eac h of f 0 ; 3 ; 5 ; 6 ; 9 ; a ; c ; f g lies on three lines, but ev ery other elemen t lies

on only t w o, it is clear that w e ma y let S

f

= f () ; � ; �

2

; �

3

; �; �� ; ��

2

; ��

3

g , where � =

( 03fc )( 17e4 )( 2bd4 )( 56a9 ) is a 90

�

rotation and � = ( 05 )( 14 )( 27 )( 36 )( 8d )( 9c )( af )( be )

is an inside-out t wist. Also S

e

= f () ; � ; 
 ; � 
 g , where � = ( 14 )( 28 )( 3c )( 69 )( be ) is a

transp osition and 
 = ( 12 )( 48 )( 5a )( 69 )( 7b )( de ) is another t wist; S

d

= � � � = S

1

= f () g .

(There are 4

7

� 1 alternativ e answ ers.)

37. The set S

k

can b e c hosen in k !

k � 1

w a ys (see exercise 35), and its noniden tit y

elemen ts can b e assigned to � ( k ; 1), : : : , � ( k ; k ) in k ! further w a ys. So the answ er is

A

n

=

Q

n � 1

k =1

k !

k

= n !

(

n

2

)

=

Q

n

k =1

k

(

k

2

)

. F or example, A

10

� 6 : 256 � 10

148

. W e ha v e

n � 1

X

k =1

�

k

2

�

ln k =

1

2

Z

n

1

x ( x � 1) ln x dx + O ( n

2

log n ) =

1

6

n

3

ln n + O ( n

3

)

b y Euler's summation form ula; th us ln A

n

=

1

3

n

3

ln n + O ( n

3

).

38. The probabilit y that � ( k ) is needed in step G4 is 1 =k ! � 1 = ( k + 1)!, for 1 �

k < n ; the probabilit y is 1 =n ! that w e don't get to step G4 at all. Since � ( k ) do es

d k = 2 e transp ositions, the a v erage is

P

n � 1

k =1

( 1 =k ! � 1 = ( k + 1)! ) d k = 2 e =

P

n � 1

k =1

( d k = 2 e �

d ( k � 1) = 2 e ) =k ! � d ( n � 1) = 2 e =n ! =

P

k o dd

1 =k ! + O (1 = ( n � 1)!).

39. (a) 0123, 1023, 2013, 0213, 1203, 2103, 3012, 0312, 1302, 3102, 0132, 1032, 2301,

3201, 0231, 2031, 3021, 0321, 1230, 2130, 3120, 1320, 2310, 3210; (b) 0123, 1023, 2013,

0213, 1203, 2103, 3102, 1302, 0312, 3012, 1032, 0132, 0231, 2031, 3021, 0321, 2301,

3201, 3210, 2310, 1320, 3120, 2130, 1230.

40. By induction w e �nd � (1 ; 1) = (0 1), � (2 ; 2) = (0 1 2),

� ( k ; k ) =

�

(0 k ) ( k � 1 k � 2 : : : 1) ; if k � 3 is o dd,

(0 k � 1 k � 2 1 : : : k � 3 k ) ; if k � 4 is ev en;

43



44 ANSWERS TO EXER CISES 7.2.1.2

also ! ( k ) = (0 k ) when k is ev en, ! ( k ) = (0 k � 2 : : : 1 k � 1 k ) when k � 3 is o dd.

Th us when k � 3 is o dd, � ( k ; 1) = ( k k � 1 0) and � ( k ; j ) tak es k 7! j � 1 for 1 < j < k ;

when k � 4 is ev en, � ( k ; j ) = (0 k k � 3 : : : 1 k � 2 k � 1)

j

for 1 � j � k .

Notes: The �rst sc heme that causes Algorithm G to generate all p erm utations b y

single transp ositions w as devised b y Mark W ells [ Math. Comp. 15 (1961), 192{195],

but it w as considerably more complicated. W. Lipski, Jr., studied suc h sc hemes in

general and found a v ariet y of additional metho ds [ Computing 23 (1979), 357{365].

41. W e ma y assume that r < n . Algorithm G will generate r -v ariations for an y Sims

table if w e simply c hange ` k  1' to ` k  n � r ' in step G3, pro vided that w e rede�ne

! ( k ) to b e � ( n � r ; n � r ) : : : � ( k ; k ) instead of using ( 16 ) .

If n � r is o dd, the metho d of ( 27 ) is still v alid, although the form ulas in answ er 40

need to b e revised when k < n � r + 2. The new form ulas are � ( k ; j ) = ( k j � 1 : : : 1 0)

and ! ( k ) = ( k : : : 1 0) when k = n � r ; � ( k ; j ) = ( k : : : 1 0)

j

when k = n � r + 1.

If n � r is ev en, w e can use ( 27 ) with ev en and o dd rev ersed, if r � 3. But when

r � 4 a more complex sc heme is needed, b ecause a �xed transp osition lik e ( k 0) can

b e used for o dd k only if ! ( k � 1) is a k -cycle, whic h means that ! ( k � 1) m ust b e an

ev en p erm utation; but ! ( k ) is o dd for k � n � r + 2.

The follo wing sc heme w orks when n � r is ev en: Let � ( k ; j ) ! ( k � 1)

�

= ( k k � j )

for 1 � j � k = n � r , and use ( 27 ) when k > n � r . Then, when k = n � r + 1, w e ha v e

! ( k � 1) = (0 1 : : : k � 1), hence � ( k ; j ) tak es k 7! (2 j � 1) mo d k for 1 � j � k , and

� ( k ; k ) = ( k k � 1 k � 3 : : : 0 k � 2 : : : 1), ! ( k ) = ( k : : : 1 0), � ( k + 1 ; j ) = ( k +1 : : : 0)

j

.

42. If � ( k ; j ) = ( k j � 1) w e ha v e � ( k ; 1) = ( k 0) and � ( k ; j ) = ( k j � 1) ( k j � 2) =

( k j � 1 j � 2) for 2 � j � k .

43. Of course ! (1) = � (1 ; 1) = � (1 ; 1) = (0 1). The follo wing construction mak es

! ( k ) = ( k � 2 k � 1 k ) for all k � 2: Let � ( k ; j ) = � ( k ; j ) ! ( k � 1)

�

, where � (2 ; 1) = (2 0),

� (2 ; 2) = (2 0 1), � (3 ; 1) = � (3 ; 3) = (3 1), � (3 ; 2) = (3 1 0); this mak es � (2 ; 2) = (0 2),

� (3 ; 3) = (0 3 1). Then for k � 4, let

k mo d 3 = 0 k mo d 3 = 1 k mo d 3 = 2

� ( k ; k � 2) = ( k k � 2 0) or ( k k � 3 0) or ( k k � 1 0) ;

� ( k ; k � 1) = ( k k � 2 k � 3) or ( k k � 3) or ( k k � 1 k � 3) ;

� ( k ; k ) = ( k k � 2) or ( k k � 3 k � 2) or ( k k � 2);

this mak es � ( k ; k ) = ( k � 3 k k � 2) as required.

44. No, b ecause � ( k ; j ) is a ( k + 1)-cycle, not a transp osition. (See ( 19 ) and ( 24 ) .)

45. (a) 202280070, since u

k

= max ( f 0 ; 1 ; : : : ; a

k

� 1 g n f a

1

; : : : ; a

k � 1

g ) . (Actually u

n

is

nev er set b y the algorithm, but w e can assume that it is zero.) (b) 425368917.

46. T rue (assuming that u

n

= 0). If either u

k

> u

k +1

or a

k

> a

k +1

w e m ust ha v e

a

k

> u

k

� a

k +1

> u

k +1

.

47. Steps (X1 ; X2 ; : : : ; X6) are p erformed resp ectiv ely (1 ; A; B ; A � 1 ; B � N

n

; A ) times,

where A = N

0

+ � � � + N

n � 1

and B = nN

0

+ ( n � 1) N

1

+ � � � + 1 N

n � 1

.

48. Steps (X2 ; X3 ; X4 ; X5 ; X6) are p erformed resp ectiv ely A

n

+ (1 ; n ! ; 0 ; 0 ; 1) times,

where A

n

=

P

n � 1

k =1

n

k

= n !

P

n � 1

k =1

1 =k ! � n ! ( e � 1). Assuming that they cost resp ec-

tiv ely (1 ; 1 ; 3 ; 1 ; 3) mems, for op erations in v olving a

j

, l

j

, or u

j

, the total cost is ab out

9 e � 8 � 16 : 46 mems p er p erm utation.

Algorithm L uses appro ximately ( e; 2 + e= 2 ; 2 e + 2 e

� 1

� 4) mems p er p erm utation

in steps (L2 ; L3 ; L4), for a total of 3 : 5 e + 2 e

� 1

� 2 � 8 : 25 (see exercise 5).
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Algorithm X could b e tuned up for this case b y streamlining the co de when k is

near n . But so can Algorithm L, as sho wn in exercise 1.

49. Order the signatures so that j s

0

j � � � � � j s

9

j ; also prepare tables w

0

: : : w

9

,

x

0

: : : x

9

, y

0

: : : y

9

, so that the signatures f s

k

; : : : ; s

9

g are w

x

k

� � � � � w

y

k

. F or

example, when SEND + MORE = MONEY w e ha v e ( s

0

; : : : ; s

9

) = ( � 9000 ; 1000 ; � 900 ; 91 ;

� 90 ; 10 ; 1 ; � 1 ; 0 ; 0) for the resp ectiv e letters ( M ; S ; O ; E ; N ; R ; D ; Y ; A ; B ); also ( w

0

; : : : ; w

9

) =

( � 9000 ; � 900 ; � 90 ; � 1 ; 0 ; 0 ; 1 ; 10 ; 91 ; 1000), and x

0

: : : x

9

= 0112233344, y

0

: : : y

9

=

9988776554. Y et another table f

0

: : : f

9

has f

j

= 1 if the digit corresp onding to w

j

cannot b e zero; in this case f

0

: : : f

9

= 1000000001. These tables mak e it easy to

compute the largest and smallest v alues of

s

k

a

k

+ � � � + s

9

a

9

o v er all c hoices a

k

: : : a

9

of the remaining digits, using the metho d of exercise 25, since

the links l

j

tell us those digits in increasing order.

This metho d requires a rather exp ensiv e computation at eac h no de of the searc h

tree, but it often succeeds in k eeping that tree small. F or example, it solv es the �rst

eigh t alphametics of exercise 24 with costs of only 7, 13, 7, 9, 5, 343, 44, and 89

kilomems; this is a substan tial impro v emen t in cases (a), (b), (e), and (h), although

case (f ) comes out signi�can tly w orse. Another bad case is the ` CHILD ' example of

answ er 27, where left-to-righ t needs 2947 kilomems compared to 588 for the righ t-to-

left approac h. Left-to-righ t do es, ho w ev er, fare b etter on BLOOD + SWEAT + TEARS (73

v ersus 360) and HELLO + WORLD (340 v ersus 410).

50. If � is in a p erm utation group, so are all its p o w ers �

2

, �

3

, : : : , including �

m � 1

=

�

�

, where m is the order of � (the least common m ultiple of its cycle lengths). And

( 32 ) is equiv alen t to �

�

= �

1

�

2

: : : �

n � 1

.

51. F alse. F or example, � ( k ; i )

�

and � ( k ; j )

�

migh t b oth tak e k 7! 0.

52. � ( k ; j ) = ( k � j k � j + 1) is an adjacen t in terc hange, and

! ( k ) = ( n � 1 : : : 0) ( n � 2 : : : 0) : : : ( k : : : 0) = � ( n � 1) � ( k � 1)

is a k -
ip follo w ed b y an n -
ip. The p erm utation corresp onding to con trol table

c

0

: : : c

n � 1

in Algorithm H has c

j

elemen ts to the righ t of j that are less than j ,

for 0 � j < n ; so it is the same as the p erm utation corresp onding to c

1

: : : c

n

in

Algorithm P , except that subscripts are shifted b y 1.

The only essen tial di�erence b et w een Algorithm P and this v ersion of Algorithm H

is that Algorithm P uses a re
ected Gra y co de to run through all p ossibilities of its

con trol table, while Algorithm H runs through those mixed-radix n um b ers in ascending

(lexicographic) order.

Indeed, Gra y co de can b e used with an y Sims table, b y mo difying either Algo-

rithm G or Algorithm H. Then all transitions are b y � ( k ; j ) or b y � ( k ; j )

�

, and the

p erm utations ! ( k ) are irrelev an t.

53. The text's pro of that n ! � 1 transp ositions cannot b e ac hiev ed for n = 4 also sho ws

that w e can reduce the problem from n to n � 2 at the cost of a single transp osition

( n � 1 n � 2), whic h w as called `(3 c )' in the notation of that pro of.

Th us w e can generate all p erm utations b y making the follo wing transformation

in step H4: If k = n � 1 or k = n � 2, transp ose a

j mo d n

$ a

( j � 1) mo d n

, where

j = c

n � 1

� 1. If k = n � 3 or k = n � 4, transp ose a

n � 1

$ a

n � 2

and also a

j mo d ( n � 2)

$

a

( j � 1) mo d ( n � 2)

, where j = c

n � 3

� 1. And in general if k = n � 2 t � 1 or k = n � 2 t � 2,
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transp ose a

n � 2 i +1

$ a

n � 2 i

for 1 � i � t and also a

j mo d ( n � 2 t )

$ a

( j � 1) mo d ( n � 2 t )

,

where j = c

n � 2 t � 1

� 1. [See CA CM 19 (1976), 68{72.]

The corresp onding Sims table p erm utations can b e written do wn as follo ws, al-

though they don't app ear explicitly in the algorithm itself:

� ( k ; j )

�

=

�

(0 1 : : : j � 1 k ) ; if n � k is o dd;

(0 1 : : : k )

j

; if n � k is ev en.

The v alue of a

j mo d ( n � 2 t )

will b e n � 2 t � 1 after the in terc hange. F or e�ciency w e

can also use the fact that k usually equals n � 1. The total n um b er of transp ositions

is

P

b n= 2 c

t =0

( n � 2 t )! � b n= 2 c � 1.

54. Y es; the transformation can b e an y k -cycle on p ositions f 1 ; : : : ; k g .

55. (a) Since �

!

( m ) = �

!

( m mo d n !) when n > �

!

( m ), w e ha v e �

!

( n ! + m ) = �

!

( m )

for 0 < m < n � n ! = ( n + 1)! � n !. Therefore �

n !+ m

= �

�

!

( n !+ m )

: : : �

�

!

( n !+1)

�

n !

=

�

�

!

( m )

: : : �

�

!

(1)

�

n !

= �

m

�

n !

for 0 � m < n � n !, and w e ha v e in particular

�

( n +1)!

= �

n +1

�

( n +1)! � 1

= �

n +1

�

n ! � 1

�

n

n !

= �

n +1

�

�

n

�

n +1

n !

:

Similarly �

n !+ m

= �

�

n !

�

m

�

n !

�

n !

for 0 � m < n � n !.

Since �

n !

comm utes with �

n

and �

n +1

w e �nd �

n !

= �

n

�

n ! � 1

, and

�

( n +1)!

= �

n +1

�

( n +1)! � 1

= �

n +1

�

�

n !

�

( n +1)! � 1 � n

�

n !

�

n !

= � � �

= �

n +1

�

� n

n !

�

n ! � 1

( �

n !

�

n !

)

n

= �

� n � 1

n !

�

n +1

�

�

n

( �

n !

�

n !

)

n +1

= �

�

( n +1)!

�

n +1

�

�

n

�

n +1

�

�

n

( �

n !

�

n !

)

n +1

:

(b) In this case �

n +1

�

�

n

= ( n n � 1 : : : 1) and �

n +1

�

�

n

= ( n +1 n 0), and w e ha v e

�

( n +1)!

�

( n +1)!

= ( n +1 n : : : 0) b y induction. Therefore �

j n !+ m

= �

� j

n !

�

m

( n : : : 0)

j

for 0 � j � n and 0 � m < n !. All p erm utations of f 0 ; : : : ; n g are ac hiev ed b ecause

�

� j

n !

�

m

�xes n and ( n : : : 0)

j

tak es n 7! n � j .

56. If w e set �

k

= ( k � 1 k � 2) ( k � 3 k � 4) : : : in the previous exercise, w e �nd b y induc-

tion that �

n !

�

n !

is the ( n + 1)-cycle (0 n n � 1 n � 3 : : : (2 or 1) (1 or 2) : : : n � 4 n � 2).

57. Arguing as in answ er 5, w e obtain

P

n � 1

k =2

[ k o dd ] =k ! � ( b n= 2 c � 1) =n ! = sinh 1 � 1 �

O (1 = ( n � 1)!).

58. T rue. By the form ulas of exercise 55 w e ha v e �

n ! � 1

= (0 n ) �

�

n !

( n : : : 0), and

this tak es 0 7! n � 1 b ecause �

n !

�xes n . (Consequen tly Algorithm E will de�ne a

Hamiltonian cycle on the graph of exercise 66 if and only if �

n !

= ( n � 1 : : : 2 1), and

this holds if and only if the length of ev ery cycle of �

( n � 1)!

is a divisor of n . The latter

is true for n = 2, 3, 4, 6, 12, 20, and 40, but for no other n � 250 ; 000.)

59. The Ca yley graph with generators ( �

1

; : : : ; �

k

) in the text's de�nition is isomorphic

to the Ca yley graph with generators ( �

�

1

; : : : ; �

�

k

) in the alternativ e de�nition, since

� ! �

j

� in the former if and only if �

�

! �

�

�

�

j

in the latter.

60. There are 88 delta sequences, whic h reduce to four classes: P = (32131231)

3

(plain

c hanges, represen ted b y 8 di�eren t delta sequences); Q = (32121232)

3

(a doubly Gra y

v arian t of plain c hanges, with 8 represen tativ es); R = (121232321232)

2

(a doubly Gra y

co de with 24 represen tativ es); S = 2 � 3 �

R

, � = 12321312121 (48 represen tativ es).

Classes P and Q are cyclic shifts of their complemen ts; classes P , Q , and S are shifts

of their rev ersals; class R is a shifted rev ersal of its complemen t. [See A. L. Leigh Silv er,

Math. Gazette 48 (1964), 1{16.]
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7.2.1.2 ANSWERS TO EXER CISES 47

61. There are resp ectiv ely (26 ; 36 ; 20 ; 26 ; 28 ; 40 ; 40 ; 20 ; 26 ; 28 ; 28 ; 26) suc h paths ending

at (1243 ; 1324 ; 1432 ; 2134 ; 2341 ; 2413 ; 3142 ; 3214 ; 3421 ; 4123 ; 4231 ; 4312).

62. There are only t w o paths when n = 3, ending resp ectiv ely at 132 and 213.

But when n � 4 there are Gra y co des leading from 12 : : : n to an y o dd p erm uta-

tion a

1

a

2

: : : a

n

. Exercise 61 establishes this when n = 4, and w e can pro v e it b y

induction for n > 4 as follo ws.

Let A ( j ) b e the set of all p erm utations that b egin with j , and let A ( j; k ) b e

those that b egin with j k . If ( �

0

; �

1

; : : : ; �

n

) are an y o dd p erm utations suc h that

�

j

2 A ( x

j

; x

j +1

), then (1 2) �

j

is an ev en p erm utation in A ( x

j +1

; x

j

). Consequen tly , if

x

1

x

2

: : : x

n

is a p erm utation of f 1 ; 2 ; : : : ; n g , there is at least one Hamiltonian path of

the form

(1 2) �

0

� � � � � � � � � �

1

� � � (1 2) �

1

� � � � � � � � � �

2

� � � � � � � � � (1 2) �

n � 1

� � � � � � � � � �

n

;

the subpath from (1 2) �

j � 1

to �

j

includes all elemen ts of A ( x

j

).

This construction solv es the problem in at least ( n � 2)!

n

= 2

n � 1

distinct w a ys when

a

1

6= 1, b ecause w e can tak e �

0

= 2 1 : : : n and �

n

= a

1

a

2

: : : a

n

; there are ( n � 2)! w a ys

to c ho ose x

2

: : : x

n � 1

, and ( n � 2)! = 2 w a ys to c ho ose eac h of �

1

, : : : , �

n � 1

.

Finally , if a

1

= 1, tak e an y path 1 2 : : : n � � � � � � � � � a

1

a

2

: : : a

n

that runs through

all of A (1), and c ho ose an y step � � � � �

0

with � 2 A (1 ; j ) and �

0

2 A (1 ; j

0

) for some

j 6= j

0

. Replace that step b y

� � � � (1 2) �

1

� � � � � � � � � �

2

� � � � � � � � � (1 2) �

n � 1

� � � � � � � � � �

n

� � � �

0

;

using a construction lik e the Hamiltonian path ab o v e but no w with �

1

= � , �

n

=

(1 2) �

0

, x

1

= 1, x

2

= j , x

n

= j

0

, and x

n +1

= 1. (In this case the p erm utations �

1

,

: : : , �

n

migh t all b e ev en.)

63. Mon te Carlo estimates using the tec hniques of Section 7.2.3 suggest that the total

n um b er of equiv alence classes will b e roughly 1 : 2 � 10

21

; most of those classes will

con tain 480 Gra y cycles.

64. Exactly 2,005,200 delta sequences ha v e the doubly Gra y prop ert y; they b elong to

4206 equiv alence classes under cyclic shift, rev ersal, and/or complemen tation. Nine

classes, suc h as the co de 2 � 2 �

R

where

� = 1234323432123212123232123212123434321212343212343 2121 23232 1 ;

are shifts of their rev ersal; 48 classes are comp osed of rep eated 60-cycles. One of the

most in teresting of the latter t yp e is �� where

� = � 2 � 4 � 4 � 4 � 4 ; � = 32121232123 :

65. Suc h a path exists for an y giv en N � n !: Let the N th p erm utation b e � = a

1

: : : a

n

,

and let j = a

1

. Also let �

k

b e the set of all p erm utations � = b

1

: : : b

n

for whic h b

1

= k

and � � � . By induction on N there is a Gra y path P

1

for �

j

. W e can then construct

Gra y paths P

k

for �

j

[ �

1

[ � � � [ �

k � 1

for 2 � k � j , successiv ely com bining P

k � 1

with a Gra y cycle for �

k � 1

. (See the \absorption" construction of answ er 62. In fact,

P

j

will b e a Gra y cycle when N is a m ultiple of 6.)

66. De�ning the delta sequence b y the rule �

( k +1) mo d n !

= (1 �

k

) �

k

, w e �nd exactly 36

suc h sequences, all of whic h are cyclic shifts of a pattern lik e ( xy z y z y xz y z y z )

2

. (The

next case, n = 5, probably has ab out 10

18

solutions that are inequiv alen t with resp ect

to cyclic shifting, rev ersal, and p erm utation of co ordinates, th us ab out 6 � 10

21

di�eren t
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delta sequences.) Inciden tally , Igor P ak has sho wn that the Ca yley graph generated b y

star transp ositions is an ( n � 2)-dimensional torus in general.

67. If w e let � b e equiv alen t to � (12345), w e get a reduced graph on 24 v ertices that has

40768 Hamiltonian cycles, 240 of whic h lead to delta sequences of the form �

5

in whic h

� uses eac h transp osition 6 times (for example, � = 354232534234532454352452). The

total n um b er of solutions to this problem is probably ab out 10

16

.

68. If A isn't connected, neither is G . If A is connected, w e can assume that it is a free

tree. Moreo v er, in this case w e can pro v e a generalization of the result in exercise 62:

F or n � 4 there is a Hamiltonian path in G from the iden tit y p erm utation to an y o dd

p erm utation. F or w e can assume without loss of generalit y that A con tains the edge

1 � � � 2 where 1 is a leaf of the tree, and a pro of lik e that of exercise 62 applies.

[This elegan t construction is due to M. Tc h uen te, Ars Com binatoria 14 (1982),

115{122. Extensiv e generalizations ha v e b een discussed b y Rusk ey and Sa v age in SIAM

J. Discrete Math. 6 (1993), 152{166. See also the original Russian publication in

Kib ernetik a 11 , 3 (1975), 17{25; English translation, Cyb ernetics 11 (1975), 362{366.]

69. F ollo wing the hin t, the mo di�ed algorithm b eha v es lik e this when n = 5:

12

^

34 1

^

243

^

1423 41

^

23

^

4132 1

^

432 13

^

42

^

1324 31

^

24 3

^

142

^

3412 4312

# " # " # " # " # " # "

54321 24351 24153 54123 14523 14325 24315 24513 54213 14253 14352 54312

12345 15342 35142 32145 32541 52341 51342 31542 31245 35241 25341 21345

15342 12435 32415 35412  31452 51432 52431 32451  35421 31425 21435 25431

23451 53421 51423 21453 ! 25413 23415 13425 15423 ! 12453 52413 53412 13452

21543 51243 53241 23541 23145 25143 15243 13245 13542 53142 52143 12543

34512 34215 14235 14532 54132 34152 34251 54231 24531 24135 34125 34521

32154 ! 35124 15324 ! 12354 52314 32514  31524 51324 21354 ! 25314 35214 ! 31254

45123  42153 42351  45321 41325 41523 ! 42513 42315 45312  41352 41253  45213

43215 43512  41532 41235 45231 ! 43251 43152 ! 45132 42135 42531  43521 43125

51234 21534 ! 23514 53214 13254  15234 25134  23154 53124 13524 ! 12534 52134

# " # " # " # " # " # "

Here the columns represen t sets of p erm utations that are cyclically rotated and/or

re
ected in all 2 n w a ys; therefore eac h column con tains exactly one \rosary p erm uta-

tion" (exercise 18). W e can use Algorithm P to run through the rosary p erm utations

systematically , kno wing that the pair xy will o ccur b efore y x in its column, at whic h

time �

0

instead of �

0

will mo v e us to the righ t or to the left. Step Z2 omits the

in terc hange a

1

$ a

2

, thereb y causing the p erm utations a

1

: : : a

n � 1

to rep eat themselv es

going bac kw ards. (W e implicitly use the fact that t [ k ] = t [ n ! � k ] in the output of

Algorithm T.)

No w if w e replace 1 : : : n b y 24 : : : 31 and c hange A

1

: : : A

n

to A

1

A

n

A

2

A

n � 1

: : : ,

w e get the unmo di�ed algorithm whose results are sho wn in Fig. 22(b).

This metho d w as inspired b y a (nonconstructiv e) theorem of E. S. Rap op ort,

Scripta Math. 24 (1959), 51{58. It illustrates a more general fact observ ed b y Carla

Sa v age in 1989, namely that the Ca yley graph for any group generated b y three

in v olutions � , � , � has a Hamiltonian cycle when � � = � � [see I. P ak and R. Radoi � ci � c,

\Hamiltonian paths in Ca yley graphs," to app ear].

70. No; the longest cycle in that digraph has length 358. But there do exist pairs of

disjoin t 180-cycles from whic h a Hamiltonian path of length 720 can b e deriv ed. F or
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example, consider the cycles �� � � and 
 � � where

� = � �

5

� �

5

� �

3

� �

2

� �

5

� �

3

� �

2

� �

5

� �

5

� �

2

� �

3

� �

1

� �

5

� �

5

� �

5

� �

3

� �

1

� �

1

� �

3

� �

2

� �

1

� �

1

;

� = �

3

� �

5

� �

2

� �

2

� �

5

� �

2

� �

3

� �

1

� �

1

� �

5

� �

1

� �

3

� �

5

� �

5

� �

3

� �

2

� �

1

� �

2

� �

3

� �

1

� �

1

� �

3

� �

2

� �

4

;


 = � � �

5

� �

5

� �

3

� �

1

� �

1

� �

3

� �

2

� �

5

� �

2

� �

3

� �

5

� �

1

� �

5

� �

3

� �

2

� �

1

� �

2

� �

3

� �

1

� �

1

� �

3

� �

2

� �

5

� �

5

� �

5

� �

3

� �

5

� �

2

� �

5

� �

2

� �

3

� �

1

� �

1

� �

5

� �

1

� �

3

� �

3

� �

5

� �

5

� �

1

� �

5

� �

2

� �

3

� �

1

� �

2

:

If w e start with 134526 and follo w �� � � w e reac h 163452; then follo w 
 � � and reac h

126345; then follo w � 
 � and reac h 152634; then follo w � � � , ending at 415263.

71. Brendan McKa y and F rank Rusk ey ha v e found suc h cycles b y computer when

n = 7, 9, and 11, but no nice structure w as apparen t.

72. An y Hamiltonian path includes ( n � 1)! v ertices that tak e y 7! x , eac h of whic h (if

not the last) is follo w ed b y a v ertex that tak es x 7! x . So one m ust b e last; otherwise

( n � 1)! + 1 v ertices w ould tak e x 7! x .

73. (a) Assume �rst that � is the iden tit y p erm utation (). Then ev ery cycle of � that

con tains an elemen t of A lies en tirely within A . Hence the cycles of � are obtained b y

omitting all cycles of � that con tain no elemen t of A . All remaining cycles ha v e o dd

length, so � is an ev en p erm utation.

If � is not the iden tit y , w e apply this argumen t to �

0

= ��

�

, �

0

= (), and �

0

= � �

�

,

concluding that �

0

is an ev en p erm utation; th us � and � ha v e the same sign.

Similarly , � and � ha v e the same sign, b ecause � �

�

= ( ��

�

)

�

has the same order

as ��

�

.

(b) Let X b e the v ertices of the Ca yley graph in Theorem R, and let � b e the

p erm utation of X that tak es a v ertex � in to �� ; this p erm utation has g =a cycles of

length a . De�ne the p erm utation � similarly . Then ��

�

has g =c cycles of length c .

If c is o dd, an y Hamiltonian cycle in the graph de�nes a cycle � that con tains all the

v ertices and satis�es the h yp otheses of (a). Therefore � and � ha v e an o dd n um b er of

cycles, b ecause the sign of a p erm utation on n elemen ts with r cycles is ( � 1)

n � r

(see

exercise 5.2.2{2).

[This pro of, whic h sho ws that X cannot b e the union of an y o dd n um b er of cycles,

w as presen ted b y Rankin in Pro c. Cam bridge Phil. So c. 62 (1966), 15{16.]

74. The represen tation �

j




k

is unique if w e require 0 � j < g =c and 0 � k < c . F or

if w e had �

j

= 


k

for some j with 0 < j < g =c , the group w ould ha v e at most j c

elemen ts. It follo ws that �

g =c

= 


t

for some t .

Let � b e a Hamiltonian cycle, as in the previous answ er. If x� = x� then x
 �

m ust b e x
 � , b ecause x
 � = � . And if x� = x� then x
 � cannot b e x
 � , b ecause

that w ould imply x


c

� = x


c

� . Th us the elemen ts x


k

all ha v e equiv alen t b eha vior

with resp ect to their successors in � .

Notice that if j � 0 there is a k � j suc h that x�

j

= x�

k

�

j � k

= x�

j




k

. Therefore

x�

g =c

= x


t + k

is equiv alen t to x , and the same b eha vior will rep eat. W e return to x

for the �rst time in g steps if and only if t + k is relativ ely prime to c .

75. Apply the previous exercise with g = mn , a = m , b = n , c = mn=d . The n um b er t

satis�es t � 0 (mo dulo m ), t + d � 0 (mo dulo n ); and it follo ws that k + t ? c if and

only if ( d � k ) m=d ? k n=d .

Notes: The mo dular Gra y co de of exercise 7.2.1.1{78 is a Hamiltonian path from

(0 ; 0) to ( m � 1 ; ( � m ) mo d n ) , so it is a Hamiltonian cycle if and only if m is a m ultiple

of n . It is natural to conjecture (falsely) that at least one Hamiltonian cycle exists

whenev er d > 1. But P . Erd} os and W. T. T rotter ha v e observ ed [ J. Graph Theory 2
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(1978), 137{142] that if p and 2 p + 1 are o dd prime n um b ers, no suitable k exists when

m = p (2 p + 1) (3 p + 1) and n = (3 p + 1)

Q

3 p

q =1

q

[ q is prime][ q 6= p ][ q 6=2 p +1]

.

See J. A. Gallian, Mathematical In telligencer 13 , 3 (Summer 1991), 40{43, for

in teresting facts ab out other kinds of cycles in C

m

� C

n

.

76. W e ma y assume that the tour b egins in the lo w er left corner. There are no solutions

when m and n are b oth divisible b y 3, b ecause 2/3 of the cells are unreac hable in that

case. Otherwise, letting d = gcd( m; n ) and arguing as in the previous exercise but with

( x; y ) � = (( x + 2) mo d m; ( y + 1) mo d n ) and ( x; y ) � = (( x + 1) mo d m; ( y + 2) mo d n ),

w e �nd the answ er

d � 1

X

k =1

�

d

k

�

[ gcd ( (2 d � k ) m; ( k + d ) n ) = d or ( mn ? 3 and gcd ( (2 d � k ) m; ( k + d ) n ) = 3 d ) ] :

77. 01 * Permutation generator \`a la Heap

02 N IS 10 The v alue of n (3 or more, not large)

03 t IS $255

04 j IS $0 8 j

05 k IS $1 8 k

06 ak IS $2

07 aj IS $3

08 LOC Data_Segment

09 a GREG @ Base address for a

0

: : : a

n � 1

10 A0 IS @

11 A1 IS @+8

12 A2 IS @+16

13 LOC @+8*N Space for a

0

: : : a

n � 1

14 c GREG @-8*3 Lo cation of 8 c

0

15 LOC @-8*3+8*N 8 c

3

: : : 8 c

n � 1

, initially zero

16 OCTA -1 8 c

n

= � 1, a con v enien t sen tinel

17 u GREG 0 Con ten ts of a

0

, except in inner lo op

18 v GREG 0 Con ten ts of a

1

, except in inner lo op

19 w GREG 0 Con ten ts of a

2

, except in inner lo op

20 LOC #100

21 1H STCO 0,c,k B � A c

k

 0.

22 INCL k,8 B � A k  k + 1.

23 0H LDO j,c,k B j  c

k

.

24 CMP t,j,k B

25 BZ t,1B B Lo op if c

k

= k .

26 BN j,Done A T erminate if c

k

< 0 ( k = n ).

27 LDO ak,a,k A � 1 F etc h a

k

.

28 ADD t,j,8 A � 1

29 STO t,c,k A � 1 c

k

 j + 1.

30 AND t,k,#8 A � 1

31 CSZ j,t,0 A � 1 Set j  0 if k is ev en.

32 LDO aj,a,j A � 1 F etc h a

j

.

33 STO ak,a,j A � 1 Replace it b y a

k

.

34 CSZ u,j,ak A � 1 Set u  a

k

if j = 0.

35 SUB j,j,8 A � 1 j  j � 1.

36 CSZ v,j,ak A � 1 Set v  a

k

if j = 0.
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37 SUB j,j,8 A � 1 j  j � 1.

38 CSZ w,j,ak A � 1 Set w  a

k

if j = 0.

39 STO aj,a,k A � 1 Replace a

k

b y what w as a

j

.

40 Inner PUSHJ 0,Visit A

... (See ( 42 ) )

55 PUSHJ 0,Visit A

56 SET t,u A Sw ap u $ w .

57 SET u,w A

58 SET w,t A

59 SET k,8*3 A k  3.

60 JMP 0B A

61 Main LDO u,A0 1

62 LDO v,A1 1

63 LDO w,A2 1

64 JMP Inner 1

78. Lines 31{38 b ecome 2 r � 1 instructions, lines 61{63 b ecome r , and lines 56{58

b ecome 3 + ( r � 2)[ r ev en ] instructions (see ! ( r � 1) in answ er 40). The total running

time is therefore ( (2 r ! + 2) A + 2 B + r � 5 ) � + ( (2 r ! + 2 r + 7 + ( r � 2)[ r ev en ]) A + 7 B � r � 4 ) � ,

where A = n ! =r ! and B = n ! (1 =r ! + � � � + 1 =n !).

79. SLU u,[#f],t; SLU t,a,4; XOR t,t,a; AND t,t,u; SRU u,t,4; OR t,t,u;

XOR a,a,t ; here, as in the answ er to exercise 1.3.1

0

{34, the notation ` [#f] ' denotes a

register that con tains the constan t v alue

#

f .

80. SLU u,a,t; MXOR u,[#8844221188442211] ,u; AND u,u,[#ff000000]; SRU u,u,t;

XOR a,a,u . This c heats, since it transforms

#

12345678 to

#

13245678 when t = 4, but

( 45 ) still w orks.

Ev en faster and tric kier w ould b e a routine analogous to ( 42 ) : Consider

PUSHJ 0,Visit; MXOR a,a,c1; PUSHJ 0,Visit; : : : MXOR a,a,c5; PUSHJ 0,Visit

where c1 , : : : , c5 are constan ts that w ould cause

#

12345678 to b ecome successiv ely

#

12783456 ,

#

12567834 ,

#

12563478 ,

#

12785634 ,

#

12347856 . Other instructions, exe-

cuted only 1/6 or 1/24 as often, can tak e care of sh u�ing n ybbles within and b et w een

b ytes. V ery clev er, but it do esn't b eat ( 46 ) in view of the PUSHJ / POP o v erhead.

81. t IS $255 ;k IS $0 ;kk IS $1 ;c IS $2 ;d IS $3

SET k,1 k  1.

3H SRU d,a,60 d  leftmost n ybble.

SLU a,a,4 a  16 a mo d 16

16

.

CMP c,d,k

SLU kk,k,2

SLU d,d,kk

OR t,t,d t  t + 16

k

d .

PBNZ c,1B Return to main lo op if d 6= k .

INCL k,1 k  k + 1.

PBNZ a,3B Return to second lo op if k < n .

82. � + ( 5 n ! + 11 A � ( n � 1)! + 6 ) � = ( (5 + 10 =n ) � + O ( n

� 2

) ) n !, plus the visiting time,

where A =

P

n � 1

k =1

k ! is the n um b er of times the lo op at 3H is used.

83. With suitable initialization and a 13-o ctab yte table, only ab out a dozen MMIX

instructions are needed:
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magic GREG #8844221188442211

0H h Visit register a i

PBN c,Sigma

Tau MXOR t,magic,a; ANDNL t,#ffff; JMP 1F

Sigma SRU t,a,20; SLU a,a,4; ANDNML a,#f00

1H XOR a,a,t; SLU c,c,1

2H PBNZ c,0B; INCL p,8

3H LDOU c,p,0; PBNZ c,0B

84. Assuming that the pro cessors all ha v e essen tially the same sp eed, w e can let the

k th pro cessor generate all p erm utations of rank r for ( k � 1) n ! =p � r < k n ! =p , using

an y metho d based on con trol tables c

1

: : : c

n

. The starting and ending con trol tables

are easily computed b y con v erting their ranks to mixed-radix notation (exercise 12).

85. W e can use a tec hnique lik e that of Algorithm 3.4.2P: T o compute k = r ( � ), �rst

set a

0

a

j

 j for 1 � j � n (the in v erse p erm utation). Then set k  0, and for j = n ,

n � 1, : : : , 2 (in this order) set t  a

0

j

, k  k j + t � 1, a

t

 a

j

, a

0

a

j

 t . T o

compute r

[ � 1]

( k ), start with a

1

 1. Then for j = 2, : : : , n � 1, n (in this order) set

t  ( k mo d j ) + 1, a

j

 a

t

, a

t

 j , k  b k =j c . [See S. Pleszczy � nski, Inf. Pro c. Letters

3 (1975), 180{183; W. Myrv old and F. Rusk ey , Inf. Pro c. Letters 79 (2001), 281{284.]

Another metho d is preferable if w e w an t to rank and unrank only the n

m

variations

a

1

: : : a

m

of f 1 ; : : : ; n g : T o compute k = r ( a

1

: : : a

m

), start with b

1

: : : b

n

 b

0

1

: : : b

0

n

 

1 : : : n ; then for j = 1, : : : , m (in this order) set t  b

0

a

j

, b

t

 b

n +1 � j

, and b

0

b

t

 t ;

�nally set k  0 and for j = m , : : : , 1 (in this order) set k  k � ( n + 1 � j ) + b

0

a

j

� 1.

T o compute r

[ � 1]

( k ), start with b

1

: : : b

n

 1 : : : n ; then for j = 1, : : : , m (in this order)

set t  ( k mo d ( n + 1 � j ) ) + 1, a

j

 b

t

, b

t

 b

n +1 � j

, k  b k = ( n + 1 � j ) c . (See

exercise 3.4.2{15 for cases with large n and small m .)

86. If x � y and y � z , the algorithm will nev er mo v e y to the left of x , nor z to the

left of y , so it will nev er test x v ersus z .

87. They app ear in lexicographic order; Algorithm P used a re
ected Gra y order.

88. Generate in v erse p erm utations with a

0

0

< a

0

1

< a

0

2

, a

0

3

< a

0

4

< a

0

5

, a

0

6

< a

0

7

, a

0

8

< a

0

9

,

a

0

0

< a

0

3

, a

0

6

< a

0

8

.

89. (a) Let d

k

= max f j j 0 � j � k and j is non trivial g , where 0 is considered

non trivial. This table is easily precomputed, b ecause j is trivial if and only if it m ust

follo w f 1 ; : : : ; j � 1 g . Set k  d

n

in step V2 and k  d

k � 1

in step V5. (Assume d

n

> 0.)

(b) No w M =

P

n

j =1

t

j

[ j is non trivial].

(c) There are at least t w o top ological sorts a

j

: : : a

k

of the set f j; : : : ; k g , and either

of them can b e placed after an y top ological sort a

1

: : : a

j � 1

of f 1 ; : : : ; j � 1 g .

(d) Algorithm 2.2.3T rep eatedly outputs minimal elemen ts (elemen ts with no

predecessors), remo ving them from the relation graph. W e use it in rev erse, rep eatedly

remo ving and giving the highest lab els to maximal elemen ts (elemen ts with no succes-

sors). If only one maximal elemen t exists, it is trivial. If k and l are b oth maximal,

they b oth are output b efore an y elemen t x with x � k or x � l , b ecause steps T5

and T7 k eep maximal elemen ts in a queue (not a stac k). Th us if k is non trivial and

output �rst, elemen t l migh t b ecome trivial, but the next non trivial elemen t j will not

b e output b efore l ; and k is unrelated to l .

(e) Let the non trivial t 's b e s

1

< s

2

< � � � < s

r

= N . Then w e ha v e s

j

� 2 s

j � 2

,

b y (c). Consequen tly M = s

2

+ � � � + s

r

� s

r

(1 +

1

2

+

1

4

+ � � � ) + s

r � 1

(1 +

1

2

+

1

4

+ � � � ) < 4 s

r

.
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(A sharp er estimate is in fact true, as observ ed b y M. P eczarski: Let s

0

= 1, let

the non trivial indices b e 0 = k

1

< k

2

< � � � < k

r

, and let k

0

j

= max f k j 1 � k < k

j

,

k 6� k

j

g for j � 1. Then k

0

j

� k

j � 1

. There are s

j

top ological sorts of f 1 ; : : : ; k

j +1

g that

end with k

j +1

; and there are at least s

j � 1

that end with k

0

j +1

, since eac h of the s

j � 1

top ological sorts of f 1 ; : : : ; k

j

� 1 g can b e extended. Hence

s

j +1

� s

j

+ s

j � 1

for 1 � j < r .

No w let y

0

= 0, y

1

= F

2

+ � � � + F

r

, and y

j

= y

j � 2

+ y

j � 1

� F

r +1

for 1 < j < r . Then

F

r +1

( s

1

+ � � � + s

r

) +

r � 1

X

j +1

y

j

( s

r +1 � j

� s

r � j

� s

r � 1 � j

) = ( F

2

+ � � � + F

r +1

) s

r

;

and eac h y

j

= F

r +1

� 2 F

j

+ ( � 1)

j

F

r +1 � j

is nonnegativ e. Hence s

1

+ � � � + s

r

�

( ( F

2

+ � � � + F

r +1

) =F

r +1

) s

r

� 2 : 6 s

r

. The follo wing exercise sho ws that this b ound is

b est p ossible.)

90. The n um b er N of suc h p erm utations is F

n +1

b y exercise 5.2.1{25. Therefore

M = F

n +1

+ � � � + F

2

= F

n +3

� 2 � �

2

N . Notice inciden tally that all suc h p erm utations

satisfy a

1

: : : a

n

= a

0

1

: : : a

0

n

. They can b e arranged in a Gra y path (exercise 7.2.1.1{89).

91. Since t

j

= ( j � 1)( j � 3) : : : (2 or 1), w e �nd M = ( 1 + 2 =

p

� n + O (1 =n ) ) N .

Note: The in v ersion tables c

1

: : : c

2 n

for p erm utations satisfying ( 49 ) are c harac-

terized b y the conditions c

1

= 0, 0 � c

2 k

� c

2 k � 1

, 0 � c

2 k +1

� c

2 k � 1

+ 1.

92. The total n um b er of pairs ( R ; S ), where R is a partial ordering and S is a linear

ordering that includes R , is equal to P

n

times the exp ected n um b er of top ological sorts;

it is also Q

n

times n !. So the answ er is n ! Q

n

=P

n

.

W e will discuss the computation of P

n

and Q

n

in Section 7.2.3. F or 1 � n � 12

the exp ectation turns out to b e appro ximately

(1 ; 1 : 33 ; 2 : 21 ; 4 : 38 ; 10 : 1 ; 26 : 7 ; 79 : 3 ; 262 ; 950 ; 3760 ; 16200 ; 74800) :

Asymptotic v alues as n ! 1 ha v e b een deduced b y Brigh t w ell, Pr• omel, and Steger

[ J. Com binatorial Theory A73 (1996), 193{206], but the limiting b eha vior is quite

di�eren t from what happ ens when n is in a practical range. The v alues of Q

n

w ere �rst

determined for n � 5 b y S. P . Av ann [ �quationes Math. 8 (1972), 95{102].

93. The basic idea is to in tro duce dumm y elemen ts n + 1 and n + 2 with j � n + 1

and j � n + 2 for 1 � j � n , and to �nd all top ological sorts of suc h an extended

relation via adjacen t in terc hanges; then tak e ev ery se c ond p erm utation, suppressing

the dumm y elemen ts. An algorithm similar to Algorithm V can b e used, but with a

recursion that reduces n to n � 2 b y inserting n � 1 and n among a

1

: : : a

n � 2

in all

p ossible w a ys, assuming that n � 1 6� n , o ccasionally sw apping n + 1 with n + 2. [See

G. Pruesse and F. Rusk ey , SICOMP 23 (1994), 373{386. A lo opless implemen tation

has b een describ ed b y Can�eld and Williamson, Order 12 (1995), 57{75.]

94. The case n = 3 illustrates the general idea of a pattern that b egins with 1 : : : (2 n )

and ends with 1 (2 n ) 2 (2 n � 1) : : : n ( n + 1): 123456, 123546, 123645, 132645, 132546,

132456, 142356, 142536, 142635, 152634, 152436, 152346, 162345, 162435, 162534.

Matc hings can also b e regarded as in v olutions of f 1 ; : : : ; 2 n g that ha v e n cycles.

With that represen tation this pattern in v olv es t w o transp ositions p er step.

Notice that the C in v ersion tables of the p erm utations just listed are resp ectiv ely

000000, 000100, 000200, 010200, 010100, 010000, 020000, 020100, 020200, 030200,

030100, 030000, 040000, 040100, 040200. In general, C

1

= C

3

= � � � = C

2 n � 1

= 0
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and the n -tuples ( C

2

; C

4

; : : : ; C

2 n

) run through a re
ected Gra y co de on the radices

(2 n � 1 ; 2 n � 3 ; : : : ; 1). Th us the generation pro cess can easily b e made lo opless if

desired. [See Timoth y W alsh, J. Com binatorial Math. and Com binatorial Computing

36 (2001), 95{118, Section 1.]

Note: Algorithms to generate all matc hings go bac k to J. F. Pfa� [ Abhandlungen

Ak ad. Wissensc haften (Berlin: 1814{1815), 124{125], who describ ed t w o suc h pro ce-

dures: His �rst metho d w as lexicographic, whic h also corresp onds to lexicographic

order of the C in v ersion tables; his second metho d corresp onds to c olex order of those

tables. Ev en and o dd p erm utations alternate in b oth cases.

95. Generate in v erse p erm utations with a

0

1

< a

0

n

> a

0

2

< a

0

n � 1

> � � � , using Algo-

rithm V. (See exercise 5.1.4{23 for the n um b er of solutions.)

96. F or example, w e can start with a

1

: : : a

n � 1

a

n

= 2 : : : n 1 and b

1

b

2

: : : b

n

b

n +1

=

12 : : : n 1, and use Algorithm P to generate the ( n � 1)! p erm utations b

2

: : : b

n

of

f 2 ; : : : ; n g . Just after that algorithm sw aps b

i

$ b

i +1

, w e set a

b

i � 1

 b

i

, a

b

i

 b

i +1

,

a

b

i +1

 b

i +2

, and visit a

1

: : : a

n

.

97. Use Algorithm X, with t

k

( a

1

; : : : ; a

k

) = ` a

k

6= k '.

98. Using the notation of exercise 47, w e ha v e N

k

=

P

�

k

j

�

( � 1)

j

( n � j )

k � j

b y the

metho d of inclusion and exclusion (exercise 1.3.3{26). If k = O (log n ) then N

n � k

=

( n ! e

� 1

=k !) (1 + O (log n )

2

=n ); hence A=n ! � ( e � 1) =e and B =n ! � 1. The n um b er of

memory references, under the assumptions of answ er 48, is therefore � A + B + 3 A +

B � N

n

+ 3 A � n ! (9 �

8

e

) � 6 : 06 n !, ab out 16.5 p er derangemen t. [See S. G. Akl, BIT

20 (1980), 2{7, for a similar metho d.]

99. Supp ose L

n

generates D

n

[ D

n � 1

, b eginning with (1 2 : : : n ), then (2 1 : : : n ), and

ending with (1 : : : n � 1); for example, L

3

= (1 2 3), (2 1 3), (1 2). Then w e can generate

D

n +1

as K

nn

, : : : , K

n 2

, K

n 1

, where K

nk

= (1 2 : : : n )

� k

( n n + 1) L

n

(1 2 : : : n )

k

; for

example, D

4

is

(1 2 3 4) ; (2 1 3 4) ; (1 2)(3 4) ; (3 1 2 4) ; (1 3 2 4) ; (3 1)(2 4) ; (2 3 1 4) ; (3 2 1 4) ; (2 3)(1 4) :

Notice that K

nk

b egins with the cycle ( k + 1 : : : n 1 : : : k n +1) and ends with

( k + 1 : : : n 1 : : : k � 1) ( k n +1); so prem ultiplication b y ( k � 1 k ) tak es us from K

nk

to K

n ( k � 1)

. Also, prem ultiplication b y (1 n ) will return from the last elemen t of D

n +1

to the �rst. Prem ultiplication b y (1 2 n +1) tak es us from the last elemen t of D

n +1

to

(2 1 3 : : : n ), from whic h w e can return to (1 2 : : : n ) b y follo wing the cycle for D

n

bac kw ards, thereb y completing the list L

n +1

as desired.

100. Use Algorithm X, with t

k

( a

1

; : : : ; a

k

) = ` p > 0 or l [ q ] 6= k + 1'.

Notes: The n um b er of indecomp osable p erm utations is [ z

n

] ( 1 � 1 =

P

1

k =0

k ! z

k

) ;

see L. Com tet, Comptes Rendus Acad. Sci. A275 (P aris, 1972), 569{572. It app ears

lik ely that the indecomp osable p erm utations can b e generated b y adjacen t transp osi-

tions; for example, when n = 4 they are 3142, 3412, 3421, 3241, 2341, 2431, 4231, 4321,

4312, 4132, 4123, 4213, 2413.

101. Here is a lexicographic in v olution generator analogous to Algorithm X.

Y1. [Initialize.] Set a

k

 k and l

k � 1

 k for 1 � k � n . Then set l

n

 0, k  1.

Y2. [En ter lev el k .] If k > n , visit a

1

: : : a

n

and go to Y3. Otherwise set p  l

0

,

u

k

 p , l

0

 l

p

, k  k + 1, and rep eat this step. (W e ha v e decided to let

a

p

= p .)
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Y3. [Decrease k .] Set k  k � 1, and terminate if k = 0. Otherwise set q  u

k

and

p  a

q

. If p = q , set l

0

 q , q  0, r  l

p

, and k  k + 1 (preparing to mak e

a

p

> p ). Otherwise set l

u

k � 1

 q , r  l

q

(preparing to mak e a

p

> q ).

Y4. [Increase a

p

.] If r = 0 go to Y5. Otherwise set l

q

 l

r

, u

k � 1

 q , u

k

 r ,

a

p

 r , a

q

 q , a

r

 p , k  k + 1, and go to Y2.

Y5. [Restore a

p

.] Set l

0

 p , a

p

 p , a

q

 q , k  k � 1, and return to Y3.

Let t

n +1

= t

n

+ nt

n � 1

, a

n +1

= 1 + a

n

+ na

n � 1

, t

0

= t

1

= 1, a

0

= 0, a

1

= 1. (See

Eq. 5.1.4{( 40 ) .) Step Y2 is p erformed t

n

times with k > n and a

n

times with k � n .

Step Y3 is p erformed a

n

times with p = q and a

n

+ t

n

times altogether. Step Y4 is

p erformed t

n

� 1 times; step Y5, a

n

times. The total n um b er of mems for all t

n

outputs

is therefore appro ximately 11 a

n

+ 12 t

n

, where a

n

< 1 : 25331414 t

n

. (Optimizations are

clearly p ossible if sp eed is essen tial.)

102. W e construct a list L

n

that b egins with () and ends with ( n � 1 n ), starting with

L

3

= (), (1 2), (1 3), (2 3). If n is o dd, L

n +1

is L

n

, K

R

n 1

, K

n 2

, : : : , K

R

nn

, where

K

nk

= ( k : : : n )

�

L

n � 1

( k : : : n ) ( k n +1). F or example,

L

4

= () ; (1 2) ; (1 3) ; (2 3) ; (2 3)(1 4) ; (1 4) ; (2 4) ; (1 3)(2 4) ; (1 2)(3 4) ; (3 4) :

If n is ev en, L

n +1

is L

n

, K

n ( n � 1)

, K

R

n ( n � 2)

, : : : , K

n 1

, (1 n � 2) L

R

n � 1

(1 n � 2) ( n n +1).

F or further dev elopmen ts, see the article b y W alsh cited in answ er 94.

103. The follo wing elegan t solution b y Carla Sa v age needs only n � 2 di�eren t op-

erations �

j

, for 1 < j < n , where �

j

replaces a

j � 1

a

j

a

j +1

b y a

j +1

a

j � 1

a

j

when j is

ev en, a

j

a

j +1

a

j � 1

when j is o dd. W e ma y assume that n � 4; let A

4

= ( �

3

�

2

�

2

�

3

)

3

.

In general A

n

will b egin and end with �

n � 1

, and it will con tain 2 n � 2 o ccurrences

of �

n � 1

altogether. T o get A

n +1

, replace the k th �

n � 1

of A

n

b y �

n

A

0

n

�

n

, where

k = 1, 2, 4, : : : , 2 n � 2 if n is ev en and k = 1, 3, : : : , 2 n � 3, 2 n � 2 if n is

o dd, and where A

0

n

is A

n

with its �rst or last elemen t deleted. Then, if w e b egin

with a

1

: : : a

n

= 1 : : : n , the op erations �

n � 1

of A

n

will cause p osition a

n

to run

through the successiv e v alues n ! p

1

! n ! p

2

! � � � ! p

n � 1

! n , where

p

1

: : : p

n � 1

= ( n � 1 � [ n ev en ]) : : : 4 2 1 3 : : : ( n � 1 � [ n o dd ]); the �nal p erm utation will

again b e 1 : : : n .

104. (a) A w ell-balanced p erm utation has

P

n

k =1

k a

k

= n ( n + 1)

2

= 4, an in teger.

(b) Replace k b y a

k

when summing o v er k .

(c) A fairly fast w a y to coun t, when n is not to o large, can b e based on the

streamlined plain-c hange algorithm of exercise 16, b ecause the quan tit y

P

k a

k

c hanges

in a simple w a y with eac h adjacen t in terc hange, and b ecause n � 1 of ev ery n steps

are \h un ts" that can b e done rapidly . W e can sa v e half the w ork b y considering only

p erm utations in whic h 1 precedes 2. The v alues for 1 � n � 15 are 0, 0, 0, 2, 6, 0, 184,

936, 6688, 0, 420480, 4298664, 44405142, 0, 6732621476.

105. (a) F or eac h p erm utation a

1

: : : a

n

, insert � b et w een a

j

and a

j +1

if a

j

> a

j +1

;

insert either � or � b et w een them if a

j

< a

j +1

. (A p erm utation with k \ascen ts"

therefore yields 2

k

w eak orders. W eak orders are sometimes called \preferen tial arrange-

men ts; exercise 5.3.1{4 sho ws that there are appro ximately n ! = (2(ln 2)

n +1

) of them. A

Gra y co de for w eak orders, in whic h eac h step c hanges � $ � and/or a

j

$ a

j +1

, can

b e obtained b y com bining Algorithm P with Gra y binary co de at the ascen ts.

(b) Start with a

1

: : : a

n

a

n +1

= 0 : : : 00 and a

0

= � 1. P erform Algorithm L

un til it stops with j = 0. Find k suc h that a

1

> � � � > a

k

= a

k +1

, and terminate if

k = n . Otherwise set a

l

 a

k +1

+ 1 for 1 � l � k and go to step L4. [See M. Mor
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and A. S. F raenk el, Discrete Math. 48 (1984), 101{112. W eak ordering sequences are

c haracterized b y the prop ert y that, if k app ears and k > 0, then k � 1 also app ears.]

106. All w eak ordering sequences can b e obtained b y a sequence of elemen tary op er-

ations a

i

$ a

j

or a

i

 a

j

. (P erhaps one could actually restrict the transformations

further, allo wing only a

j

$ a

j +1

or a

j

 a

j +1

for 1 � j < n .)

107. Ev ery step increases the quan tit y

P

n

k =1

2

k

[ a

k

= k ], as noted b y H. S. Wilf, so

the game m ust terminate. A t least three approac hes to the solution are plausible: one

bad, one go o d, and one b etter.

The bad one is to pla y the game on all 13! sh u�es and to record the longest.

This metho d do es pro duce the correct answ er; but 13! is 6,227,020,800, and the a v erage

game lasts � 8 : 728 steps.

The go o d one [A. P epp erdine, Math. Gazette 73 (1989), 131{133] is to pla y

bac kw ards, starting with the �nal p osition 1 � : : : � where � denotes a card that is face

do wn; w e will turn a card up only when its v alue b ecomes relev an t. T o mo v e bac kw ard

from a giv en p osition a

1

: : : a

n

, consider all k > 1 suc h that either a

k

= k or a

k

= � and

k has not y et turned up. Th us the next-to-last p ositions are 21 � : : : � , 3 � 1 � : : : � , : : : ,

n � : : : � 1. Some p ositions (lik e 6 �� 213 for n = 6) ha v e no predecessors, ev en though w e

ha v en't turned all the cards up. It is easy to explore the tree of p oten tial bac kw ards

games systematically , and one can in fact sho w that the n um b er of no des with t � 's is

exactly ( n � 1)! =t !. Hence the total n um b er of no des considered is exactly b ( n � 1)! e c .

When n = 13 this is 1,302,061,345.

The b etter one is to pla y forw ards, starting with initial p osition � : : : � and turning

o v er the top card when it is face do wn, running through all ( n � 1)! p erm utations of

f 2 ; : : : ; n g as cards are turned. If the b ottom n � m cards are kno wn to b e equal

to ( m + 1)( m +2) : : : n , in that order, at most f ( m ) further mo v es are p ossible; th us w e

need not pursue a line of pla y an y further if it cannot last long enough to b e in teresting.

A p erm utation generator lik e Algorithm X allo ws us to share the computation for all

p erm utations with the same pre�x and to reject unimp ortan t pre�xes. The card in p osi-

tion j need not tak e the v alue j when it is turned. When n = 13 this metho d needs to

consider only resp ectiv ely (1 ; 11 ; 940 ; 6960 ; 44745 ; 245083 ; 1118216 ; 4112676 ; 11798207 ;

26541611 ; 44380227 ; 37417359) branc hes at lev els (1 ; 2 ; : : : ; 12) and to mak e a total of

only 482,663,902 forw ard mo v es. Although it rep eats some lines of pla y , the early cuto�s

of unpro�table branc hes mak e it run more than 11 times faster than the bac kw ard

metho d when n = 13.

The unique w a y to attain length 80 is to start with 2 9 4 5 11 12 10 1 8 13 3 6 7.

108. This result holds for an y game in whic h

a

1

: : : a

n

! a

k

a

p ( k ; 2)

: : : a

p ( k ;k � 1)

a

1

a

k +1

: : : a

n

when a

1

= k , where p ( k ; 2) : : : p ( k ; k � 1) is an arbitrary p erm utation of f 2 ; : : : ; k � 1 g .

Supp ose a

1

tak es on exactly m distinct v alues d (1) < � � � < d ( m ) during a pla y of

the game; w e will pro v e that at most F

m +1

p erm utations o ccur, including the initial

sh u�e. This assertion is ob vious when m = 1.

Let d ( j ) b e the initial v alue of a

d ( m )

, where j < m , and supp ose a

d ( m )

c hanges on

step r . If d ( j ) = 1, the n um b er of p erm utations is r + 1 � F

m

+ 1 � F

m +1

. Otherwise

r � F

m � 1

, and at most F

m

further p erm utations follo w step r . [ SIAM Review 19

(1977), 239{241.]

The v alues of f ( n ) for 1 � n � 16 are (0, 1, 2, 4, 7, 10, 16, 22, 30, 38, 51, 65, 80,

101, 113, 139), and they are attainable in resp ectiv ely (1, 1, 2, 2, 1, 5, 2, 1, 1, 1, 1, 1,
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1, 4, 6, 1) w a ys. The unique longest-winded p erm utation for n = 16 is

9 12 6 7 2 14 8 1 11 13 5 4 15 16 10 3 :

109. The forw ard metho d of answ er 107 suggests that f ( n ) probably gro ws at least

as fast as n log n (b y comparison with coup on collecting).

110. F or 0 � j � 9 construct the bit v ectors A

j

= [ a

j

2 S

1

] : : : [ a

j

2 S

m

] and B

j

=

[ j 2 S

1

] : : : [ j 2 S

m

]. Then the n um b er of j suc h that A

j

= v m ust equal the n um b er

of k suc h that B

k

= v , for all bit v ectors v . And if so, the v alues f a

j

j A

j

= v g should

b e assigned to p erm utations of f k j B

k

= v g in all p ossible w a ys.

F or example, the bit v ectors in the giv en problem are

( A

0

; : : : ; A

9

) = ( 9 ; 6 ; 8 ; b ; 5 ; 4 ; 0 ; a ; 2 ; 0 ) ; ( B

0

; : : : ; B

9

) = ( 5 ; 0 ; 8 ; 6 ; 2 ; a ; 4 ; b ; 9 ; 0 ) ;

in hexadecimal notation; hence a

0

: : : a

9

= 8327061549 or 8327069541.

In a larger problem w e w ould k eep the bit v ectors in a hash table. It w ould b e

b etter to giv e the answ er in terms of equiv alence classes, not p erm utations; indeed, this

problem has comparativ ely little to do with p erm utations.

111. In the directed graph with n ! = 2 v ertices a

1

: : : a

n � 2

and n ! arcs a

1

: : : a

n � 2

!

a

2

: : : a

n � 1

(one for eac h p erm utation a

1

: : : a

n

), eac h v ertex has in-degree 2 and out-

degree 2. F urthermore, from paths lik e a

1

: : : a

n � 2

! a

2

: : : a

n � 1

! a

3

: : : a

n

!

a

4

: : : a

n

a

2

! a

5

: : : a

n

a

2

a

1

! � � � ! a

2

a

1

a

3

: : : a

n � 2

, w e can see that an y v ertex is

reac hable from an y other. Therefore an Eulerian trail exists b y Theorem 2.3.4.2D, and

suc h a trail clearly is equiv alen t to a univ ersal cycle of p erm utations. The lexicograph-

ically smallest example when n = 4 is (123124132134214324314234).

112. By exercise 2.3.4.2{22 it su�ces to coun t the orien ted trees ro oted at 1 2 : : : ( n � 2),

in the digraph of the preceding answ er; and those trees can b e coun ted b y exercise

2.3.4.2{19. F or n � 6 the n um b ers U

n

turn out to b e tan talizingly simple: U

2

= 1,

U

3

= 3, U

4

= 2

7

� 3, U

5

= 2

33

� 3

8

� 5

3

, U

6

= 2

190

� 3

49

� 5

33

. (Here w e consider (121323)

to b e the same cycle as (213231), but di�eren t from (131232).)

Mark Co ok e has disco v ered the follo wing instructiv e w a y to compute these v alues

e�cien tly: Notice �rst that a univ ersal cycle of p erm utations is also equiv alen t to a

Hamiltonian cycle on the Ca yley graph with generators � = (1 2 : : : n ) and � =

(1 2 : : : n � 1). F or example, the cycle in the previous answ er for n = 4 corresp onds to

the cycle �

3

�

2

� � �

2

�

2

�

3

� �

2

�

2

� � �

2

� .

No w consider the n ! � n ! matrix M = 2 I � R � S , where R

� �

0

= [ �

0

= � � ] and

S

� �

0

= [ �

0

= � � ]. There is a matrix H suc h that H

�

R H and H

�

S H eac h ha v e blo c k

diagonal form consisting of k

�

copies of k

�

� k

�

matrices R

�

and S

�

, for eac h partition �

of n , where k

�

is n ! divided b y the pro duct of the ho ok lengths of shap e � (Theorem

5.1.4H), and where R

�

and S

�

are matrix represen tations of � and � based on Y oung

tableaux. [A pro of can b e found in Bruce Sagan, The Symmetric Group (P aci�c Gro v e,

Calif.: W adsw orth & Bro oks/Cole, 1991).] F or example, when n = 3 w e ha v e

R =

0

B

B

B

B

B

@

0 0 0 1 0 0

0 0 0 0 0 1

0 0 0 0 1 0

1 0 0 0 0 0

0 0 1 0 0 0

0 1 0 0 0 0

1

C

C

C

C

C

A

; S =

0

B

B

B

B

B

@

0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 1 0 0

1

C

C

C

C

C

A

; H =

0

B

B

B

B

B

@

1 1 1 � 1 1 0

1 1 � 1 0 0 � 1

1 1 0 1 � 1 1

1 � 1 � 1 1 0 1

1 � 1 1 0 1 � 1

1 � 1 0 � 1 � 1 0

1

C

C

C

C

C

A

;
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H

�

R H =

0

B

B

B

B

B

@

1 0 0 0 0 0

0 � 1 0 0 0 0

0 0 0 1 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 1 0

1

C

C

C

C

C

A

; H

�

S H =

0

B

B

B

B

B

@

1 0 0 0 0 0

0 1 0 0 0 0

0 0 0 � 1 0 0

0 0 1 � 1 0 0

0 0 0 0 0 � 1

0 0 0 0 1 � 1

1

C

C

C

C

C

A

when ro ws and columns are indexed b y the resp ectiv e p erm utations 1, � , �

2

, � , �� ,

��

2

; here k

3

= k

111

= 1 and k

21

= 2. Therefore the eigen v alues of M are the union,

o v er � , of k

�

-fold rep eated eigen v alues of the k

�

� k

�

matrices 2 I � R

�

� S

�

. In the

example, the eigen v alues of (0), (2), and (

2

� 2

0

3

) t wice are f 0 g , f 2 g , and f 2 ; 3 g t wice.

The eigen v alues of M are directly related to those of the matrix A in exercise

2.3.4.2{19. Indeed, eac h eigen v ector of A yields an eigen v ector of M , if w e equate the

comp onen ts for p erm utations � and � ��

�

, b ecause ro ws � and � ��

�

of R + S are

equal. F or example,

A =

0

@

2 � 1 � 1

� 1 2 � 1

� 1 � 1 2

1

A

has eigen v ectors

0

@

1

1

1

1

A

;

0

@

1

� 1

0

1

A

;

0

@

1

0

� 1

1

A

for eigen v alues 0, 3, 3,

yielding the eigen v ectors (1 ; 1 ; 1 ; 1 ; 1 ; 1)

T

, (1 ; � 1 ; 0 ; 0 ; � 1 ; 1)

T

, (1 ; 0 ; � 1 ; � 1 ; 0 ; 1)

T

of M

for the same eigen v alues. And M has n ! = 2 additional eigen v ectors, with all comp onen ts

zero except those indexed b y � and � �

�

� for some � , b ecause only ro ws � �

�

and � �

�

of R + S ha v e nonzero en tries in columns � and � �

�

� ; suc h v ectors yield n ! = 2 additional

eigen v alues, all equal to 2.

Therefore U

n

, whic h is 2 =n ! times the pro duct of the nonzero eigen v alues of A ,

is 2

1 � n ! = 2

=n ! times the pro duct of the nonzero eigen v alues of M .

Unfortunately the small-prime-factor phenomenon do es not con tin ue; U

7

equals

2

1217

3

123

5

119

7

5

11

28

43

35

73

20

79

21

109

35

, and U

9

is divisible b y 59229013196333

168

.

A t least one of these cycles m ust almost surely b e easy to describ e and to

compute, as w e did for de Bruijn cycles in Section 7.2.1.1. But no simple construction

has y et b een found.
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When an index en try refers to a page con taining a relev an t exercise, see also the answer to

that exercise for further information. An answ er page is not indexed here unless it refers to a

topic not included in the statemen t of the exercise.

0-origin indexing, 8.

4-cub e, 9{10.

K � : se e Kilomems.

M � : se e Megamems.

� (circle ratio), 27, 30, 36.

� { � path, 20{21, 33.

� ( k ) p erm utation, 12{13, 31.

Additiv e alphametics, 6{7, 14{15, 30.

Adjacen t in terc hanges, 2{7, 31, 35, 54, 55.

Akl, Selim George ( Á¸« }ŽØ~ ÍÛÀ“ ), 54.

Alphametics, 6.

additiv e, 6{7, 14{15, 30.

doubly true, 29.

m ultiplicativ e, 29.

pure, 7, 28{29.

Alternating group, 5, 36.

Analysis of algorithms, 26{31, 34{35.

Applying a p erm utation, 8{10.

Arisa w a, Mak oto ( ), 43.

Arti�cial in telligence, 28.

Ascen ts, 55.

Assignmen t problem, 26.

Automorphisms, 9{10, 28, 29.

Av ann, Sherwin P ark er, 53.

Balanced p erm utation, 36.

Barw ell, Brian Rob ert, 29.

Beidler, John An thon y , 6.

Bell ringing, 1, 4{5, 21.

Bernoulli, Jacques (= Jak ob = James), 39.

Breisc h, Ric hard Lewis, 42.

Brigh t w ell, Graham Ric hard, 53.

Bruijn, Nicolaas Go v ert de, cycle, 37, 58.

Bubble sort, 3.

Buc kley , Mic hael R. W., 28.

Bypassing blo c ks of p erm utations,

13{16, 30, 54.

Cam bridge F ort y-Eigh t, 4, 5.

Can�eld, Earl Ro dney , 53.

Casting out nines, 43.

Ca yley , Arth ur, 20.

graphs, 20, 31{34, 48, 57.

Cesare, Giulio (p en name of Dani F errari,

Luigi Rafaiani, Luigi Morelli, and

Dario Uri), 42.

Chain, 35.

Change ringing, 1, 4{5, 21.

Childs, Ro y Sydney , 42.

Colex order, 54; se e also Rev erse

colex order.

Complete relation, 36.

Compton, Rob ert Christopher, 21, 32.

Com tet, Louis, 54.

Conjugate p erm utation, 12.

Con w a y , John Horton, 36.

Co ok e, Ra ymond Mark, 57.

Coroutine, 33.

Coup on collecting, 57.

Cryptarithms, 6.

Cycle structure of a p erm utation, 8, 12.

Cycle, undirected, 28.

Cyclic p erm utation, 35.

Cyclic shift, 18, 20, 23, 30.

de Bruijn, Nicolaas Go v ert, cycle, 37, 58.

Delta sequence, 31.

Derangemen ts, 35.

Dijkstra, Edsger Wijb e, 4.

Directed torus, 34.

Doubly Gra y co de, 32.

Doubly true alphametic, 29.

Dual p erm utation generation, 17{19, 30.

Duc kw orth, Ric hard, iii, 4.

Dudeney , Henry Ernest, 6, 29, 43.

Ehrlic h, Gideon ( JILX@ OERCB ), 19, 32, 40, 41.

sw ap metho d, 19{20, 31{32.

Eigen v alues and eigen v ectors, 58.

Enggren, Willy , 28, 29.

Eppstein, Da vid Arth ur, 41.

Er, Meng Chiau ( ), 16.

Erd} os, P� al (= P aul), 49.

Euler, Leonhard ( E�ler•, Leonar d•

= ��ler, Leonar d ), summation

form ula, 43.

Eulerian trails in a directed graph, 57.

Ev en p erm utation, 5, 36.

Exclusiv e or, 51.

Exp onen tial series, partial sums of, 39.

Extending a partial order, 24.

F actorial n um b er system, 38.

F actorial ruler function, 30.

F errari, Dani, 59.

Fib onacci, Leonardo, of Pisa, n um b ers,

36, 53.

First-elemen t sw aps, 19{20, 32.

Fisc her, Ludwig Joseph, 39.

Fiv e-letter w ords, 28.

Flip op eration, 12{13, 31, 33, 36, 45.

F raenk el, Aviezri S ( LWPXT IXFRIA@ ), 56.
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Gallian, Joseph An thon y , 50.

Galois,

�

Ev ariste, 9.

Gardner, Martin, 19, 27.

General p erm utation generator, 10{13,

22{23, 29{30.

Generating functions, tec hniques for

using, 27, 39{40, 54.

Goldstein, Alan Ja y , 23.

Gonz� alez-Morris, Germ� an An tonio, 42.

Grandsire Doubles, 5.

Gra y , F rank, binary co de, 3.

Gra y co de for matc hings, 53{54.

Gra y co de for mixed radices, 3, 40,

45, 49, 54.

Gra y co de for p erm utations, 31{32, 53{55.

Gra y co de for w eak orders, 55{56.

Group of p erm utations, 9{10, 20, 45.

h -ordered p erm utation, 35.

Hamilton, William Ro w an, cycle, 3,

20{21, 31{34, 48, 57.

path, 3, 20{21, 32{33, 47{48.

Ha w aii, 28.

Heap, Brian Ric hard, 13, 15, 21, 30, 34, 41.

Hexadecimal digits, 9, 57.

Hinden burg, Carl F riedric h, 2.

Ho ok lengths, 57.

Hun ter, James Alston Hop e, 6.

Iden tit y p erm utation, 9.

Image of an elemen t, 8.

Inclusion and exclusion, 54.

Indecomp osable p erm utation, 35.

In ternet, ii, iii.

In v erse p erm utation, 24{25, 28, 52.

In v ersion tables, 3, 38, 53.

In v ersions of a p erm utation, 3, 5.

In v olutions, 35{36, 48, 53.

Iv es, F rederic k Malcolm, 30.

Jac kson, Bradley W arren, 37.

Jiang, Ming ( ), 21.

Johnson, Allan William, Jr., 42.

Johnson, Selmer Martin, 28.

Kahan, Stev en Ja y , 42.

Kemp, Rainer, 38.

Ken t T reble Bob Ma jor, 1.

Kilomem: One thousand memory accesses.

Kl • ugel, Georg Simon, 13.

Knigh t's tour, northeasterly , 34.

Kn uth, Donald Ervin ( ), i, iv.

Komp el'makher, Vladimir Leon t'evic h

( Kompel~mah er, Vladimir

Leont~eviq ), 32.

Krause, Karl Christian F riedric h, 39.

Langdon, Glen George, Jr., 19, 23, 34.

Lehmer, Derric k Henry , 1.

Lexicographic order, 1, 8.

Lexicographic p erm utation generation,

12, 15, 26{27.

for in v olutions, 54.

Lexicographic successor, 2.

Linear em b edding, 24.

Link ed lists, 15{16, 54.

Lipski, Witold, Jr., 44.

Lisk o v ets, V alery Anisimo vic h ( Lisk ovec,

Valeri� Anisimoviq ), 32.

Lo opless generation, 28, 41, 54.

MacDonald, P eter S., 28.

Matc hings, 25, 35.

Matrix tree theorem, 57.

Maximal elemen t, 52.

McCra vy , Edwin P ark er, Jr., 28.

McKa y , Brendan Damien, 49.

Megamem: One million memory accesses.

Minimal elemen t, 52.

Mixed-radix n um b er, 17, 27, 38.

MMIX computer , ii, iv, 21{23, 34.

Mo dular Gra y co de for mixed radices, 49.

Mon te Carlo estimates, 47.

Mor, Moshe ( XEN DYN ), 55.

Morelli, Luigi, 59.

Morris, Ernest, 4.

Morris, Scot Anderson, 42.

Multinomial co e�cien t, 27.

Multiplication of p erm utations, 8.

Multiplicativ e alphametics, 29.

Multisets, 1, 3, 24, 27, 33.

Mundy , P eter, 4.

MXOR (m ultiple exclusiv e-or), 34.

Myrv old, W endy Joanne, 52.

n -cub e, 9{10, 28.

N� ar� ay an

.

a P an

.

d

.

ita ( nArAyZ pE�Xt ), 2, 38.

Nijenh uis, Alb ert, 20.

Nijon, Herman, 28.

Northeasterly knigh t's tour, 34.

NP-complete problem, 41.

Nybble: A 4-bit quan tit y , 22{23.

Octahedral group, 41.

Odd p erm utation, 5, 47{48.

Ord-Smith, Ric hard Alb ert James

(= Jimm y), 12, 13, 18, 29, 30, 39.

Order of a group elemen t, 20, 45.

Organ pip e order, 48, 55.

P ak, Igor Mark o vic h ( Pak, Igor~

Mark oviq ), 48.

P an-digital puzzles, 29.

P arallel computation, 34, 41.

P artial ordering, 24, 34, 35.

P artitions of a n um b er, 29, 57.

P eczarski, Marcin Piotr, 53.

P epp erdine, Andrew Ho w ard, 56.
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P erm utation generation, 1{37.

cyclic shift metho d, 18, 20, 23, 30.

dual, 17{19, 30.

Ehrlic h sw ap metho d, 19{20, 31{32.

fastest, 21{24.

general, 10{13, 22{23, 29{30.

lexicographic, 12, 15, 26{27.

lexicographic with restricted pre�xes,

16, 30, 53.

plain c hanges, 4{7, 17, 23, 25,

27{28, 33, 55.

when to use, 26.

P erm utations, 1{37.

applying, 8{10.

conjugate, 12.

cycles of, 8, 12.

cyclic, 35.

derangemen ts, 35.

ev en, 5, 36.

groups of, 9{10, 20, 45.

Gra y co des for, 31{32, 53{55.

h -ordered, 35.

indecomp osable, 35.

in v erse, 24{25, 28, 52.

in v ersions of, 3, 5.

in v olutions, 35{36, 53.

m ultiplication of, 8.

notations for, 8.

o dd, 5, 47{48.

of a m ultiset, 1{2, 24.

r -elemen t, 27, 30.

rank of, 27, 34, 52.

sign of, 5, 33.

signed, 28.

univ ersal cycle of, 37.

up-do wn, 35.

w ell-balanced, 36.

Pfa�, Johann F riedric h, 54.

Phillips, John P atric k Norman, 38.

Pi ( � ), 27, 30, 36.

Plain c hanges, 4{7, 17, 23, 25, 27{28, 33, 55.

Pleszczy � nski, Stefan, 52.

P ostm ultiplication, 9.

Preferen tial arrangemen ts, 55.

Prem ultiplication, 9, 11{12, 14, 54.

Preorder in a tree, 11, 14.

Pr• omel, Hans J • urgen, 53.

Pruesse, Gara, 53.

Pure alphametics, 7, 28{29.

Queue, 52.

Radoi � ci � c, Rado � s, 48.

Rafaiani, Luigi, 59.

Ranking a p erm utation, 27, 34, 52.

Rankin, Rob ert Alexander, 20, 33, 49.

Rap op ort, Elvira Strasser, 48.

Re
ected Gra y co de for mixed radices,

3, 40, 45, 54.

Rev ersal of a string, 31, 36.

Rev erse colex order, 8, 12, 15, 17, 26, 38.

Rev ersing, 2, 38, 40, se e also Flip op eration.

Roman n umerals, 42.

Rosary p erm utations, 28, 48.

Rotem, Doron ( MZEX OEXEC ), 22, 25.

Rothe, Heinric h August, 38.

Ro y , Mohit Kumar ( Ûm;iht k(m;r r;Y ), 41.

R • udiger, Christian F riedric h, 2.

Rusk ey , F rank, 21, 34, 48, 49, 52, 53.

Sagan, Bruce Eli, 57.

Sa v age, Carla Diane, 48, 55.

Sa y ers, Doroth y Leigh, 1.

Sedgewic k, Rob ert, 21.

Seitz, Ric hard, 19.

Sign of a p erm utation, 5, 33.

Signature of an alphametic, 6.

Signed p erm utation, 28.

Silv er, Alfred Lindsey Leigh, 46.

Sims, Charles Co�n, 9.

tables, 9{15, 17{18, 29{30.

Skipping blo c ks of p erm utations,

13{16, 30, 54.

Stanford GraphBase, ii, iii.

Star graph, 32.

Star transp ositions, 19{20, 32.

Stedman, F abian, 4.

Doubles, 5.

Steger, Angelik a, 53.

Sw apping with the �rst elemen t, 19{20, 32.

Symmetries, 9{10, 28, 29.

T ableaux, 24{25, 57.

Tc h uen te, Maurice, 47.

Tic-tac-to e b oard, 29.

T ompkins, Charles Bro wn, 19.

T op ological sorting, 24{26, 34{35.

T opsw ops, 36.

T orus, 9.

directed, 34.

t wisted, 32.

T otal ordering, 24.

T ransitiv e relation, 34, 36.

T ransp osing adjacen t elemen ts, 2{7,

31, 35, 54, 55.

T ra v eling salesrep problem, 26.

T rotter, Hale F reeman, 5.

T rotter, William Thomas, 49.

Twisted torus, 32.

Tw o-line form of p erm utation, 8.

Undirected cycle, 28.

Undoing, 16, 54.

Univ ersal cycle of p erm utations, 37.

Unranking a p erm utation, 27, 34, 52.

Up-do wn p erm utation, 35.

Uri, Dario, 59.

V ariations, 27, 30, 43, 52.

V arol, Y aak o v Leon ( LEXE OE@L AWRI ), 22, 25.

V atriquan t, Simon, 6.

Vinnicom b e, Rob ert Ian James, 28.
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W alsh, Timoth y Rob ert Stephen, 54, 55.

W a yne, Alan, 29.

W eak orders, 36.

W ell-balanced p erm utation, 36.

W ells, Mark Brimhall, 44.

W eston, Andrew, 21.

White, Arth ur Thomas, I I, 5.

Wilf, Herb ert Saul, 20, 56.

Williamson, Stanley Gill, 21, 32, 53.

Wilson, Wilfrid George, 5.

XOR (bit wise exclusiv e-or), 51.

Y oshigahara, Nobuyuki (= Nob)

( ), 29, 42.

Y oung, Alfred, tableaux, 24{25, 57.
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