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PREF A CE

I am grateful to all my friends,

and reco rd here and no w my most esp ecial app reciation

to those friends who, after a decent interval,

stopp ed asking me, \Ho w's the b o ok coming?"

| PETER J. GOMES, The Go o d Bo ok (1996)

This booklet con tains draft material that I'm circulating to exp erts in the

�eld, in hop es that they can help remo v e its most egregious errors b efore to o

man y other p eople see it. I am also, ho w ev er, p osting it on the In ternet for

courageous and/or random readers who don't mind the risk of reading a few

pages that ha v e not y et reac hed a v ery mature state. Bewar e: This material has

not y et b een pro ofread as thoroughly as the man uscripts of V olumes 1, 2, and 3

w ere at the time of their �rst prin tings. And those carefully-c hec k ed v olumes,

alas, w ere subsequen tly found to con tain thousands of mistak es.

Giv en this ca v eat, I hop e that m y errors this time will not b e so n umerous

and/or obtrusiv e that y ou will b e discouraged from reading the material carefully .

I did try to mak e it b oth in teresting and authoritativ e, as far as it go es. But the

�eld is so v ast, I cannot hop e to ha v e surrounded it enough to corral it completely .

Therefore I b eg y ou to let me kno w ab out an y de�ciencies y ou disco v er.

T o put the material in con text, this is Section 7.2.1.1 of a long, long c hapter

on com binatorial algorithms. Chapter 7 will ev en tually �ll three v olumes (namely

V olumes 4A, 4B, and 4C), assuming that I'm able to remain health y . It will

b egin with a short review of graph theory , with emphasis on some highligh ts

of signi�can t graphs in The Stanford GraphBase (from whic h I will b e dra wing

man y examples). Then comes Section 7.1, whic h deals with the topic of bit wise

manipulations. (I drafted ab out 60 pages ab out that sub ject in 1977, but those

pages need extensiv e revision; mean while I'v e decided to w ork for a while on the

material that follo ws it, so that I can get a b etter feel for ho w m uc h to cut.)

Section 7.2 is ab out generating all p ossibilities, and it b egins with Section 7.2.1:

Generating Basic Com binatorial P atterns. That sets the stage for the main

con ten ts of this b o oklet, Section 7.2.1.1, where I get the ball rolling at last b y

dealing with the generation of n -tuples. Then will come Section 7.2.1.2 (ab out

p erm utations), Section 7.2.1.3 (ab out com binations), etc. Section 7.2.2 will deal

with bac ktrac king in general. And so it will go on, if all go es w ell; an outline of

the en tire Chapter 7 as curren tly en visaged app ears on the taocp w ebpage that

is cited on page ii.

iii
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iv PREF A CE

Ev en the apparen tly lo wly topic of n -tuple generation turns out to b e sur-

prisingly ric h, with ties to Sections 1.2.4, 1.3.3, 2.3.1, 2.3.4.2, 3.2.2, 3.5, 4.1,

4.3.1, 4.5.2, 4.5.3, 4.6.1, 4.6.2, 4.6.4, 5.2.1, and 6.3 of the �rst three v olumes.

I strongly b eliev e in building up a �rm foundation, so I ha v e discussed this topic

m uc h more thoroughly than I will b e able to do with material that is new er or

less basic. T o m y surprise, I came up with 112 exercises, a new record, ev en

though | b eliev e it or not | I had to eliminate quite a bit of the in teresting

material that app ears in m y �les.

Some of the material is new, to the b est of m y kno wledge, although I will not

b e at all surprised to learn that m y o wn little \disco v eries" ha v e b een disco v ered

b efore. Please lo ok, for example, at the exercises that I'v e classed as researc h

problems (rated with di�cult y lev el 46 or higher), namely exercises 43, 46, 47,

53, 55, and 62. Are these problems still op en? The question in exercise 53

migh t not ha v e b een p osed previously , but it seems to deserv e atten tion. Other

problems, lik e exercises 66 and 83, suggest additional researc h topics. Please let

me kno w if y ou kno w of a solution to an y of these in triguing problems. And of

course if no solution is kno wn to da y but y ou do mak e progress on an y of them

in the future, I hop e y ou'll let me kno w.

I urgen tly need y our help also with resp ect to some exercises that I made

up as I w as preparing this material. I certainly don't lik e to get credit for things

that ha v e already b een published b y others, and most of these results are quite

natural \fruits" that w ere just w aiting to b e \pluc k ed." Therefore please tell

me if y ou kno w who I should ha v e credited, with resp ect to the ideas found in

exercises 15, 16, 31, 37, 38, 69, 73, 76, 86, 87, 89, 90, and/or 109.

I shall happily pa y a �nder's fee of $2.56 for eac h error in this draft when it is

�rst rep orted to me, whether that error b e t yp ographical, tec hnical, or historical.

The same rew ard holds for items that I forgot to put in the index. And v aluable

suggestions for impro v emen ts to the text are w orth 32/ c eac h. (F urthermore, if

y ou �nd a b etter solution to an exercise, I'll actually rew ard y ou with immortal

glory instead of mere money , b y publishing y our name in the ev en tual b o ok: � )

I wish to thank Y oic hi Hariguc hi for helping me to build and rebuild the

computer on whic h this b o ok w as written. And I also w an t to thank F rank

Rusk ey for bra v ely foisting this material on college studen ts, and for pro viding

v aluable feedbac k ab out his classro om exp eriences.

Cross references to y et-un written material sometimes app ear as `00'; this

imp ossible v alue is a placeholder for the actual n um b ers to b e supplied later.

Happ y reading!

Stanfor d, California D. E. K.

A ugust 2001 (r evise d, Septemb er 2001)
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7.2.1.1 GENERA TING ALL n -TUPLES 1

7.2. GENERA TING ALL POSSIBILITIES

All p resent o r accounted fo r, sir.

| T raditional American milita ry sa ying

All p resent and co rrect, sir.

| T raditional British milita ry sa ying

7.2.1. Generating Basic Combinato rial P atterns

Our go al in this section is to study metho ds for running through all of the

p ossibilities in some com binatorial univ erse, b ecause w e often face problems

in whic h an exhaustiv e examination of all cases is necessary or desirable. F or

example, w e migh t w an t to lo ok at all p erm utations of a giv en set.

Some authors call this the task of enumer ating all of the p ossibilities; but

that's not quite the righ t w ord, b ecause \en umeration" most often means that

w e merely w an t to c ount the total n um b er of cases, not that w e actually w an t

to lo ok at them all. If someb o dy asks y ou to en umerate the p erm utations of

f 1 ; 2 ; 3 g , y ou are quite justi�ed in replying that the answ er is 3! = 6; y ou needn't

giv e the more complete answ er f 123 ; 132 ; 213 ; 231 ; 312 ; 321 g .

Other authors sp eak of listing all the p ossibilities; but that's not suc h a great

w ord either. No sensible p erson w ould w an t to mak e a list of the 10! = 3 ; 628 ; 800

p erm utations of f 0 ; 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 g b y prin ting them out on thousands of

sheets of pap er, nor ev en b y writing them all in a computer �le. All w e really

w an t is to ha v e them presen t momen tarily in some data structure, so that a

program can examine eac h p erm utation one at a time.

So w e will sp eak of gener ating all of the com binatorial ob jects that w e need,

and visiting eac h ob ject in turn. Just as w e studied algorithms for tree tra v ersal

in Section 2.3.1, where the goal w as to visit ev ery no de of a tree, w e turn no w

to algorithms that systematically tra v erse a com binatorial space of p ossibilities.

He's got 'em on the list|

he's got 'em on the list;

And they'll none of 'em b e missed|

they'll none of 'em b e missed.

| WILLIAM S. GILBERT, The Mik ado (1885)

7.2.1.1. Generating all n -tuples. Let's start small, b y considering ho w to

run through all 2

n

strings that consist of n binary digits. Equiv alen tly , w e w an t

to visit all n -tuples ( a

1

; : : : ; a

n

) where eac h a

j

is either 0 or 1. This task is

also, in essence, equiv alen t to examining all subsets of a giv en set f x

1

; : : : ; x

n

g ,

b ecause w e can sa y that x

j

is in the subset if and only if a

j

= 1.

Of course suc h a problem has an absurdly simple solution. All w e need to

do is start with the binary n um b er (0 : : : 00)

2

= 0 and rep eatedly add 1 un til

w e reac h (1 : : : 11)

2

= 2

n

� 1. W e will see, ho w ev er, that ev en this utterly trivial

problem has astonishing p oin ts of in terest when w e lo ok in to it more deeply . And

our study of n -tuples will pa y o� later when w e turn to the generation of more

di�cult kinds of patterns.

1



2 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

In the �rst place, w e can see that the binary-notation tric k extends to other

kinds of n -tuples. If w e w an t, for example, to generate all ( a

1

; : : : ; a

n

) in whic h

eac h a

j

is one of the decimal digits f 0 ; 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 g , w e can simply coun t

from (0 : : : 00)

10

= 0 to (9 : : : 99)

10

= 10

n

� 1 in the decimal n um b er system.

And if w e w an t more generally to run through all cases in whic h

0 � a

j

< m

j

for 1 � j � n; ( 1 )

where the upp er limits m

j

migh t b e di�eren t in di�eren t comp onen ts of the

v ector ( a

1

; : : : ; a

n

), the task is essen tially the same as rep eatedly adding unit y

to the n um b er

h

a

1

;

m

1

;

a

2

;

m

2

;

: : : ;

: : : ;

a

n

m

n

i

( 2 )

in a mixed-radix n um b er system; see Eq. 4.1{( 9 ) and exercise 4.3.1{9.

W e migh t as w ell pause to describ e the pro cess more formally:

Algorithm M ( Mixe d-r adix gener ation ). This algorithm visits all n -tuples

that satisfy ( 1 ) , b y rep eatedly adding 1 to the mixed-radix n um b er in ( 2 ) un til

o v er
o w o ccurs. Auxiliary v ariables a

0

and m

0

are in tro duced for con v enience.

M1. [Initialize.] Set a

j

 0 for 0 � j � n , and set m

0

 2.

M2. [Visit.] Visit the n -tuple ( a

1

; : : : ; a

n

). (The program that w an ts to examine

all n -tuples no w do es its thing.)

M3. [Prepare to add one.] Set j  n .

M4. [Carry if necessary .] If a

j

= m

j

� 1, set a

j

 0, j  j � 1, and rep eat this

step.

M5. [Increase, unless done.] If j = 0, terminate the algorithm. Otherwise set

a

j

 a

j

+ 1 and go bac k to step M2.

Algorithm M is simple and straigh tforw ard, but w e shouldn't forget that

nested lo ops are ev en simpler, when n is a fairly small constan t. When n = 4,

w e could for example write out the follo wing instructions:

F or a

1

= 0, 1, : : : , m

1

� 1 (in this order) do the follo wing:

F or a

2

= 0, 1, : : : , m

2

� 1 (in this order) do the follo wing:

F or a

3

= 0, 1, : : : , m

3

� 1 (in this order) do the follo wing:

F or a

4

= 0, 1, : : : , m

4

� 1 (in this order) do the follo wing:

Visit ( a

1

; a

2

; a

3

; a

4

) :

( 3 )

These instructions are equiv alen t to Algorithm M, and they are easily expressed

in an y programming language.

Gra y binary co de. Algorithm M runs through all ( a

1

; : : : ; a

n

) in lexicographic

order, as in a dictionary . But there are man y situations in whic h w e prefer to visit

those n -tuples in some other order. The most famous alternativ e arrangemen t is

the so-called Gra y binary co de, whic h lists all 2

n

strings of n bits in suc h a w a y

2



7.2.1.1 GENERA TING ALL n -TUPLES 3

Fig. 10.
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(a) Lexicographic binary co de.
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(b) Gra y binary co de.

that only one bit c hanges eac h time, in a simple and regular w a y . F or example,

the Gra y binary co de for n = 4 is

0000 ; 0001 ; 0011 ; 0010 ; 0110 ; 0111 ; 0101 ; 0100 ;

1100 ; 1101 ; 1111 ; 1110 ; 1010 ; 1011 ; 1001 ; 1000 : ( 4 )

Suc h co des are esp ecially imp ortan t in applications where analog information

is b eing con v erted to digital or vice v ersa. F or example, supp ose w e w an t to

iden tify our curren t p osition on a rotating disk that has b een divided in to 16

sectors, using four sensors that eac h distinguish blac k from white. If w e use

lexicographic order to mark the trac ks from 0000 to 1111, as in Fig. 10(a), wildly

inaccurate measuremen ts can o ccur at the b oundaries b et w een sectors; but the

co de in Fig. 10(b) nev er giv es a bad reading.

Gra y binary co de can b e de�ned in man y equiv alen t w a ys. F or example,

if �

n

stands for the Gra y binary sequence of n -bit strings, w e can de�ne �

n

recursiv ely b y the t w o rules

�

0

= � ;

�

n +1

= 0 �

n

; 1�

R

n

:

( 5 )

Here � denotes the empt y string, 0 �

n

denotes the sequence �

n

with 0 pre�xed to

eac h string, and 1�

R

n

denotes the sequence �

n

in r everse or der with 1 pre�xed

to eac h string. Since the last string of �

n

equals the �rst string of �

R

n

, it is clear

from ( 5 ) that exactly one bit c hanges in ev ery step of �

n +1

if �

n

enjo ys the same

prop ert y .

Another w a y to de�ne the sequence �

n

= g (0), g (1), : : : , g (2

n

� 1) is to giv e

an explicit form ula for its individual elemen ts g ( k ). Indeed, since �

n +1

b egins

with 0 �

n

, the in�nite sequence

�

1

= g (0) ; g (1) ; g (2) ; g (3) ; g (4) ; : : :

= (0)

2

; (1)

2

; (11)

2

; (10)

2

; (110)

2

; : : :

( 6 )

is a p erm utation of all the nonnegativ e in tegers, if w e regard eac h string of 0 s

and 1s as a binary in teger with optional leading 0 s. Then �

n

consists of the �rst

2

n

elemen ts of ( 6 ), con v erted to n -bit strings b y inserting 0 s at the left if needed.

3



4 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

When k = 2

n

+ r , where 0 � r < 2

n

, relation ( 5 ) tells us that g ( k ) is equal

to 2

n

+ g (2

n

� 1 � r ). Therefore w e can pro v e b y induction on n that the in teger

k whose binary represen tation is ( : : : b

2

b

1

b

0

)

2

has a Gra y binary equiv alen t g ( k )

with the represen tation ( : : : a

2

a

1

a

0

)

2

, where

a

j

= b

j

� b

j +1

; for j � 0. ( 7 )

(See exercise 6.) F or example, g

�

(111001000011)

2

�

= (100101100010)

2

. Con-

v ersely , if g ( k ) = ( : : : a

2

a

1

a

0

)

2

is giv en, w e can �nd k = ( : : : b

2

b

1

b

0

)

2

b y in v erting

the system of equations ( 7 ) , obtaining

b

j

= a

j

� a

j +1

� a

j +2

� � � � ; for j � 0 ; ( 8 )

this in�nite sum is really �nite b ecause a

j + t

= 0 for all large t .

One of the man y pleasan t consequences of Eq. ( 7 ) is that g ( k ) can b e com-

puted v ery easily with bit wise arithmetic:

g ( k ) = k � b k = 2 c : ( 9 )

Similarly , the in v erse function in ( 8 ) satis�es

g

[ � 1]

( l ) = l � b l = 2 c � b l = 4 c � � � � ; ( 10 )

this function, ho w ev er, requires more computation (see exercise 7.1{00). W e can

also deduce from ( 7 ) that, if k and k

0

are an y nonnegativ e in tegers,

g ( k � k

0

) = g ( k ) � g ( k

0

) : ( 11 )

Y et another consequence is that the ( n + 1)-bit Gra y binary co de can b e written

�

n +1

= 0 �

n

; (0 �

n

) � 110 : : : 0 ;

this pattern is eviden t, for example, in ( 4 ) . Comparing with ( 5 ) , w e see that

rev ersing the order of Gra y binary co de is equiv alen t to complemen ting the �rst

bit:

�

R

n

= �

n

� 1

n � 1

z }| {

0 : : : 0 : ( 12 )

The exercises b elo w sho w that the function g ( k ) de�ned in ( 7 ), and its in v erse

g

[ � 1]

de�ned in ( 8 ), ha v e man y further prop erties and applications of in terest.

Sometimes w e think of these as functions taking binary strings to binary strings;

at other times w e regard them as functions from in tegers to in tegers, via binary

notation, with leading zeros irrelev an t.

Gra y binary co de is named after F rank Gra y , a ph ysicist who b ecame fa-

mous for helping to devise the metho d long used for compatible color television

broadcasting [ Bell System T ec h. J. 13 (1934), 464{515]. He in v en ted �

n

for

applications to pulse co de mo dulation, a metho d for analog transmission of dig-

ital signals [see Bell System T ec h. J. 30 (1951), 38{40; U.S. P aten t 2632058 (17

Marc h 1953); W. R. Bennett, In tro duction to Signal T ransmission (1971), 238{

240]. But the idea of \Gra y binary co de" w as kno wn long b efore he w ork ed on it;

for example, it app eared in U.S. P aten t 2307868 b y George Stibitz (12 Jan uary

1943). More signi�can tly , �

5

w as used in a telegraph mac hine demonstrated

in 1878 b y

�

Emile Baudot, after whom the term \baud" w as later named. A t

4



7.2.1.1 GENERA TING ALL n -TUPLES 5

ab out the same time, a similar but less systematic co de for telegraph y w as

indep enden tly devised b y Otto Sc h• a� ler [see Journal T � el � egraphique 4 (1878),

252{253; Annales T � el � egraphiques 6 (1879), 361, 382{383].*

In fact, Gra y binary co de is implicitly presen t in a classic to y that has

fascinated p eople for cen turies, no w generally kno wn as the \Chinese ring puzzle"

in English, although Englishmen used to call it the \tiring irons." Figure 11

sho ws a sev en-ring example. The c hallenge is to remo v e the rings from the bar,

and the rings are in terlo c k ed in suc h a w a y that only t w o basic t yp es of mo v e are

p ossible (although this ma y not b e immediately apparen t from the illustration):

a) The righ tmost ring can b e remo v ed or replaced at an y time;

b) An y other ring can b e remo v ed or replaced if and only if the ring to its righ t

is on the bar and all rings to the righ t of that one are o�.

W e can represen t the curren t state of the puzzle in binary notation, writing 1

if a ring is on the bar and 0 if it is o�; th us Fig. 11 sho ws the rings in state

1011000. (The second ring from the left is enco ded as 0, b ecause it lies en tirely

ab o v e the bar.)

Fig. 11.

The Chinese ring puzzle.

A F renc h magistrate named Louis Gros demonstrated an explicit connection

b et w een Chinese rings and binary n um b ers, in a b o oklet called Th � eorie du

Bagueno dier [sic] (Ly on: Aim � e Vingtrinier, 1872) that w as published anon y-

mously . If the rings are in state a

n � 1

: : : a

0

, and if w e de�ne the binary n um b er

k = ( b

n � 1

: : : b

0

)

2

b y Eq. ( 8 ) , he sho w ed that exactly k more steps are necessary

and su�cien t to solv e the puzzle. Th us Gros is the true in v en tor of Gra y binary

co de.

Certainly no home should b e without

this fascinating, histo ric, and instructive puzzle.

| HENRY E. DUDENEY (1901)

When the rings are in an y state other than 00 : : : 0 or 10 : : : 0, exactly t w o

mo v es are p ossible, one of t yp e (a) and one of t yp e (b). Only one of these mo v es

adv ances to w ard the desired goal; the other is a step bac kw ard that will need to

b e undone. A t yp e (a) mo v e c hanges k to k � 1; th us w e w an t to do it when

k is o dd, since this will decrease k . A t yp e (b) mo v e from a p osition that ends

in (10

j � 1

)

2

for 1 � j < n c hanges k to k � (1

j +1

)

2

= k � (2

j +1

� 1). When k

* Some authors ha v e asserted that Gra y co de w as in v en ted b y Elisha Gra y , who dev elop ed a

prin ting telegraph mac hine at the same time as Baudot and Sc h• a� ler. Suc h claims are un true,

although Elisha did get a ra w deal with resp ect to priorit y for in v en ting the telephone [see

L. W. T a ylor, Amer. Ph ysics T eac her 5 (1937), 243{251].
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6 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

is ev en, w e w an t k � (2

j +1

� 1) to equal k � 1, whic h means that k m ust b e a

m ultiple of 2

j

but not a m ultiple of 2

j +1

; in other w ords,

j = � ( k ) ; ( 13 )

where � is the \ruler function" of Eq. 7.1{( 00 ) . Therefore the rings follo w a nice

pattern when the puzzle is solv ed prop erly: If w e n um b er them 0, 1, : : : , n � 1

(starting at the free end), the sequence of ring mo v es on or o� the bar is the

sequence of n um b ers that ends with : : : , � (4), � (3), � (2), � (1).

Going bac kw ards, successiv ely putting rings on or o� un til w e reac h the

ultimate state 10 : : : 0 (whic h, as John W allis observ ed in 1693, is more di�cult to

reac h than the supp osedly harder state 11 : : : 1), yields an algorithm for coun ting

in Gra y binary co de:

Algorithm G ( Gr ay binary gener ation ). This algorithm visits all binary n -

tuples ( a

n � 1

; : : : ; a

1

; a

0

) b y starting with (0 ; : : : ; 0 ; 0) and c hanging only one bit

at a time, also main taining a parit y bit a

1

suc h that

a

1

= a

n � 1

� � � � � a

1

� a

0

: ( 14 )

It successiv ely complemen ts bits � (1), � (2), � (3), : : : , � (2

n

� 1) and then stops.

G1. [Initialize.] Set a

j

 0 for 0 � j < n ; also set a

1

 0.

G2. [Visit.] Visit the n -tuple ( a

n � 1

; : : : ; a

1

; a

0

).

G3. [Change parit y .] Set a

1

 1 � a

1

.

G4. [Cho ose j .] If a

1

= 1, set j  0. Otherwise let j � 1 b e minim um suc h

that a

j � 1

= 1. (After the k th time w e ha v e p erformed this step, j = � ( k ).)

G5. [Complemen t co ordinate j .] T erminate if j = n ; otherwise set a

j

 1 � a

j

and return to G2.

The parit y bit a

1

comes in handy if w e are computing a sum lik e

X

000

� X

001

� X

010

+ X

011

� X

100

+ X

101

+ X

110

� X

111

or

X

;

� X

a

� X

b

+ X

ab

� X

c

+ X

ac

+ X

bc

� X

abc

;

where the sign dep ends on the parit y of a binary string or the n um b er of elemen ts

in a subset. Suc h sums arise frequen tly in \inclusion-exclusion" form ulas suc h

as Eq. 1.3.3{( 29 ) . The parit y bit is also necessary , for e�ciency: Without it w e

could not easily c ho ose b et w een the t w o w a ys of determining j , whic h corresp ond

to p erforming a t yp e (a) or t yp e (b) mo v e in the Chinese ring puzzle. But the

most imp ortan t feature of Algorithm G is that step G5 mak es only a single

co ordinate c hange. Therefore only a simple c hange is usually needed to the

terms X that w e are summing, or to whatev er other structures w e are concerned

with as w e visit eac h n -tuple.

It is imp ossible, of course, to remove all ambiguit y in the lo w est-o rder digit

except b y a scheme lik e one the Irish railw a ys a re said to have used

of removing the last ca r of every train

b ecause it is to o susceptible to collision damage.

| G. R. STIBITZ and J. A. LARRIVEE, Mathematics and Computers (1957)
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7.2.1.1 GENERA TING ALL n -TUPLES 7

Fig. 12. W alsh functions w

k

( x ) for

0 � k < 8, with the analogous trigo-

nometric functions

p

2 cos k � x sho wn

in gra y for comparison.

w ( x )

0

w ( x )

1

w ( x )

2

w ( x )

3

w ( x )

4

w ( x )

5

w ( x )

6

w ( x )

7

x = 0

x =

1

4

x =

1

2

x =

3

4

x = 1

Another k ey prop ert y of Gra y binary co de w as disco v ered b y J. L. W alsh

in connection with an imp ortan t sequence of functions no w kno wn as Walsh

functions [see Amer. J. Math. 45 (1923), 5{24]. Let w

0

( x ) = 1 for all real

n um b ers x , and

w

k

( x ) = ( � 1)

b 2 x cd k = 2 e

w

b k = 2 c

(2 x ) ; for k > 0. ( 15 )

F or example, w

1

( x ) = ( � 1)

b 2 x c

c hanges sign whenev er x is an in teger or an

in teger plus

1

2

. It follo ws that w

k

( x ) = w

k

( x + 1) for all k , and that w

k

( x ) = � 1

for all x . More signi�can tly , w

k

(0) = 1 and w

k

( x ) has exactly k sign c hanges in

the in terv al (0 : : 1), so that it approac hes ( � 1)

k

as x approac hes 1 from the left.

Therefore w

k

( x ) b eha v es rather lik e a trigonometric function cos k � x or sin k � x ,

and w e can represen t other functions as a linear com bination of W alsh functions

in m uc h the same w a y as they are traditionally represen ted as F ourier series. This

fact, together with the simple discrete nature of w

k

( x ), mak es W alsh functions

extremely useful in computer calculations related to information transmission,

image pro cessing, and man y other applications.

Figure 12 sho ws the �rst eigh t W alsh functions together with their trigono-

metric cousins. Engineers commonly call w

k

( x ) the W alsh function of se quency

k , b y analogy with the fact that cos k � x and sin k � x ha v e fr e quency k = 2. [See,

for example, the b o ok Sequency Theory: F oundations and Applications (New

Y ork: Academic Press, 1977), b y H. F. Harm uth.]

7



8 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

Although Eq. ( 15 ) ma y lo ok formidable at �rst glance, it actually pro vides an

easy w a y to see b y induction wh y w

k

( x ) has exactly k sign c hanges as claimed. If

k is ev en, sa y k = 2 l , w e ha v e w

2 l

( x ) = w

l

(2 x ) for 0 � x <

1

2

; the e�ect is simply

to compress the function w

l

( x ) in to half the space, so w

2 l

( x ) has accum ulated

l sign c hanges so far. Then w

2 l

( x ) = ( � 1)

l

w

l

(2 x ) = ( � 1)

l

w

l

(2 x � 1) in the

range

1

2

� x < 1; this concatenates another cop y of w

l

(2 x ), 
ipping the sign if

necessary to a v oid a sign c hange at x =

1

2

. The function w

2 l +1

( x ) is similar, but

it for c es a sign c hange when x =

1

2

.

What do es this ha v e to do with Gra y binary co de? W alsh disco v ered that

his functions could all b e expressed neatly in terms of simpler functions called

R ademacher functions [Hans Rademac her, Math. Annalen 87 (1922), 112{138],

r

k

( x ) = ( � 1)

b 2

k

x c

; ( 16 )

whic h tak e the v alue ( � 1)

c

� k

when ( : : : c

2

c

1

c

0

:c

� 1

c

� 2

: : : )

2

is the binary represen-

tation of x . Indeed, w e ha v e w

1

( x ) = r

1

( x ), w

2

( x ) = r

1

( x ) r

2

( x ), w

3

( x ) = r

2

( x ),

and in general

w

k

( x ) =

Y

j � 0

r

j +1

( x )

b

j

� b

j +1

when k = ( b

n � 1

: : : b

1

b

0

)

2

. ( 17 )

(See exercise 33.) Th us the exp onen t of r

j +1

( x ) in w

k

( x ) is the j th bit of the

Gra y binary n um b er g ( k ), according to ( 7 ), and w e ha v e

w

k

( x ) = r

� ( k )+1

( x ) w

k � 1

( x ) ; for k > 0. ( 18 )

Equation ( 17 ) implies the handy form ula

w

k

( x ) w

k

0

( x ) = w

k � k

0

( x ) ; ( 19 )

whic h is m uc h simpler than the corresp onding pro duct form ulas for sines and

cosines. This iden tit y follo ws easily b ecause r

j

( x )

2

= 1 for all j and x , hence

r

j

( x )

a � b

= r

j

( x )

a + b

. It implies in particular that w

k

( x ) is ortho gonal to w

k

0

( x )

when k 6= k

0

, in the sense that the a v erage v alue of w

k

( x ) w

k

0

( x ) is zero. W e also

can use ( 17 ) to de�ne w

k

( x ) for fractional v alues of k lik e 1 = 2 or 13 = 8.

The W alsh transform of 2

n

n um b ers ( X

0

; : : : ; X

2

n

� 1

) is the v ector de�ned b y

the equation ( x

0

; : : : ; x

2

n

� 1

)

T

= W

n

( X

0

; : : : ; X

2

n

� 1

)

T

, where W

n

is the 2

n

� 2

n

matrix ha ving w

j

( k = 2

n

) in ro w j and column k , for 0 � j; k < 2

n

. F or example,

Fig. 12 tells us that the W alsh transform when n = 3 is

0

B

B

B

B

B

B

B

B

B

@

x

000

x

001

x

010

x

011

x

100

x

101

x

110

x

111

1

C

C

C

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

B

B

B

@

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1

C

C

C

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

B

B

@

X

000

X

001

X

010

X

011

X

100

X

101

X

110

X

111

1

C

C

C

C

C

C

C

C

C

A

: ( 20 )
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7.2.1.1 GENERA TING ALL n -TUPLES 9

(Here 1 stands for � 1, and the subscripts are con v enien tly regarded as binary

strings 000{111 instead of as the in tegers 0{7.) The Hadamar d tr ansform is

de�ned similarly , but with the matrix H

n

in place of W

n

, where H

n

has ( � 1)

j � k

in ro w j and column k ; here ` j � k ' denotes the dot pro duct a

n � 1

b

n � 1

+ � � � + a

0

b

0

of the binary represen tations j = ( a

n � 1

: : : a

0

)

2

and k = ( b

n � 1

: : : b

0

)

2

. F or

example, the Hadamard transform for n = 3 is

0

B

B

B

B

B

B

B

B

B

@

x

0

000

x

0

001

x

0

010

x

0

011

x

0

100

x

0

101

x

0

110

x

0

111

1

C

C

C

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

B

B

B

@

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1

C

C

C

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

B

B

@

X

000

X

001

X

010

X

011

X

100

X

101

X

110

X

111

1

C

C

C

C

C

C

C

C

C

A

: ( 21 )

This is the same as the discrete F ourier transform on an n -dimensional cub e,

Eq. 4.6.4{( 38 ), and w e can ev aluate it quic kly \in place" b y adapting the metho d

of Y ates discussed in Section 4.6.4:

Giv en First step Second step Third step

X

000

X

000

+ X

001

X

000

+ X

001

+ X

010

+ X

011

X

000

+ X

001

+ X

010

+ X

011

+ X

100

+ X

101

+ X

110

+ X

111

X

001

X

000

� X

001

X

000

� X

001

+ X

010

� X

011

X

000

� X

001

+ X

010

� X

011

+ X

100

� X

101

+ X

110

� X

111

X

010

X

010

+ X

011

X

000

+ X

001

� X

010

� X

011

X

000

+ X

001

� X

010

� X

011

+ X

100

+ X

101

� X

110

� X

111

X

011

X

010

� X

011

X

000

� X

001

� X

010

+ X

011

X

000

� X

001

� X

010

+ X

011

+ X

100

� X

101

� X

110

+ X

111

X

100

X

100

+ X

101

X

100

+ X

101

+ X

110

+ X

111

X

000

+ X

001

+ X

010

+ X

011

� X

100

� X

101

� X

110

� X

111

X

101

X

100

� X

101

X

100

� X

101

+ X

110

� X

111

X

000

� X

001

+ X

010

� X

011

� X

100

+ X

101

� X

110

+ X

111

X

110

X

110

+ X

111

X

100

+ X

101

� X

110

� X

111

X

000

+ X

001

� X

010

� X

011

� X

100

� X

101

+ X

110

+ X

111

X

111

X

110

� X

111

X

100

� X

101

� X

110

+ X

111

X

000

� X

001

� X

010

+ X

011

� X

100

+ X

101

+ X

110

� X

111

Notice that the ro ws of H

3

are a p erm utation of the ro ws of W

3

. This is true in

general, so w e can obtain the W alsh transform b y p erm uting the elemen ts of the

Hadamard transform. Exercise 36 discusses the details.

Going faster. When w e're running through 2

n

p ossibilities, w e usually w an t

to reduce the computation time as m uc h as p ossible. Algorithm G needs to

complemen t only one bit a

j

p er visit to ( a

n � 1

; : : : ; a

0

), but it lo ops in step G4

while c ho osing an appropriate v alue of j . Another approac h has b een suggested

b y Gideon Ehrlic h [ JA CM 20 (1973), 500{513], who in tro duced the notion of

lo opless com binatorial generation: With a lo opless algorithm, the n um b er of

op erations p erformed b et w een successiv e visits is required to b e b ounded in

adv ance, so there nev er is a long w ait b efore a new pattern has b een generated.

W e learned some tric ks in Section 7.1 ab out quic k w a ys to determine the

n um b er of leading or trailing 0 s in a binary n um b er. Those metho ds could b e

used in step G4 to mak e Algorithm G lo opless, assuming that n isn't unreason-

ably large. But Ehrlic h's metho d is quite di�eren t, and m uc h more v ersatile,

so it pro vides us with a new w eap on in our arsenal of tec hniques for e�cien t

computation. Here is ho w his approac h can b e used to generate binary n -tuples

[see Bitner, Ehrlic h, and Reingold, CA CM 19 (1976), 517{521]:

9



10 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

Algorithm L ( L o opless Gr ay binary gener ation ). This algorithm, lik e Algo-

rithm G, visits all binary n -tuples ( a

n � 1

; : : : ; a

0

) in the order of the Gra y binary

co de. But instead of main taining a parit y bit, it uses an arra y of \fo cus p oin ters"

( f

n

; : : : ; f

0

), whose signi�cance is discussed b elo w.

L1. [Initialize.] Set a

j

 0 and f

j

 j for 0 � j < n ; also set f

n

 n . (A

lo opless algorithm is allo w ed to ha v e lo ops in its initialization step, as long

as the initial setup is reasonably e�cien t; after all, ev ery program needs to

b e loaded and launc hed.)

L2. [Visit.] Visit the n -tuple ( a

n � 1

; : : : ; a

1

; a

0

).

L3. [Cho ose j .] Set j  f

0

, f

0

 0. (If this is the k th time w e are p erforming

the presen t step, j is no w equal to � ( k ).) T erminate if j = n ; otherwise set

f

j

 f

j +1

and f

j +1

 j + 1.

L4. [Complemen t co ordinate j .] Set a

j

 1 � a

j

and return to L2.

F or example, the computation pro ceeds as follo ws when n = 4. Elemen ts a

j

ha v e

b een underlined in this table if the corresp onding bit b

j

is 1 in the binary string

b

3

b

2

b

1

b

0

suc h that a

3

a

2

a

1

a

0

= g ( b

3

b

2

b

1

b

0

):

a

3

0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

a

2

0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0

a

1

0 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0

a

0

0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 0

f

3

3 3 3 3 3 3 3 3 4 4 4 4 3 3 3 3

f

2

2 2 2 2 3 3 2 2 2 2 2 2 4 4 2 2

f

1

1 1 2 1 1 1 3 1 1 1 2 1 1 1 4 1

f

0

0 1 0 2 0 1 0 3 0 1 0 2 0 1 0 4

Although the binary n um b er k = ( b

n � 1

: : : b

0

)

2

nev er app ears explicitly in Al-

gorithm L, the fo cus p oin ters f

j

represen t it implicitly in a clev er w a y , so that

w e can rep eatedly form g ( k ) = ( a

n � 1

: : : a

0

)

2

b y complemen ting bit a

� ( k )

as w e

should. Let's sa y that a

j

is p assive when it is underlined, active otherwise. Then

the fo cus p oin ters satisfy the follo wing in v arian t relations:

1) If a

j

is passiv e and a

j � 1

is activ e, then f

j

is the smallest index j

0

> j suc h

that a

j

0

is activ e. (Bits a

n

and a

� 1

are considered to b e activ e for purp oses

of this rule, although they aren't really presen t in the algorithm.)

2) Otherwise f

j

= j .

Th us, the righ tmost elemen t a

j

of a blo c k of passiv e elemen ts a

i � 1

: : : a

j +1

a

j

,

with decreasing subscripts, has a fo cus f

j

that p oin ts to the elemen t a

i

just to

the left of that blo c k. All other elemen ts a

j

ha v e f

j

p oin ting to themselv es.

In these terms, the �rst t w o op erations ` j  f

0

, f

0

 0' in step L3 are

equiv alen t to sa ying, \Set j to the index of the righ tmost activ e elemen t, and

activ ate all elemen ts to the righ t of a

j

." Notice that if f

0

= 0, the op eration

f

0

 0 is redundan t; but it do esn't do an y harm. The other t w o op erations of L3,

` f

j

 f

j +1

, f

j +1

 j + 1', are equiv alen t to sa ying, \Mak e a

j

passiv e," b ecause

w e kno w that a

j

and a

j � 1

are b oth activ e at this p oin t in the computation.

10



7.2.1.1 GENERA TING ALL n -TUPLES 11

(Again the op eration f

j +1

 j + 1 migh t b e harmlessly redundan t.) The net

e�ect of activ ation and passiv ation is therefore equiv alen t to coun ting in binary

notation, as in Algorithm M, with 1-bits passiv e and 0-bits activ e.

Algorithm L is almost blindingly fast, b ecause it do es only �v e assignmen t

op erations and one test for termination b et w een eac h visit to a generated n -tuple.

But w e can do ev en b etter. In order to see ho w, let's consider an application

to recreational linguistics: Rudolph Casto wn, in W ord W a ys 1 (1968), 165{

169, noted that all 16 of the w a ys to in termix the letters of sins with the

corresp onding letters of fate pro duce w ords that are found in a su�cien tly large

dictionary of English: sine , sits , site , etc.; and all but three of those w ords

(namely fane , fite , and sats ) are su�cien tly common as to b e unquestionably

part of standard English. Therefore it is natural to ask the analogous question

for �v e-letter w ords: What t w o strings of �v e letters will pro duce the maxim um

n um b er of w ords in the Stanford GraphBase, when letters in corresp onding

p ositions are sw app ed in all 32 p ossible w a ys?

T o answ er this question, w e need not examine all

�

26

2

�

5

= 3 ; 625 ; 908 ; 203 ; 125

essen tially di�eren t pairs of strings; it su�ces to lo ok at all

�

5757

2

�

= 16 ; 568 ; 646

pairs of w ords in the GraphBase, pro vided that at least one of those pairs

pro duces at least 17 w ords, b ecause ev ery set of 17 or more �v e-letter w ords

obtainable from t w o �v e-letter strings m ust con tain t w o that are \an tip o dal"

(with no corresp onding letters in common). F or ev ery an tip o dal pair, w e w an t

to determine as rapidly as p ossible whether the 32 p ossible subset-sw aps pro duce

a signi�can t n um b er of English w ords.

Ev ery 5-letter w ord can b e represen ted as a 25-bit n um b er using 5 bits p er

letter, from "a" = 00000 to "z" = 11001. A table of 2

25

bits or b ytes will then

determine quic kly whether a giv en �v e-letter string is a w ord. So the problem

is reduced to generating the bit patterns of the 32 p oten tial w ords obtainable

b y mixing the letters of t w o giv en w ords, and lo oking those patterns up in the

table. W e can pro ceed as follo ws, for eac h pair of 25-bit w ords w and w

0

:

W1. [Chec k the di�erence.] Set z  w � w

0

. Reject the w ord pair ( w ; w

0

) if

�

( z � m ) � z � m

�

^ m

0

6= 0, where m = 2

20

+ 2

15

+ 2

10

+ 2

5

+ 1 and m

0

= 2

5

m ;

this test eliminates cases where w and w

0

ha v e a common letter in some

p osition. (See 7.1{( 00 ); it turns out that 10,614,085 of the 16,568,646 w ord

pairs ha v e no suc h common letters.)

W2. [F orm individual masks.] Set m

0

 z ^ (2

5

� 1), m

1

 z ^ (2

10

� 2

5

),

m

2

 z ^ (2

15

� 2

10

), m

3

 z ^ (2

20

� 2

15

), and m

4

 z ^ (2

25

� 2

20

), in

preparation for the next step.

W3. [Coun t w ords.] Set l  1 and A

0

 w ; the v ariable l will coun t ho w man y

w ords starting with w w e ha v e found so far. Then p erform the op erations

swap (4) de�ned b elo w.

W4. [Prin t a record-setting solution.] If l exceeds or equals the curren t maxi-

m um, prin t A

j

for 0 � j < l .

The heart of this high-sp eed metho d is the sequence of op erations swap (4), whic h

should b e expanded inline (for example with a macro-pro cessor) to eliminate all

11



12 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

unnecessary o v erhead. It is de�ned in terms of the basic op eration

sw ( j ) : Set w  w � m

j

. Then if w is a w ord, set A

l

 w and l  l + 1.

Giv en sw ( j ) , whic h 
ips the letters in p osition j , w e de�ne

swap (0) = sw (0) ;

swap (1) = swap (0) ; sw (1) ; swap (0) ;

swap (2) = swap (1) ; sw (2) ; swap (1) ;

swap (3) = swap (2) ; sw (3) ; swap (2) ;

swap (4) = swap (3) ; sw (4) ; swap (3) :

( 22 )

Th us swap (4) expands in to a sequence of 31 steps sw (0) , sw (1) , sw (0), sw (2),

: : : , sw (0) = sw ( � (1)) , sw ( � (2)) , : : : , sw ( � (31)) ; these steps will b e used 10

million times. W e clearly gain sp eed b y em b edding the ruler function v alues

� ( k ) directly in to our program, instead of recomputing them rep eatedly for eac h

w ord pair via Algorithm M, G, or L.

The winning pair of w ords generates a set of 21, namely

ducks ducky duces dunes dunks dinks dinky

dines dices dicey dicky dicks picks picky

pines piney pinky pinks punks punky pucks

( 23 )

If, for example, w = ducks and w

0

= piney , then m

0

= s � y , so the �rst

op eration sw (0) c hanges ducks to ducky , whic h is seen to b e a w ord. The next

op eration sw (1) applies m

1

, whic h is k � e in the next-to-last letter p osition, so

it pro duces the non w ord ducey . Another application of sw (0) c hanges ducey to

duces (a legal term generally follo w ed b y the w ord tecum ). And so on. All w ord

pairs can b e pro cessed b y this metho d in at most a few seconds.

F urther streamlining is also p ossible. F or example, once w e ha v e found

a pair that yields k w ords, w e can reject later pairs as so on as they generate

33 � k non w ords. But the metho d w e'v e discussed is already quite fast, and it

demonstrates the fact that ev en the lo opless Algorithm L can b e b eaten.

F ans of Algorithm L ma y , of course, complain that w e ha v e sp eeded up

the pro cess only in the small sp ecial case n = 5, while Algorithm L solv es the

generation problem for n in general. A similar idea do es, ho w ev er, w ork also

for general v alues of n > 5: W e can expand out a program so that it rapidly

generates all 32 settings of the righ tmost bits a

4

a

3

a

2

a

1

a

0

, as ab o v e; then w e can

apply Algorithm L after ev ery 32 steps, using it to generate successiv e c hanges

to the other bits a

n � 1

: : : a

5

. This approac h reduces the amoun t of unnecessary

w ork done b y Algorithm L b y nearly a factor of 32.

Other binary Gra y co des. The Gra y binary co de g (0), g (1), : : : , g (2

n

� 1) is

only one of man y w a ys to tra v erse all p ossible n -bit strings while c hanging only

a single bit at eac h step. Let us sa y that, in general, a \Gra y cycle" on binary

n -tuples is any sequence ( v

0

; v

1

; : : : ; v

2

n

� 1

) that includes ev ery n -tuple and has

the prop ert y that v

k

di�ers from v

( k +1) mo d 2

n

in just one bit p osition. Th us,

in the terminology of graph theory , a Gra y cycle is an orien ted Hamiltonian

12



7.2.1.1 GENERA TING ALL n -TUPLES 13

Fig. 13.
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(a) Complemen tary Gra y co de.
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(b) Balanced Gra y co de.

cycle on the n -cub e. W e can assume that subscripts ha v e b een c hosen so that

v

0

= 0 : : : 0.

If w e think of the v 's as binary n um b ers, there are in tegers �

0

: : : �

2

n

� 1

suc h

that

v

( k +1) mo d 2

n

= v

k

� 2

�

k

; for 0 � k < 2

n

; ( 24 )

this so-called \delta sequence" is another w a y to describ e a Gra y cycle. F or

example, the delta sequence for standard Gra y binary when n = 3 is 01020102;

it is essen tially the ruler function �

k

= � ( k + 1) of ( 13 ) , but the �nal v alue �

2

n

� 1

is n � 1 instead of n , so that the cycle closes. The individual elemen ts �

k

alw a ys

lie in the range 0 � �

k

< n , and they are called \co ordinates."

Let d ( n ) b e the n um b er of di�eren t delta sequences that de�ne an n -bit

Gra y cycle, and let c ( n ) b e the n um b er of \canonical" delta sequences in whic h

eac h co ordinate k app ears b efore the �rst app earance of k + 1. Then d ( n ) =

n ! c ( n ), b ecause ev ery p erm utation of the co ordinate n um b ers in a delta sequence

ob viously pro duces another delta sequence. The only p ossible canonical delta

sequences for n � 3 are easily seen to b e

0 0 ; 0 1 0 1 ; 0 1 0 2 0 1 0 2 and 0 1 2 1 0 1 2 1 : ( 25 )

Therefore c (1) = c (2) = 1, c (3) = 2; d (1) = 1, d (2) = 2, and d (3) = 12. A

straigh tforw ard computer calculation, using tec hniques for the en umeration of

Hamiltonian cycles that w e will study later, establishes the next v alues,

c (4) = 112 ;

c (5) = 15 ; 109 ; 096 ;

d (4) = 2688 ;

d (5) = 1 ; 813 ; 091 ; 520 :

( 26 )

No simple pattern is eviden t, and the n um b ers gro w quite rapidly (see exer-

cise 45); therefore it's a fairly safe b et that nob o dy will ev er kno w the exact

v alues of c (8) and d (8).

Since the n um b er of p ossibilities is so h uge, p eople ha v e b een encouraged

to lo ok for Gra y cycles that ha v e additional useful prop erties. F or example,

Fig. 13(a) sho ws a 4-bit Gra y cycle in whic h ev ery string a

3

a

2

a

1

a

0

is diametrically

opp osite to its complemen t a

3

a

2

a

1

a

0

. Suc h co ding sc hemes are p ossible whenev er

the n um b er of bits is ev en (see exercise 49).

13



14 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

An ev en more in teresting Gra y cycle, found b y G. C. T o otill [ Pro c. IEE 103 ,

P art B Supplemen t (1956), 435], is sho wn in Fig. 13(b). This one has the same

n um b er of c hanges in eac h of the four co ordinate trac ks, hence all co ordinates

share equally in the activities. Gra y cycles that are balanced in a similar w a y can

in fact b e constructed for all larger v alues of n , b y using the follo wing v ersatile

metho d to extend a cycle from n bits to n + 2 bits:

Theorem D. Let �

1

j

1

�

2

j

2

: : : �

l

j

l

b e a delta sequence for an n -bit Gra y cycle,

where eac h j

k

is a single co ordinate, eac h �

k

is a p ossibly empt y sequence of

co ordinates, and l is o dd. Then

�

1

( n +1) �

R

1

n �

1

j

1

�

2

n �

R

2

( n +1) �

2

j

2

�

3

( n +1) �

R

3

n �

3

: : : j

l � 1

�

l

( n +1) �

R

l

n �

l

( n +1) �

R

l

j

l � 1

�

R

l � 1

: : : �

R

2

j

1

�

R

1

n

( 27 )

is the delta sequence of an ( n + 2) -bit Gra y cycle.

F or example, if w e start with the sequence 0 1 0 2 0 1 0 2 for n = 3 and let the three

underlined elemen ts b e j

1

, j

2

, j

3

, the new sequence ( 27 ) for a 5-bit cycle is

0 1 4 1 0 3 0 1 0 2 0 1 3 1 0 2 4 2 0 1 0 4 3 4 0 1 0 2 0 1 0 3 : ( 28 )

Pr o of. Let �

k

ha v e length m

k

and let v

k t

b e the v ertex reac hed if w e start at

0 : : : 0 and apply the co ordinate c hanges �

1

j

1

: : : �

k � 1

j

k � 1

and the �rst t of �

k

.

W e need to pro v e that all v ertices 00 v

k t

, 01 v

k t

, 10 v

k t

, and 11 v

k t

o ccur when ( 27 )

is used, for 1 � k � l and 0 � t � m

k

. (The leftmost co ordinate is n +1.)

Starting with 000 : : : 0 = 00 v

10

, w e pro ceed to obtain the v ertices

00 v

11

; : : : ; 00 v

1 m

1

; 10 v

1 m

1

; : : : ; 10 v

10

; 11 v

10

; : : : ; 11 v

1 m

1

;

then j

1

yields 11 v

20

, whic h is follo w ed b y

11 v

21

; : : : ; 11 v

2 m

2

; 10 v

2 m

2

; : : : ; 10 v

20

; 00 v

20

; : : : ; 00 v

2 m

2

;

then comes 00 v

30

, etc., and w e ev en tually reac h 11 v

l m

l

. The glorious �nale then

uses the third line of ( 27 ) to generate all the missing v ertices 01 v

l m

l

, : : : , 01 v

10

and tak e us bac k to 000 : : : 0.

The tr ansition c ounts ( c

0

; : : : ; c

n � 1

) of a delta sequence are de�ned b y letting

c

j

b e the n um b er of times �

k

= j . F or example, ( 28 ) has transition coun ts

(12 ; 8 ; 4 ; 4 ; 4), and it arose from a sequence with transition coun ts (4 ; 2 ; 2). If w e

c ho ose the original delta sequence carefully and underline appropriate elemen ts

j

k

, w e can obtain transition coun ts that are as equal as p ossible:

Corollary B. F or all n � 1 , there is an n -bit Gra y cycle with transition coun ts

( c

0

; c

1

; : : : ; c

n � 1

) that satisfy the condition

j c

j

� c

k

j � 2 for 0 � j < k < n . ( 29 )

(This is the b est p ossible balance condition, b ecause eac h c

j

m ust b e an ev en

n um b er, and w e m ust ha v e c

0

+ c

1

+ � � � + c

n � 1

= 2

n

. Indeed, condition ( 29 )

14



7.2.1.1 GENERA TING ALL n -TUPLES 15

holds if and only if n � r of the coun ts are equal to 2 q and r are equal to 2 q + 2,

where q = b 2

n � 1

=n c and r = 2

n � 1

mo d n .)

Pr o of. Giv en a delta sequence for an n -bit Gra y cycle with transition coun ts

( c

0

; : : : ; c

n � 1

), the coun ts for cycle ( 27 ) are obtained b y starting with the v alues

( c

0

0

; : : : ; c

0

n � 1

; c

0

n

; c

0

n +1

) = (4 c

0

; : : : ; 4 c

n � 1

; l +1 ; l +1), then subtracting 2 from c

0

j

k

for 1 � k < l and subtracting 4 from c

0

j

l

. F or example, when n = 3 w e can obtain

a balanced 5-bit Gra y cycle ha ving transition coun ts (8 � 2 ; 16 � 10 ; 8 ; 6 ; 6) =

(6 ; 6 ; 8 ; 6 ; 6) if w e apply Theorem D to the delta sequence 0 1 2 1 0 1 2 1 . Exercise 51

w orks out the details for other v alues of n .

Another imp ortan t class of n -bit Gra y cycles in whic h eac h of the co ordinate

trac ks has equal resp onsibilit y arises when w e consider run lengths , namely the

distances b et w een consecutiv e app earances of the same � v alue. Standard Gra y

binary co de has run length 2 in the least signi�can t p osition, and this can lead to

a loss of accuracy when precise measuremen ts need to b e made [see, for example,

the discussion b y G. M. La wrence and W. E. McClin to c k, Pro c. SPIE 2831

(1996), 104{111]. But all runs ha v e length 4 or more in the remark able 5-bit

Gra y cycle whose delta sequence is

(0 1 2 3 0 4 2 1 0 3 2 1 0 4 2 3)

2

: ( 30 )

Let r ( n ) b e the maxim um v alue r suc h that an n -bit Gra y cycle can b e

found in whic h all runs ha v e length � r . Clearly r (1) = 1, and r (2) = r (3) =

r (4) = 2; and it is easy to see that r ( n ) m ust b e less than n when n > 2, hence

( 30 ) pro v es that r (5) = 4. Exhaustiv e computer searc hes establish the v alues

r (6) = 4 and r (7) = 5. Indeed, a fairly straigh tforw ard bac ktrac k calculation

for the case n = 7 needs a tree of only ab out 60 million no des to determine

that r (7) < 6, and exercise 61(a) constructs a 7-bit cycle with no run shorter

than 5. The exact v alues of r ( n ) are unkno wn for n � 8; but r (10) is almost

certainly 8, and in teresting constructions are kno wn b y whic h w e can pro v e that

r ( n ) = n � O (log n ) as n ! 1 . (See exercises 60{64.)

*Binary Gra y paths. W e ha v e de�ned an n -bit Gra y cycle as a w a y to arrange

all binary n -tuples in to a sequence ( v

0

; v

1

; : : : ; v

2

n

� 1

) with the prop ert y that

v

k

is adjacen t to v

k +1

in the n -cub e for 0 � k < 2

n

, and suc h that v

2

n

� 1

is

also adjacen t to v

0

. The cyclic prop ert y is nice, but not alw a ys essen tial; and

sometimes w e can do b etter without it. Therefore w e sa y that an n -bit Gr ay p ath ,

also commonly called a Gr ay c o de , is an y sequence that satis�es the conditions

of a Gra y cycle except that the last elemen t need not b e adjacen t to the �rst. In

other w ords, a Gra y cycle is a Hamiltonian cycle on the v ertices of the n -cub e,

but a Gra y co de is simply a Hamiltonian p ath on that graph.

The most imp ortan t binary Gra y paths that are not also Gra y cycles are

n -bit sequences ( v

0

; v

1

; : : : ; v

2

n

� 1

) that are monotonic , in the sense that

� ( v

k

) � � ( v

k +2

) for 0 � k < 2

n

� 2. ( 31 )

(Here, as elsewhere, w e use � to denote the \w eigh t" or the \sidew a ys sum" of a

binary string, namely the n um b er of 1s that it has.) T rial and error sho ws that

15



16 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

(a) (b) (c) (d) (e) (f ) (g)

Fig. 14. Examples of

8-bit Gra y co des:

a) standard;

b) balanced;

c) complemen tary;

d) long-run;

e) nonlo cal;

f ) monotonic;

g) trend-free.

16



7.2.1.1 GENERA TING ALL n -TUPLES 17

there are essen tially only t w o monotonic n -bit Gra y co des for eac h n � 4, one

starting with 0

n

and the other starting with 0

n � 1

1. The t w o for n = 3 are

000 ; 001 ; 011 ; 010 ; 110 ; 100 ; 101 ; 111; ( 32 )

001 ; 000 ; 010 ; 110 ; 100 ; 101 ; 111 ; 011 : ( 33 )

The t w o for n = 4 are sligh tly less ob vious, but not really di�cult to disco v er.

Since � ( v

k +1

) = � ( v

k

) � 1 whenev er v

k

is adjacen t to v

k +1

, w e ob viously

can't strengthen ( 31 ) to the requiremen t that all n -tuples b e strictly sorted b y

w eigh t. But relation ( 31 ) is strong enough to determine the w eigh t of eac h v

k

,

giv en k and the w eigh t of v

0

, b ecause w e kno w that exactly

�

n

j

�

of the n -tuples

ha v e w eigh t j .

Figure 14 summarizes our discussions so far, b y illustrating sev en of the

zillions of Gra y co des that mak e a grand tour through all 256 of the p ossible

8-bit b ytes. Blac k squares represen t ones and white squares represen t zeros.

Figure 14(a) is the standard Gra y binary co de, while Fig. 14(b) is balanced with

exactly 256 = 8 = 32 transitions in eac h co ordinate p osition. Fig. 14(c) is a Gra y

co de analogous to Fig. 13(a), in whic h the b ottom 128 co des are complemen ts

of the top 128. In Fig. 14(d), the transitions in eac h co ordinate p osition nev er

o ccur closer than �v e steps apart; in other w ords, all run lengths are at least 5.

The cycle in Fig. 14(e) is nonlo c al in the sense of exercise 59. Fig. 14(f ) sho ws

a monotonic path for n = 8; notice ho w blac k it gets near the b ottom. Finally ,

Fig. 14(g) illustrates a Gra y co de that is totally nonmonotonic, in the sense that

the cen ter of gra vit y of the blac k squares lies exactly at the halfw a y p oin t in eac h

column. Standard Gra y binary co de has this prop ert y in sev en of the co ordinate

p ositions, but Fig. 14(g) ac hiev es p erfect blac k-white w eigh t balance in all eigh t.

Suc h co des are called tr end-fr e e ; they are imp ortan t in the design of agricultural

and other exp erimen ts (see exercises 75 and 76).

Carla Sa v age and P eter Winkler [ J. Com binatorial Theory A70 (1995), 230{

248] found an elegan t w a y to construct monotonic binary Gra y co des for all n > 0.

Suc h paths are necessarily built from subpaths P

nj

in whic h all transitions are

b et w een n -tuples of w eigh ts j and j + 1. Sa v age and Winkler de�ned suitable

subpaths recursiv ely b y letting P

10

= 0 ; 1 and, for all n > 0,

P

( n +1) j

= 1 P

�

n

n ( j � 1)

; 0 P

nj

; ( 34 )

P

nj

= ; if j < 0 or j � n . ( 35 )

Here �

n

is a p erm utation of the co ordinates that w e will sp ecify later, and the

notation P

�

means that ev ery elemen t a

n � 1

: : : a

1

a

0

of the sequence P is replaced

b y b

n � 1

: : : b

1

b

0

, where b

j �

= a

j

. (W e don't de�ne P

�

b y letting b

j

= a

j �

,

b ecause w e w an t (2

j

)

�

to b e 2

j �

.) It follo ws, for example, that

P

20

= 0 P

10

= 00 ; 01 ( 36 )

b ecause P

1( � 1)

is v acuous; also

P

21

= 1 P

�

1

10

= 10 ; 11 ( 37 )

17



18 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

b ecause P

11

is v acuous and �

1

m ust b e the iden tit y p erm utation. In general,

P

nj

is a sequence of n -bit strings con taining exactly

�

n � 1

j

�

strings of w eigh t j

in terlea v ed with

�

n � 1

j

�

strings of w eigh t j + 1.

Let �

nj

and !

nj

b e the �rst and last elemen ts of P

nj

. Then w e easily �nd

!

nj

= 0

n � j � 1

1

j +1

, for 0 � j < n ; ( 38 )

�

n 0

= 0

n

, for n > 0; ( 39 )

�

nj

= 1 �

�

n � 1

( n � 1)( j � 1)

, for 1 � j < n . ( 40 )

In particular, �

nj

alw a ys has w eigh t j , and !

nj

alw a ys has w eigh t j + 1. W e will

de�ne p erm utations �

n

of f 0 ; 1 ; : : : ; n � 1 g so that b oth of the sequences

P

n 0

; P

R

n 1

; P

n 2

; P

R

n 3

; : : : ( 41 )

and P

R

n 0

; P

n 1

; P

R

n 2

; P

n 3

; : : : ( 42 )

are monotonic binary Gra y paths for n = 1, 2, 3, : : : . In fact, the monotonicit y

is clear, so only the Gra yness is in doubt; and the sequences ( 41 ) , ( 42 ) link up

nicely b ecause the adjacencies

�

n 0

� � � �

n 1

� � � � � � � � � �

n ( n � 1)

; !

n 0

� � � !

n 1

� � � � � � � � � !

n ( n � 1)

( 43 )

follo w immediately from ( 34 ), regardless of the p erm utations �

n

. Th us the

crucial p oin t is the transition at the comma in form ula ( 34 ) , whic h mak es P

( n +1) j

a Gra y subpath if and only if

!

�

n

n ( j � 1)

= �

nj

for 0 < j < n . ( 44 )

F or example, when n = 2 and j = 1 w e need (01)

�

2

= �

21

= 10, b y ( 38 ){

( 40 ); hence �

2

m ust transp ose co ordinates 0 and 1. The general form ula (see

exercise 71) turns out to b e

�

n

= �

n

�

2

n � 1

; ( 45 )

where �

n

is the n -cycle ( n � 1 : : : 1 0). The �rst few cases are therefore

�

1

= (0) ;

�

2

= (0 1) ;

�

3

= (0 2 1) ;

�

4

= (0 3) ;

�

5

= (0 4 3 2 1) ;

�

6

= (0 5 2 4 1 3);

no simple \closed form" for the magic p erm utations �

n

is apparen t. Exercise 73

sho ws that the Sa v age{Winkler co des can b e generated e�cien tly .

Non binary Gra y co des. W e ha v e studied the case of binary n -tuples in

great detail, b ecause it is the simplest, most classical, most applicable, and

most thoroughly explored part of the sub ject. But of course there are n umerous

applications in whic h w e w an t to generate ( a

1

; : : : ; a

n

) with co ordinates in the

more general ranges 0 � a

j

< m

j

, as in Algorithm M. Gra y co des apply nicely

to this case as w ell.

Consider, for example, decimal digits, where w e w an t 0 � a

j

< 10 for

eac h j . Is there a decimal w a y to coun t that is analogous to the Gra y binary

co de, c hanging only one digit at a time? Y es; in fact, two natural sc hemes are

18



7.2.1.1 GENERA TING ALL n -TUPLES 19

a v ailable. In the �rst, called r e
e cte d Gr ay de cimal , the sequence for coun ting

up to a thousand with 3-digit strings has the form

000 ; 001 ; : : : ; 009 ; 019 ; 018 ; : : : ; 011 ; 010 ; 020 ; 021 ; : : : ; 091 ; 090 ; 190 ; 191 ; : : : ; 900 ;

with eac h co ordinate mo ving alternately from 0 up to 9 and then bac k do wn from

9 to 0. In the second, called mo dular Gr ay de cimal , the digits alw a ys increase

b y 1 mo d 10, therefore they \wrap around" from 9 to 0:

000 ; 001 ; : : : ; 009 ; 019 ; 010 ; : : : ; 017 ; 018 ; 028 ; 029 ; : : : ; 099 ; 090 ; 190 ; 191 ; : : : ; 900 :

In b oth cases the digit that c hanges on step k is determined b y the radix-ten

ruler function �

10

( k ), the largest p o w er of 10 that divides k . Therefore eac h

n -tuple of digits o ccurs exactly once: W e generate 10

j

di�eren t settings of the

righ tmost j digits b efore c hanging an y of the others, for 1 � j � n .

In general, the re
ected Gra y co de in an y mixed-radix system can b e re-

garded as a p erm utation of the nonnegativ e in tegers, a function that maps an

ordinary mixed-radix n um b er

k =

h

b

n � 1

;

m

n � 1

;

: : : ;

: : : ;

b

1

;

m

1

;

b

0

m

0

i

= b

n � 1

m

n � 2

: : : m

1

m

0

+ � � � + b

1

m

0

+ b

0

( 46 )

in to its re
ected-Gra y equiv alen t

^g ( k ) =

h

a

n � 1

;

m

n � 1

;

: : : ;

: : : ;

a

1

;

m

1

;

a

0

m

0

i

= a

n � 1

m

n � 2

: : : m

1

m

0

+ � � � + a

1

m

0

+ a

0

; ( 47 )

just as ( 7 ) do es this in the sp ecial case of binary n um b ers. Let

A

j

=

h

a

n � 1

;

m

n � 1

;

: : : ;

: : : ;

a

j

m

j

i

; B

j

=

h

b

n � 1

;

m

n � 1

;

: : : ;

: : : ;

b

j

m

j

i

; ( 48 )

with A

n

= B

n

= 0, so that when 0 � j < n w e ha v e

A

j

= m

j

A

j +1

+ a

j

and B

j

= m

j

B

j +1

+ b

j

: ( 49 )

The rule connecting the a 's and b 's is not di�cult to deriv e b y induction:

a

j

=

�

b

j

; if B

j +1

is ev en;

m

j

� 1 � b

j

; if B

j +1

is o dd.

( 50 )

(Here w e are n um b ering the co ordinates of the n -tuples ( a

n � 1

; : : : ; a

1

; a

0

) and

( b

n � 1

; : : : ; b

1

; b

0

) from righ t to left, for consistency with ( 7 ) and the con v en-

tions of mixed-radix notation in Eq. 4.1{( 9 ) . Readers who prefer notations lik e

( a

1

; : : : ; a

n

) can c hange j to n � j in all the form ulas if they wish.) Going the

other w a y , w e ha v e

b

j

=

�

a

j

; if a

j +1

+ a

j +2

+ � � � is ev en;

m

j

� 1 � a

j

; if a

j +1

+ a

j +2

+ � � � is o dd.

( 51 )

Curiously , rule ( 50 ) and its in v erse in ( 51 ) are exactly the same when all of the

radices m

j

are o dd. In Gra y ternary co de, for example, when m

0

= m

1

= � � � = 3,

w e ha v e ^g

�

(10010211012)

3

�

= (12210211010)

3

and also ^g

�

(12210211010)

3

�

=

19



20 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

(10010211012)

3

. Exercise 78 pro v es ( 50 ) and ( 51 ), and discusses similar form ulas

that hold in the mo dular case.

W e can in fact generate suc h Gra y sequences lo oplessly , generalizing Algo-

rithms M and L:

Algorithm H ( L o opless r e
e cte d mixe d-r adix Gr ay gener ation ). This algorithm

visits all n -tuples ( a

n � 1

; : : : ; a

0

) suc h that 0 � a

j

< m

j

for 0 � j < n , c hanging

only one co ordinate b y � 1 at eac h step. It main tains an arra y of fo cus p oin ters

( f

n

; : : : ; f

0

) to con trol the actions as in Algorithm L, together with an arra y of

directions ( o

n � 1

; : : : ; o

0

). W e assume that eac h radix m

j

is � 2.

H1. [Initialize.] Set a

j

 0, f

j

 j , and o

j

 1, for 0 � j < n ; also set f

n

 n .

H2. [Visit.] Visit the n -tuple ( a

n � 1

; : : : ; a

1

; a

0

).

H3. [Cho ose j .] Set j  f

0

and f

0

 0. (As in Algorithm L, j w as the righ tmost

activ e co ordinate; all elemen ts to its righ t ha v e no w b een reactiv ated.)

H4. [Change co ordinate j .] T erminate if j = n ; otherwise set a

j

 a

j

+ o

j

.

H5. [Re
ect?] If a

j

= 0 or a

j

= m

j

� 1, set o

j

 � o

j

, f

j

 f

j +1

, and

f

j +1

 j + 1. (Co ordinate j has th us b ecome passiv e.) Return to H2.

A similar algorithm generates the mo dular v ariation (see exercise 77).

*Subforests. An in teresting and instructiv e generalization of Algorithm H,

disco v ered b y Y. Ko da and F. Rusk ey [ J. Algorithms 15 (1993), 324{340], sheds

further ligh t on the sub ject of Gra y co des and lo opless generation. Supp ose w e

ha v e a forest of n no des, and w e w an t to visit all of its \principal subforests,"

namely all subsets of no des S suc h that if x is in S and x is not a ro ot, the

paren t of x is also in S . F or example, the 7-no de forest has 33 suc h subsets,

corresp onding to the blac k no des in the follo wing 33 diagrams:

( 52 )

Notice that if w e read the top ro w from left to righ t, the middle ro w from righ t

to left, and the b ottom ro w from left to righ t, the status of exactly one no de

c hanges at eac h step.

If the giv en forest consists of degenerate non branc hing trees, the principal

subforests are equiv alen t to mixed-radix n um b ers. F or example, a forest lik e

has 3 � 2 � 4 � 2 principal subforests, corresp onding to 4-tuples ( x

1

; x

2

; x

3

; x

4

)

suc h that 0 � x

1

< 3, 0 � x

2

< 2, 0 � x

3

< 4, and 0 � x

4

< 2; the v alue of x

j

is the n um b er of no des selected in the j th forest. When the algorithm of Ko da

20



7.2.1.1 GENERA TING ALL n -TUPLES 21

and Rusk ey is applied to suc h a forest, it will visit the subforests in the same

order as the re
ected Gra y co de on radices (3 ; 2 ; 4 ; 2).

Algorithm K ( L o opless r e
e cte d subfor est gener ation ). Giv en a forest whose

no des are (1 ; : : : ; n ) when arranged in p ostorder, this algorithm visits all binary

n -tuples ( a

1

; : : : ; a

n

) suc h that a

p

� a

q

whenev er p is a paren t of q . (Th us,

a

p

= 1 means that p is a no de in the curren t subforest.) Exactly one bit a

j

c hanges b et w een one visit and the next. F o cus p oin ters ( f

0

; f

1

; : : : ; f

n

) analogous

to those of Algorithm L are used together with additional arra ys of p oin ters

( l

0

; l

1

; : : : ; l

n

) and ( r

0

; r

1

; : : : ; r

n

), whic h represen t a doubly link ed list called the

\curren t fringe." The curren t fringe con tains all no des of the curren t subforest

and their c hildren; r

0

p oin ts to its leftmost no de and l

0

to its righ tmost.

An auxiliary arra y ( c

0

; c

1

; : : : ; c

n

) de�nes the forest as follo ws: If p has no

c hildren, c

p

= 0; otherwise c

p

is the leftmost (smallest) c hild of p . Also c

0

is the

leftmost ro ot of the forest itself. When the algorithm b egins, w e assume that

r

p

= q and l

q

= p whenev er p and q are consecutiv e c hildren of the same family .

Th us, for example, the forest in ( 52 ) has the p ostorder n um b ering

1

2

3

4 5

6

7

;

therefore w e should ha v e ( c

0

; : : : ; c

7

) = (2 ; 0 ; 1 ; 0 ; 0 ; 0 ; 4 ; 3) and r

2

= 7, l

7

= 2,

r

3

= 6, l

6

= 3, r

4

= 5, and l

5

= 4 at the b eginning of step K1 in this case.

K1. [Initialize.] Set a

j

 0 and f

j

 j for 1 � j � n , thereb y making the initial

subforest empt y and all no des activ e. Set f

0

 0, l

0

 n , r

n

 0, r

0

 c

0

,

and l

c

0

 0, thereb y putting all ro ots in to the curren t fringe.

K2. [Visit.] Visit the subforest de�ned b y ( a

1

; : : : ; a

n

).

K3. [Cho ose p .] Set q  l

0

, p  f

q

. (No w p is the righ tmost activ e no de of the

fringe.) Also set f

q

 q (thereb y activ ating all no des to p 's righ t).

K4. [Chec k a

p

.] T erminate the algorithm if p = 0. Otherwise go to K6 if a

p

= 1.

K5. [Insert p 's c hildren.] Set a

p

 1. Then, if c

p

6= 0, set q  r

p

, l

q

 p � 1,

r

p � 1

 q , r

p

 c

p

, l

c

p

 p (thereb y putting p 's c hildren to the righ t of p

in the fringe). Go to K7.

K6. [Delete p 's c hildren.] Set a

p

 0. Then, if c

p

6= 0, set q  r

p � 1

, r

p

 q ,

l

q

 p (thereb y remo ving p 's c hildren from the fringe).

K7. [Mak e p passiv e.] (A t this p oin t w e kno w that p is activ e.) Set f

p

 f

l

p

and f

l

p

 l

p

. Return to K2.

The reader is encouraged to pla y through this algorithm on examples lik e ( 52 ),

in order to understand the b eautiful mec hanism b y whic h the fringe gro ws and

shrinks at just the righ t times.

21
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*Shift register sequences. A completely di�eren t w a y to generate all n -tuples of

m -ary digits is also p ossible: W e can generate one digit at a time, and rep eatedly

w ork with the n most recen tly generated digits, th us passing from one n -tuple

( x

0

; x

1

; : : : ; x

n � 1

) to another one ( x

1

; : : : ; x

n � 1

; x

n

) b y shifting an appropriate

new digit in at the righ t. F or example, Fig. 15 sho ws ho w all 5-bit n um b ers can

b e obtained as blo c ks of 5 consecutiv e bits in a certain cyclic pattern of length 32.

This general idea has already b een discussed in some of the exercises of Sections

2.3.4.2 and 3.2.2, and w e no w are ready to explore it further.

Fig. 15.

A de Bruijn cycle

for 5-bit n um b ers.

0 0 0 0 0

0 0 0 0 1

0 0 0 1 0

0 0 1 0 0

0 1 0 0 0

1 0 0 0 1

0 0 0 1 1

0

0

1

1

0

0

1

1

0

0

1

1

0

0

1

1

0

0

1

0

0

0

1

0

1

0

1

0

1

0

1

0

1

0

0

0

1

0

0

1

1

0

0

1

1

00111

01110

11101

11010

10101

01011

10110

0

1

1

0

1

1

1

0

1

1

1

0

1

1

1

0

1

1

1

1

1

1

1

1

1

1

1

1

1

0

1

1

1

0

0

1

1

0

0

0

1

0

0

0

0

Algorithm S ( Generic shift r e gister gener ation ). This algorithm visits all n -

tuples ( a

1

; : : : ; a

n

) suc h that 0 � a

j

< m for 1 � j � n , pro vided that a suitable

function f is used in step S3.

S1. [Initialize.] Set a

j

 0 for � n < j � 0 and k  1.

S2. [Visit.] Visit the n -tuple ( a

k � n

; : : : ; a

k � 1

). T erminate if k = m

n

.

S3. [Adv ance.] Set a

k

 f ( a

k � n

; : : : ; a

k � 1

), k  k + 1, and return to S2.

Ev ery function f that mak es Algorithm S v alid corresp onds to a cycle of

m

n

radix- m digits suc h that ev ery com bination of n digits o ccurs consecutiv ely

in the cycle. F or example, the case m = 2 and n = 5 illustrated in Fig. 15

corresp onds to the binary cycle

0 0 0 0 0 1 0 0 0 1 1 0 0 1 0 1 0 0 1 1 1 0 1 0 1 1 0 1 1 1 1 1 ; ( 53 )

and the �rst m

2

digits of the in�nite sequence

0 0 1 1 0 2 1 2 2 0 3 1 3 2 3 3 0 4 1 4 2 4 3 4 4 : : : ( 54 )

yield an appropriate cycle for n = 2 and arbitrary m . Suc h cycles are commonly

called m -ary de Bruijn cycles , b ecause N. G. de Bruijn treated the binary case

for arbitrary n in Indagationes Mathematic� 8 (1946), 461{467.

Exercise 2.3.4.2{23 pro v es that exactly m !

m

n � 1

=m

n

functions f ha v e the

required prop erties. That's a h uge n um b er, but only a few of those functions are

kno wn to b e e�cien tly computable. W e will discuss three kinds of f that app ear

to b e the most useful.

22



7.2.1.1 GENERA TING ALL n -TUPLES 23

T able 1

P ARAMETERS F OR ALGORITHM A

3 : 1 8 : 1 ; 5 13 : 1 ; 3 18 : 7 23 : 5 28 : 3

4 : 1 9 : 4 14 : 1 ; 11 19 : 1 ; 5 24 : 1 ; 3 29 : 2

5 : 2 10 : 3 15 : 1 20 : 3 25 : 3 30 : 1 ; 15

6 : 1 11 : 2 16 : 2 ; 3 21 : 2 26 : 1 ; 7 31 : 3

7 : 1 12 : 3 ; 4 17 : 3 22 : 1 ; 7 27 : 1 ; 7 32 : 1 ; 27

The en tries ` n : s ' or ` n : s; t ' mean that the p olynomials x

n

+ x

s

+ 1 or x

n

+ ( x

s

+ 1)( x

t

+ 1)

are primitiv e mo dulo 2. Additional v alues up to n = 168 ha v e b een tabulated b y W. Stahnk e,

Math. Comp. 27 (1973), 977{980.

The �rst imp ortan t case o ccurs when m is a prime n um b er, and f is the

almost-linear recurrence

f ( x

1

; : : : ; x

n

) =

8

>

<

>

:

c

1

; if ( x

1

; x

2

; : : : ; x

n

) = (0 ; 0 ; : : : ; 0);

0 ; if ( x

1

; x

2

; : : : ; x

n

) = (1 ; 0 ; : : : ; 0);

( c

1

x

1

+ c

2

x

2

+ � � � + c

n

x

n

) mo d m; otherwise.

( 55 )

Here the co e�cien ts ( c

1

; : : : ; c

n

) m ust b e suc h that

x

n

� c

n

x

n � 1

� � � � � c

2

x � c

1

( 56 )

is a primitiv e p olynomial mo dulo m , in the sense discussed follo wing Eq. 3.2.2{

( 9 ) . The n um b er of suc h p olynomials is ' ( m

n

� 1) =n , large enough to allo w us

to �nd one in whic h only a few of the c 's are nonzero. [This construction go es

bac k to a pioneering pap er of Willem Man tel, Nieu w Arc hief v o or Wiskunde (2)

1 (1897), 172{184.]

F or example, supp ose m = 2. W e can generate binary n -tuples with a v ery

simple lo opless pro cedure:

Algorithm A ( A lmost-line ar bit-shift gener ation ). This algorithm visits all n -

bit v ectors, b y using either a sp ecial o�set s [Case 1] or t w o sp ecial o�sets s and t

[Case 2], as found in T able 1.

A1. [Initialize.] Set ( x

0

; x

1

; : : : ; x

n � 1

)  (1 ; 0 ; : : : ; 0) and k  0, j  s . In

Case 2, also set i  t and h  s + t .

A2. [Visit.] Visit the n -tuple ( x

k � 1

; : : : ; x

0

; x

n � 1

; : : : ; x

k +1

; x

k

).

A3. [T est for end.] If x

k

6= 0, set r  0; otherwise set r  r + 1, and go to A6

if r = n � 1. (W e ha v e just seen r consecutiv e zeros.)

A4. [Shift.] Set k  ( k � 1) mo d n and j  ( j � 1) mo d n . In Case 2 also set

i  ( i � 1) mo d n and h  ( h � 1) mo d n .

A5. [Compute a new bit.] Set x

k

 x

k

� x

j

[Case 1] or x

k

 x

k

� x

j

� x

i

� x

h

[Case 2]. Return to A2.

A6. [Finish.] Visit (0 ; : : : ; 0) and terminate.

Appropriate o�set parameters s and p ossibly t almost certainly exist for all n ,

b ecause primitiv e p olynomials are so abundan t; for example, eigh t di�eren t

c hoices of ( s; t ) w ould w ork when n = 32, and T able 1 merely lists the smallest.
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Ho w ev er, a rigorous pro of of existence in all cases lies w ell b ey ond the presen t

state of mathematical kno wledge.

Our �rst construction of de Bruijn cycles, in ( 55 ) , w as algebraic, relying for

its v alidit y on the theory of �nite �elds. A similar metho d that w orks when m

is not a prime n um b er app ears in exercise 3.2.2{21. Our next construction, b y

con trast, will b e purely com binatorial. In fact, it is strongly related to the idea

of mo dular Gra y m -ary co des.

Algorithm R ( R e cursive de Bruijn cycle gener ation ). Supp ose f () is a coroutine

that will output the successiv e digits of an m -ary de Bruijn cycle of length m

n

,

b eginning with n zeros, when it is in v ok ed rep eatedly . This algorithm is a similar

coroutine that outputs a cycle of length m

n +1

, pro vided that n � 2. It main tains

three priv ate v ariables x , y , and t ; v ariable x should initially b e zero.

R1. [Output.] Output x . Go to R3 if x 6= 0 and t � n .

R2. [In v ok e f .] Set y  f ().

R3. [Coun t ones.] If y = 1, set t  t + 1; otherwise set t  0.

R4. [Skip one?] If t = n and x 6= 0, go bac k to R2.

R5. [Adjust x .] Set x  ( x + y ) mo d m and return to R1.

F or example, let m = 3 and n = 2. If f () pro duces the in�nite 9-cycle

0 0 1 1 0 2 1 2 2 0 0 1 1 0 2 1 2 2 0 : : : ; ( 57 )

then Algorithm R will pro duce the follo wing in�nite 27-cycle at step R1:

y = 0 0 1 0 2 1 2 2 0 0 1 1 1 1 0 2 1 2 2 0 0 1 0 2 1 2 2 0 0 1 : : :

t = 0 0 1 0 0 1 0 0 0 0 1 2 3 4 0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 1 : : :

x = 0 0 0 1 1 0 1 0 2 2 2 0 1 2 0 0 2 0 2 1 1 1 2 2 1 2 1 0 0 0 1 : : :

The pro of that Algorithm R w orks correctly is in teresting and instructiv e (see

exercise 93). And the pro of of the next algorithm, whic h doubles the windo w

size n , is ev en more so (see exercise 95).

Algorithm D ( Doubly r e cursive de Bruijn cycle gener ation ). Supp ose f ()

and f

0

() are coroutines that eac h will output the successiv e digits of an m -ary

de Bruijn cycle of length m

n

when in v ok ed rep eatedly , b eginning with n zeros.

(The t w o cycles are iden tical, but they m ust b e generated b y indep enden t corou-

tines, b ecause w e will consume their v alues at di�eren t rates.) This algorithm is

a similar coroutine that outputs a cycle of length m

2 n

. It main tains six priv ate

v ariables x , y , t , x

0

, y

0

, and t

0

; v ariables x and x

0

should initially b e m .

The sp ecial parameter r m ust b e set to a constan t v alue suc h that

0 � r � m and gcd( m

n

� r ; m

n

+ r ) = 2 : ( 58 )

The b est c hoice is usually r = 1 when m is o dd and r = 2 when m is ev en.

D1. [P ossibly in v ok e f .] If t 6= n or x � r , set y  f ().

D2. [Coun t rep eats.] If x 6= y , set x  y and t  1. Otherwise set t  t + 1.

D3. [Output from f .] Output the curren t v alue of x .
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D4. [In v ok e f

0

.] Set y

0

 f

0

().

D5. [Coun t rep eats.] If x

0

6= y

0

, set x

0

 y

0

and t

0

 1. Otherwise set t

0

 t

0

+ 1.

D6. [P ossibly reject f

0

.] If t

0

= n and x

0

< r and either t < n or x

0

< x , go to

D4. If t

0

= n and x

0

< r and x

0

= x , go to D3.

D7. [Output from f

0

.] Output the curren t v alue of x

0

. Return to D3 if t

0

= n

and x

0

< r ; otherwise return to D1.

The basic idea of Algorithm D is to output from f () and f

0

() alternately , making

sp ecial adjustmen ts when either sequence generates n consecutiv e x 's for x < r .

F or example, when f () and f

0

() pro duce the 9-cycle ( 57 ) , w e tak e r = 1 and get

t in step D2: 1 2 3 1 2 1 1 1 1 2 1 2 3 1 2 1 1 1 1 2 1 2 3 1 2 1 1 1 1 2 1 2 3 1 2 1 1 1 1 2 1 2 : : :

x in step D3: 0 0 0 0 1 1 0 2 1 2 2 0 0 0 1 1 0 2 1 2 2 0 0 0 1 1 0 2 1 2 2 0 0 0 1 1 0 2 1 2 2 0 0 0 : : :

t

0

in step D6: 1 2 1 2 1 1 1 1 2 1 2 1 2 1 1 1 1 2 1 2 1 2 1 1 1 1 2 1 2 1 2 1 1 1 1 2 1 2 1 2 1 1 1 1 2 1 2 1 : : :

x

0

in step D7: 0 1 1 0 2 1 2 2 0 1 1 0 2 1 2 2 0 1 1 0 2 1 2 2 0 1 1 0 2 1 2 2 0 1 1 0 2 1 2 2 0 1 : : : ;

so the 81-cycle pro duced in steps D3 and D7 is 0 0 0 0 1 0 1 1 0 1 2 : : : 2 2 2 2 0 0 0 0 1 : : : .

The case m = 2 of Algorithm R w as disco v ered b y Abraham Lemp el [ IEEE

T rans. C-19 (1970), 1204{1209]; Algorithm D w as not disco v ered un til more than

25 y ears later [C. J. Mitc hell, T. Etzion, and K. G. P aterson, IEEE T rans. IT-

42 (1996), 1472{1478]. By using them together, starting with simple coroutines

for n = 2 based on ( 54 ) , w e can build up an in teresting family of co op erating

coroutines that will generate a de Bruijn cycle of length m

n

for an y desired m � 2

and n � 2, using only O (log n ) simple computations for eac h digit of output.

(See exercise 96.) F urthermore, in the simplest case m = 2, this com bination

\R&D metho d" has the prop ert y that its k th output can b e computed directly ,

as a function of k , b y doing O ( n log n ) simple op erations on n -bit n um b ers.

Con v ersely , giv en an y n -bit pattern � , the p osition of � in the cycle can also b e

computed in O ( n log n ) steps. (See exercises 97{99.) No other family of binary

de Bruijn cycles is presen tly kno wn to ha v e the latter prop ert y .

Our third construction of de Bruijn cycles is based on the theory of prime

strings, whic h will b e of great imp ortance to us when w e study pattern matc hing

in Chapter 9. Supp ose 
 = � � is the concatenation of t w o strings; w e sa y that

� is a pr e�x of 
 and � is a su�x . A pre�x or su�x of 
 is called pr op er if its

length is p ositiv e but less than the length of 
 . Th us � is a prop er su�x of � �

if and only if � 6= � and � 6= � .

De�nition P . A string is prime if it is nonempt y and (lexicographically) less

than all of its prop er su�xes.

F or example, 01101 is not prime, b ecause it is greater than 01; but 01102 is

prime, b ecause it is less than 1102, 102, 02, and 2. (W e assume that strings are

comp osed of letters, digits, or other sym b ols from a linearly ordered alphab et.

Lexicographic or dictionary order is the normal w a y to compare strings, so w e

write � < � and sa y that � is less than � when � is lexicographically less than � .

In particular, w e alw a ys ha v e � � � � , and � < � � if and only if � 6= � .)
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Prime strings ha v e often b een called Lyndon wor ds , b ecause they w ere

in tro duced b y R. C. Lyndon [ T rans. Amer. Math. So c. 77 (1954), 202{215];

Lyndon called them \standard sequences." The simpler term \prime" is justi�ed

b ecause of the fundamen tal factorization theorem in exercise 101. W e will,

ho w ev er, con tin ue to pa y resp ect to Lyndon implicitly b y often using the letter �

to denote strings that are prime.

Sev eral of the most imp ortan t prop erties of prime strings w ere deriv ed b y

Chen, F o x, and Lyndon in an imp ortan t pap er on group theory [ Annals of Math.

68 (1958), 81{95], including the follo wing easy but basic result:

Theorem P . A nonempt y string that is less than all its cyclic shifts is prime.

(The cyclic shifts of a

1

: : : a

n

are a

2

: : : a

n

a

1

, a

3

: : : a

n

a

1

a

2

, : : : , a

n

a

1

: : : a

n � 1

.)

Pr o of. Supp ose 
 = � � is not prime, b ecause � 6= � and 
 � � 6= � ; but supp ose


 is also less than its cyclic shift � � . Then the conditions � � 
 < � � imply

that 
 = � � for some string � < � . Therefore, if 
 is also less than its cyclic

shift � � , w e ha v e � < � < � � < � � . But that is imp ossible, b ecause � and �

ha v e the same length.

Let L

m

( n ) b e the n um b er of m -ary primes of length n . Ev ery string a

1

: : : a

n

,

together with its cyclic shifts, yields d distinct strings for some divisor d of n ,

corresp onding to exactly one prime of length d . F or example, from 010010 w e

get also 100100 and 001001 b y cyclic shifting, and the smallest of the p erio dic

parts f 010 ; 100 ; 001 g is the prime 001. Therefore w e m ust ha v e

X

d n n

d L

m

( d ) = m

n

; for all m; n � 1. ( 59 )

This family of equations can b e solv ed for L

m

( n ) using exercise 4.5.3{28(a), and

w e obtain

L

m

( n ) =

1

n

X

d n n

� ( d ) m

n=d

: ( 60 )

During the 1970s, Harold F redric ksen and James Maiorana disco v ered a

b eautifully simple w a y to generate all of the m -ary primes of length n or less,

in increasing order [ Discrete Math. 23 (1978), 207{210]. Before w e are ready to

understand their algorithm, w e need to consider the n -extension of a nonempt y

string � , namely the �rst n c haracters of the in�nite string ��� : : : . F or example,

the 10-extension of 123 is 1231231231. In general if j � j = k , its n -extension is

�

b n=k c

�

0

, where �

0

is the pre�x of � whose length is n mo d k .

De�nition Q. A string is pr eprime if it is a nonempt y pre�x of a prime, on

some alphab et.

Theorem Q. A string of length n > 0 is preprime if and only if it is the n -

extension of a prime string � of length k � n . This prime string is uniquely

determined.

Pr o of. See exercise 105.
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Theorem Q states, in essence, that there is a one-to-one corresp ondence b et w een

primes of length � n and preprimes of length n . The follo wing algorithm

generates all of the m -ary instances, in increasing order.

Algorithm F ( Prime and pr eprime string gener ation ). This algorithm visits

all m -ary n -tuples ( a

1

; : : : ; a

n

) suc h that the string a

1

: : : a

n

is preprime. It also

iden ti�es the index j suc h that a

1

: : : a

n

is the n -extension of the prime a

1

: : : a

j

.

F1. [Initialize.] Set a

1

 � � �  a

n

 0 and j  1; also set a

0

 � 1.

F2. [Visit.] Visit ( a

1

; : : : ; a

n

) with index j .

F3. [Prepare to increase.] Set j  n . Then if a

j

= m � 1, decrease j un til

�nding a

j

< m � 1.

F4. [Add one.] T erminate if j = 0. Otherwise set a

j

 a

j

+ 1. (No w a

1

: : : a

j

is

prime, b y exercise 105(a).)

F5. [Mak e n -extension.] F or k  j + 1, : : : , n (in this order) set a

k

 a

k � j

.

Return to F2.

F or example, Algorithm F visits 32 ternary preprimes when m = 3 and n = 4:

0

^

000 0011

^

0022

^

0111

^

0122

^

0212

^

1

^

111 12

^

12

0001

^

0012

^

01

^

01 0112

^

02

^

02 022

^

0 1112

^

122

^

1

0002

^

002

^

0 0102

^

012

^

0 021

^

0 0221

^

112

^

1 1222

^

001

^

0 0021

^

011

^

0 0121

^

0211

^

0222

^

1122

^

2

^

222

( 61 )

(The digits preceding `

^

' are the prime strings 0, 0001, 0002, 001, 0011, : : : , 2.)

Theorem Q explains wh y this algorithm is correct, b ecause steps F3 and F4

ob viously �nd the smallest m -ary prime of length � n that exceeds the previous

preprime a

1

: : : a

n

. Notice that after a

1

increases from 0 to 1, the algorithm

pro ceeds to visit all the ( m � 1)-ary primes and preprimes, increased b y 1 : : : 1.

Algorithm F is quite b eautiful, but what do es it ha v e to do with de Bruijn

cycles? Here no w comes the punc h line: If w e output the digits a

1

, : : : , a

j

in

step F2 whenev er j is a divisor of n , the sequence of all suc h digits forms a de

Bruijn cycle! F or example, in the case m = 3 and n = 4, the follo wing 81 digits

are output:

0 0001 0002 0011 0012 0021 0022 01 0102 0111 0112

0121 0122 02 0211 0212 0221 0222 1 1112 1122 12 1222 2 : ( 62 )

(W e omit the primes 001, 002, 011, : : : , 122 of ( 61 ) b ecause their length do es

not divide 4.) The reasons underlying this almost magical prop ert y are explored

in exercise 108. Notice that the cycle has the correct length, b y ( 59 ) .

There is a sense in whic h the outputs of this pro cedure are actually equiv a-

len t to the \granddaddy" of all de Bruijn cycle constructions that w ork for all m

and n , namely the construction �rst published b y M. H. Martin in Bull. Amer.

Math. So c. 40 (1934), 859{864: Martin's original cycle for m = 3 and n = 4

w as 2222122202211 : : : 10000, the t w os' complemen t of ( 62 ) . In fact, F redric ksen

and Maiorana disco v ered Algorithm F almost b y acciden t while lo oking for a
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28 COMBINA TORIAL ALGORITHMS (F2A) 7.2.1.1

simple w a y to generate Martin's sequence. The explicit connection b et w een

their algorithm and preprime strings w as not noticed un til man y y ears later,

when Rusk ey , Sa v age, and W ang carried out a careful analysis of the running

time [ J. Algorithms 13 (1992), 414{430]. The principal results of that analysis

app ear in exercise 107, namely

i) The a v erage v alue of n � j in steps F3 and F5 is appro ximately 1 = ( m � 1).

ii) The total running time to pro duce a de Bruijn cycle lik e ( 62 ) is O ( m

n

).

EXERCISES

1. [ 10 ] Explain ho w to generate all n -tuples ( a

1

; : : : ; a

n

) in whic h l

j

� a

j

� u

j

, giv en

lo w er b ounds l

j

and upp er b ounds u

j

for eac h co ordinate. (Assume that l

j

� u

j

.)

2. [ 15 ] What is the 1000000th n -tuple visited b y Algorithm M if n = 10 and m

j

= j

for 1 � j � n ? Hint: [

0 ;

1 ;

0 ;

2 ;

1 ;

3 ;

2 ;

4 ;

3 ;

5 ;

0 ;

6 ;

2 ;

7 ;

7 ;

8 ;

1 ;

9 ;

0

10

] = 1000000.

x 3. [ M20 ] Ho w man y times do es Algorithm M p erform step M4?

x 4. [ 18 ] On most computers it is faster to coun t do wn to 0 rather than up to m .

Revise Algorithm M so that it visits all n -tuples in the opp osite order, starting with

( m

1

� 1 ; : : : ; m

n

� 1) and �nishing with (0 ; : : : ; 0).

x 5. [ 20 ] Algorithms suc h as the \fast F ourier transform" (exercise 4.6.4{14) often

end with an arra y of answ ers in bit-re
ected order, ha ving A [( b

0

: : : b

n � 1

)

2

] in the place

where A [( b

n � 1

: : : b

0

)

2

] is desired. What is a go o d w a y to rearrange the answ ers in to

prop er order? [ Hint: Re
ect Algorithm M.]

6. [ M17 ] Pro v e ( 7 ) , the basic form ula for Gra y binary co de.

7. [ 20 ] Figure 10(b) sho ws the Gra y binary co de for a disk that is divided in to 16

sectors. What w ould b e a go o d Gra y-lik e co de to use if the n um b er of sectors w ere 12

or 60 (for hours or min utes on a clo c k), or 360 (for degrees in a circle)?

8. [ 15 ] What's an easy w a y to run through all n -bit strings of ev en parit y , c hanging

only t w o bits at eac h step?

9. [ 16 ] What mo v e should follo w Fig. 11, when solving the Chinese ring puzzle?

x 10 . [ M21 ] Find a simple form ula for the total n um b er of steps A

n

or B

n

in whic h a

ring is (a) remo v ed or (b) replaced, in the shortest pro cedure for remo ving n Chinese

rings. F or example, A

3

= 4 and B

3

= 1.

11. [ M22 ] (H. J. Purkiss, 1865.) The t w o smallest rings of the Chinese ring puzzle

can actually b e tak en on or o� the bar sim ultaneously . Ho w man y steps do es the puzzle

require when suc h accelerated mo v es are p ermitted?

x 12 . [ 25 ] The c omp ositions of n are the sequences of p ositiv e in tegers that sum to n .

F or example, the comp ositions of 4 are 1111, 112, 121, 13, 211, 22, 31, and 4. An in teger

n has exactly 2

n � 1

comp ositions, corresp onding to all subsets of the p oin ts f 1 ; : : : ; n � 1 g

that migh t b e used to break the in terv al (0 : : n ) in to in teger-sized subin terv als.

a) Design a lo opless algorithm to generate all comp ositions of n , represen ting eac h

comp osition as a sequen tial arra y of in tegers s

1

s

2

: : : s

j

.

b) Similarly , design a lo opless algorithm that represen ts the comp ositions implicitly

in an arra y of p oin ters q

0

q

1

: : : q

t

, where the elemen ts of the comp osition are

( q

0

� q

1

)( q

1

� q

2

) : : : ( q

t � 1

� q

t

) and w e ha v e q

0

= n , q

t

= 0. F or example, the

comp osition 211 w ould b e represen ted under this sc heme b y the p oin ters q

0

= 4,

q

1

= 2, q

2

= 1, q

3

= 0, and with t = 3.
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13. [ 21 ] Con tin uing the previous exercise, compute also the m ultinomial co e�cien t

C =

�

n

s

1

;::: ;s

j

�

for use as the comp osition s

1

: : : s

j

is b eing visited.

14. [ 20 ] Design an algorithm to generate all strings a

1

: : : a

j

suc h that 0 � j � n and

0 � a

i

< m

i

for 1 � i � j , in lexicographic order. F or example, if m

1

= m

2

= n = 2,

y our algorithm should successiv ely visit � , 0, 00, 01, 1, 10, 11.

x 15 . [ 25 ] Design a lo opless algorithm to generate the strings of the previous exercise.

All strings of the same length should b e visited in lexicographic order as b efore, but

strings of di�eren t lengths can b e in termixed in an y con v enien t w a y . F or example,

0, 00, 01, � , 10, 11, 1 is an acceptable order when m

1

= m

2

= n = 2.

16. [ 23 ] A lo opless algorithm ob viously cannot generate all binary v ectors ( a

1

; : : : ; a

n

)

in lexicographic order, b ecause the n um b er of co ordinates a

j

that need to c hange

b et w een successiv e visits is not b ounded. Sho w, ho w ev er, that lo opless lexicographic

generation do es b ecome p ossible if a linke d represen tation is used instead of a sequen tial

one: Supp ose there are 2 n + 1 no des f 0 ; 1 ; : : : ; 2 n g , eac h con taining a LINK �eld. The

binary n -tuple ( a

1

; : : : ; a

n

) is represen ted b y letting

LINK (0) = 1 + n a

1

;

LINK ( j � 1 + n a

j � 1

) = j + n a

j

; for 1 < j � n ;

LINK ( n + n a

n

) = 0;

the other n LINK �elds can ha v e an y con v enien t v alues.

17. [ 20 ] A w ell-kno wn construction called the Karnaugh map [M. Karnaugh, Amer.

Inst. Elect. Eng. T rans. 72 , part I (1953), 593{599] uses Gra y binary co de in t w o

dimensions to displa y all 4-bit n um b ers in a 4 � 4 torus:

0000 0001 0011 0010

0100 0101 0111 0110

1100 1101 1111 1110

1000 1001 1011 1010

(The en tries of a torus \wrap around" at the left and righ t and also at the top and

b ottom | just as if they w ere tiles, replicated in�nitely often in a plane.) Sho w that,

similarly , all 6-bit n um b ers can b e arranged in an 8 � 8 torus so that only one co ordinate

c hanges when w e mo v e north, south, east, or w est from an y p oin t.

x 18 . [ 20 ] The L e e weight of a v ector u = ( u

1

; : : : ; u

n

), where eac h comp onen t satis�es

0 � u

j

< m

j

, is de�ned to b e

�

L

( u ) =

n

X

j =1

min ( u

j

; m

j

� u

j

);

and the L e e distanc e b et w een t w o suc h v ectors u and v is

d

L

( u; v ) = �

L

( u � v ) ; where u � v = ( ( u

1

� v

1

) mo d m

1

; : : : ; ( u

n

� v

n

) mo d m

n

) :

(This is the minim um n um b er of steps needed to c hange u to v if w e adjust some

comp onen t u

j

b y � 1 (mo dulo m

j

) in eac h step.)

A quaternary v ector has m

j

= 4 for 1 � j � n , and a binary v ector has all m

j

= 2.

Find a simple one-to-one corresp ondence b et w een quaternary v ectors u = ( u

1

; : : : ; u

n

)

and binary v ectors u

0

= ( u

0

1

; : : : ; u

0

2 n

), with the prop ert y that �

L

( u ) = � ( u

0

) and

d

L

( u; v ) = � ( u

0

� v

0

).
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19. [ 21 ] ( The o ctac o de. ) Let g ( x ) = x

3

+ 2 x

2

+ x � 1.

a) Use one of the algorithms in this section to ev aluate

P

z

u

0

z

u

1

z

u

2

z

u

3

z

u

4

z

u

5

z

u

6

z

u

1

,

summed o v er all 256 p olynomials

( v

0

+ v

1

x + v

2

x

2

+ v

3

x

3

) g ( x ) mo d 4 = u

0

+ u

1

x + u

2

x

2

+ u

3

x

3

+ u

4

x

4

+ u

5

x

5

+ u

6

x

6

for 0 � v

0

; v

1

; v

2

; v

3

< 4, where u

1

is c hosen so that 0 � u

1

< 4 and ( u

0

+ u

1

+

u

2

+ u

3

+ u

4

+ u

5

+ u

6

+ u

1

) mo d 4 = 0.

b) Construct a set of 256 16-bit n um b ers that di�er from eac h other in at least six

di�eren t bit p ositions. (Suc h a set, �rst disco v ered b y Nordstrom and Robinson

[ Information and Con trol 11 (1967), 613{616], is essen tially unique.)

20. [ M36 ] The 16-bit co dew ords in the previous exercise can b e used to transmit 8

bits of information, allo wing transmission errors to b e corrected if an y one or t w o bits

are corrupted; furthermore, mistak es will b e detected (but not necessarily correctable)

if an y three bits are receiv ed incorrectly . Devise an algorithm that either �nds the

nearest co dew ord to a giv en 16-bit n um b er u

0

or determines that at least three bits of

u

0

are erroneous. Ho w do es y our algorithm deco de the n um b er (1100100100001111)

2

?

[ Hint: Use the facts that x

7

� 1 (mo dulo g ( x ) and 4), and that ev ery quaternary

p olynomial of degree < 3 is congruen t to x

j

+ 2 x

k

(mo dulo g ( x ) and 4) for some

j; k 2 f 0 ; 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 1g , where x

1

= 0.]

21. [ M30 ] A t -sub cub e of an n -cub e can b e represen ted b y a string lik e � � 10 �� 0 � ,

con taining t asterisks and n � t sp eci�ed bits. If all 2

n

binary n -tuples are written in

lexicographic order, the elemen ts b elonging to suc h a sub cub e app ear in 2

t

0

clusters

of consecutiv e en tries, where t

0

is the n um b er of asterisks that lie to the left of the

righ tmost sp eci�ed bit. (In the example giv en, n = 8, t = 5, and t

0

= 4.) But if the

n -tuples are written in Gra y binary order, the n um b er of clusters migh t b e reduced.

F or example, the ( n � 1)-sub cub es � : : : � 0 and � : : : � 1 o ccur in only 2

n � 2

+ 1 and 2

n � 2

clusters, resp ectiv ely , when Gra y binary order is used, not in 2

n � 1

of them.

a) Explain ho w to compute C ( � ), the n um b er of Gra y binary clusters of the sub cub e

de�ned b y a giv en string � of asterisks, 0 s, and 1s. What is C ( � � 10 �� 0 � )?

b) Pro v e that C ( � ) alw a ys lies b et w een 2

t

0

� 1

and 2

t

0

, inclusiv e.

c) What is the a v erage v alue of C ( � ), o v er all 2

n � t

�

n

t

�

p ossible t -sub cub es?

x 22 . [ 22 ] A \righ t sub cub e" is a sub cub e suc h as 0110 � � in whic h all the asterisks

app ear after all the sp eci�ed digits. An y binary trie (Section 6.3) can b e regarded as a

w a y to partition a cub e in to disjoin t righ t sub cub es, as in Fig. 16(a). If w e in terc hange

the left and righ t subtries of ev ery righ t subtrie, pro ceeding do wn w ard from the ro ot,

w e obtain a Gr ay binary trie , as in Fig. 16(b).

Pro v e that if the \liev es" of a Gra y binary trie are tra v ersed in order, from left to

righ t, consecutiv e liev es corresp ond to adjacen t sub cub es. (Sub cub es are adjacen t if

they con tain adjacen t v ertices. F or example, 00 � � is adjacen t to 011 � b ecause the �rst

con tains 0010 and the second con tains 0110; but 011 � is not adjacen t to 10 �� .)

Fig. 16.

00 ��

010 � 011 � 100 �

1010 1011

11 ��

(a) Normal binary trie.

00 ��

010 �011 � 100 �

1010 1011

11 ��

(b) Gra y binary trie.
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23. [ 20 ] Supp ose g ( k ) � 2

j

= g ( l ). What is a simple w a y to �nd l , giv en j and k ?

24. [ M21 ] Consider extending the Gra y binary function g to all 2-adic in tegers (see

exercise 4.1{31). What is the corresp onding in v erse function g

[ � 1]

?

x 25 . [ M25 ] Pro v e that if g ( k ) and g ( l ) di�er in t > 0 bits, and if 0 � k ; l < 2

n

, then

d 2

t

= 3 e � j k � l j � 2

n

� d 2

t

= 3 e .

26. [ 25 ] (F rank Rusk ey .) F or whic h in tegers N is it p ossible to generate all of the

nonnegativ e in tegers less than N in suc h a w a y that only one bit of the binary repre-

sen tation c hanges at eac h step?

x 27 . [ 20 ] Let S

0

= f 1 g and S

n +1

= 1 = (2 + S

n

) [ 1 = (2 � S

n

); th us, for example,

S

2

=

8

>

>

<

>

>

:

1

2 +

1

2 + 1

;

1

2 +

1

2 � 1

;

1

2 �

1

2 + 1

;

1

2 �

1

2 � 1

9

>

>

=

>

>

;

=

�

3

7

;

1

3

;

3

5

; 1

�

;

and S

n

has 2

n

elemen ts that lie b et w een

1

3

and 1. Compute the 10

10

th smallest elemen t

of S

100

.

28. [ M27 ] A me dian of n -bit strings f �

1

; : : : ; �

t

g , where �

k

has the binary represen-

tation �

k

= a

k ( n � 1)

: : : a

k 0

, is a string ^� = a

n � 1

: : : a

0

whose bits a

j

for 0 � j < n

agree with the ma jorit y of the bits a

k j

for 1 � k � t . (If t is ev en and the bits

�

k j

are half 0 and half 1, the median bit a

j

can b e either 0 or 1.) F or example, the

strings f 0010 ; 0100 ; 0101 ; 1110 g ha v e t w o medians, 0100 and 0110, whic h w e can denote

b y 01 � 0.

a) Find a simple w a y to describ e the medians of G

t

= f g (0) ; : : : ; g ( t � 1) g , the �rst t

Gra y binary strings, when 0 < t � 2

n

.

b) Pro v e that if � = a

n � 1

: : : a

0

is suc h a median, and if 2

n � 1

< t < 2

n

, then the

string � obtained from � b y complemen ting an y bit a

j

is also an elemen t of G

t

.

29. [ M24 ] If in teger v alues k are transmitted as n -bit Gra y binary co des g ( k ) and

receiv ed with errors describ ed b y a bit pattern p = ( p

n � 1

: : : p

0

)

2

, the a v erage n umerical

error is

1

2

n

2

n

� 1

X

k = 0

�

�

�

( g

[ � 1]

( k ) � p ) � k

�

�

�

;

assuming that all v alues of k are equally lik ely . Sho w that this sum is equal to

P

2

n

� 1

k = 0

j ( k � p ) � k j = 2

n

, just as if Gra y binary co de w ere not used, and ev aluate it

explicitly .

x 30 . [ M27 ] ( Gr ay p ermutation .) Design a one-pass algorithm to replace the arra y

elemen ts ( X

0

; X

1

; X

2

; : : : ; X

2

n

� 1

) b y ( X

g (0)

; X

g (1)

; X

g (2)

; : : : ; X

g (2

n

� 1)

), using only a

constan t amoun t of auxiliary storage. Hint: Considering the function g ( n ) as a p er-

m utation of all nonnegativ e in tegers, sho w that the set

L = f 0 ; 1 ; (10)

2

; (100)

2

; (100 � )

2

; (100 � 0)

2

; (100 � 0 � )

2

; : : : g

is the set of cycle le aders (the smallest elemen ts of the cycles).

31. [ H M35 ] ( Gr ay �elds .) Let f

n

( x ) = g ( r

n

( x ) ) denote the op eration of re
ecting

the bits of an n -bit binary string as in exercise 5 and then con v erting to Gra y binary

co de. F or example, the op eration f

3

( x ) tak es (001)

2

7! (110)

2

7! (010)

2

7! (011)

2

7!

(101)

2

7! (111)

2

7! (100)

2

7! (001)

2

, hence all of the nonzero p ossibilities app ear in
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a single cycle. Therefore w e can use f

3

to de�ne a �eld of 8 elemen ts, with � as the

addition op erator and with m ultiplication de�ned b y the rule

f

[ j ]

3

(1) � f

[ k ]

3

(1) = f

[ j + k ]

3

(1) = f

[ j ]

3

( f

[ k ]

3

(1) ) :

The functions f

2

, f

5

, and f

6

ha v e the same nice prop ert y . But f

4

do es not, b ecause

f

4

( (1011)

2

) = (1011)

2

.

Find all n � 100 for whic h f

n

de�nes a �eld of 2

n

elemen ts.

32. [ M20 ] T rue or false: W alsh functions satisfy w

k

( � x ) = ( � 1)

k

w

k

( x ).

x 33 . [ M20 ] Pro v e the Rademac her-to-W alsh la w ( 17 ) .

34. [ M21 ] The Paley functions p

k

( x ) are de�ned b y

p

0

( x ) = 1 and p

k

( x ) = ( � 1)

b 2 x c k

p

b k = 2 c

(2 x ) :

Sho w that p

k

( x ) has a simple expression in terms of Rademac her functions, analogous

to ( 17 ) , and relate P aley functions to W alsh functions.

35. [ HM23 ] The 2

n

� 2

n

P aley matrix P

n

is obtained from P aley functions just as

the W alsh matrix W

n

is obtained from W alsh functions. (See ( 20 ) .) Find in teresting

relations b et w een P

n

, W

n

, and the Hadamard matrix H

n

. Pro v e that all three matrices

are symmetric.

36. [ 21 ] Sp ell out the details of an e�cien t algorithm to compute the W alsh transform

( x

0

; : : : ; x

2

n

� 1

) of a giv en v ector ( X

0

; : : : ; X

2

n

� 1

).

37. [ H M23 ] Let z

k l

b e the lo cation of the l th sign c hange in w

k

( x ), for 1 � l � k and

0 < z

k l

< 1. Pro v e that j z

k l

� l = ( k + 1) j = O ( (log k ) =k ) .

x 38 . [ M25 ] Devise a ternary generalization of W alsh functions.

x 39 . [ H M30 ] (J. J. Sylv ester.) The ro ws of (

a

b

b

� a

) are orthogonal to eac h other and

ha v e the same magnitude; therefore the matrix iden tit y

( A B )

�

a

2

+ b

2

0

0 a

2

+ b

2

� �

A

B

�

=

( A B )

�

a b

b � a

� �

a b

b � a

� �

A

B

�

=

( Aa + B b Ab � B a )

�

aA + bB

bA � aB

�

implies the sum-of-t w o-squares iden tit y ( a

2

+ b

2

)( A

2

+ B

2

) = ( aA + bB )

2

+ ( bA � aB )

2

.

Similarly , the matrix

0

B

B

@

a b c d

b � a d � c

d c � b � a

c � d � a b

1

C

C

A

leads to the sum-of-four-squares iden tit y

( a

2

+ b

2

+ c

2

+ d

2

)( A

2

+ B

2

+ C

2

+ D

2

) = ( aA + bB + cC + dD )

2

+ ( bA � aB + dC � cD )

2

+ ( dA + cB � bC � aD )

2

+ ( cA � dB � aC + bD )

2

:

a) A ttac h the signs of the matrix H

3

in ( 21 ) to the sym b ols f a; b; c; d; e; f ; g ; h g ,

obtaining a matrix with orthogonal ro ws and a sum-of-eigh t-squares iden tit y .

b) Generalize to H

4

and higher-order matrices.

x 40 . [ 21 ] W ould the text's �v e-letter w ord computation sc heme pro duce correct an-

sw ers also if the masks in step W2 w ere computed as m

j

= x ^ (2

5 j

� 1) for 0 � j < 5?
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41. [ 25 ] If w e restrict the �v e-letter w ord problem to the most common 3000 w ords |

thereb y eliminating ducky , duces , dunks , dinks , dinky , dices , dicey , dicky , dicks ,

picky , pinky , punky , and pucks from ( 23 ) | ho w man y v alid w ords can still b e gener-

ated from a single pair?

42. [ 35 ] (M. L. F redman.) Algorithm L uses �( n log n ) bits of auxiliary memory for

fo cus p oin ters as it decides what Gra y binary bit a

j

should b e complemen ted next.

On eac h step L3 it examines �(log n ) of the auxiliary bits, and it o ccasionally c hanges


(log n ) of them.

Sho w that, from a theoretical standp oin t, w e can do b etter: The n -bit Gra y binary

co de can b e generated b y c hanging at most 2 auxiliary bits b et w een visits. (W e still

allo w ourselv es to examine O (log n ) of the auxiliary bits on eac h step, so that w e kno w

whic h of them should b e c hanged.)

43. [ 47 ] Determine d (6), the n um b er of 6-bit Gra y cycles.

44. [ M37 ] Sho w that arbitrary delta sequences for Gra y cycles on n � 1 or n � 2 bits

can b e used to construct a large n um b er of delta sequences for n -bit Gra y cycles with

the prop ert y that exactly (a) one or (b) t w o of the co ordinate names o ccur only t wice.

45. [ M25 ] Pro v e that the sequence d ( n ) has doubly exp onen tial gro wth: There is a

constan t A > 1 suc h that d ( n ) = 
( A

2

n

).

46. [ H M48 ] Determine the asymptotic b eha vior of d ( n )

1 = 2

n

as n ! 1 .

47. [ M46 ] (Silv erman, Vic k ers, and Sampson.) Let S

k

= f g (0) ; : : : ; g ( k � 1) g b e the

�rst k elemen ts of the standard Gra y binary co de, and let H ( k ; v ) b e the n um b er

of Hamiltonian paths in S

k

that b egin with 0 and end with v . Pro v e or dispro v e:

H ( k ; v ) � H ( k ; g ( k � 1)) for all v 2 S

k

that are adjacen t to g ( k ).

48. [ 36 ] Pro v e that d ( n ) � 4( n= 2)

2

n

if the conjecture in the previous exercise is true.

[ Hint: Let d ( n; k ) b e the n um b er of n -bit Gra y cycles that b egin with g (0) : : : g ( k � 1);

the conjecture implies that d ( n ) � c

n 1

: : : c

n ( k � 1)

d ( n; k ), where c

nk

is the n um b er of

v ertices adjacen t to g ( k � 1) in the n -cub e but not in S

k

.]

49. [ 20 ] Pro v e that for all n � 1 there is a 2 n -bit Gra y cycle in whic h v

k +2

2 n � 1

is the

complemen t of v

k

, for all k � 0.

x 50 . [ 21 ] Find a construction lik e that of Theorem D but with l ev en.

51. [ M24 ] Complete the pro of of Corollary B to Theorem D.

52. [ M20 ] Pro v e that if the transition coun ts of an n -bit Gra y cycle satisfy c

0

� c

1

�

� � � � c

n � 1

, w e m ust ha v e c

0

+ � � � + c

j � 1

� 2

j

, with equalit y when j = n .

53. [ M46 ] If the n um b ers ( c

0

; : : : ; c

n � 1

) are ev en and satisfy the condition of the

previous exercise, is there alw a ys an n -bit Gra y cycle with these transition coun ts?

54. [ M20 ] (H. S. Shapiro, 1953.) Sho w that if a sequence of in tegers ( a

1

; : : : ; a

2

n

) con-

tains only n distinct v alues, then there is a subsequence whose pro duct a

k +1

a

k +2

: : : a

l

is a p erfect square, for some 0 � k < l � 2

n

. Ho w ev er, this conclusion migh t not b e

true if w e disallo w the case l = 2

n

.

55. [ 47 ] (F. Rusk ey and C. Sa v age, 1993.) If ( v

0

; : : : ; v

2

n

� 1

) is an n -bit Gra y cycle,

the pairs f f v

2 k

; v

2 k +1

g j 0 � k < 2

n � 1

g form a p erfect matc hing b et w een the v ertices

of ev en and o dd parit y in the n -cub e. Con v ersely , do es ev ery suc h p erfect matc hing

arise as \half " of some n -bit Gra y cycle?

56. [ M30 ] (E. N. Gilb ert, 1958.) Sa y that t w o Gra y cycles are equiv alen t if their delta

sequences can b e made equal b y p erm uting the co ordinate names, or b y rev ersing the
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cycle and/or starting the cycle at a di�eren t place. Sho w that the 2688 di�eren t 4-bit

Gra y cycles fall in to just 9 equiv alence classes.

57. [ 32 ] Consider a graph whose v ertices are the 2688 p ossible 4-bit Gra y cycles,

where t w o suc h cycles are adjacen t if they are related b y one of the follo wing simple

transformations:

Before After T yp e 1 After T yp e 2 After T yp e 3 After T yp e 4

(T yp e 1 c hanges arise when the cycle can b e brok en in to t w o parts and reassem bled

with one part rev ersed. T yp es 2, 3, and 4 arise when the cycle can b e brok en in to three

parts and reassem bled after rev ersing 0, 1, or 2 of the parts. The parts need not ha v e

equal size. Suc h transformations of Hamiltonian cycles are often p ossible.)

W rite a program to disco v er whic h 4-bit Gra y cycles are transformable in to eac h

other, b y �nding the connected comp onen ts of the graph; restrict consideration to only

one of the four t yp es at a time.

x 58 . [ 21 ] Let � b e the delta sequence of an n -bit Gra y cycle, and obtain � from � b y

c hanging q o ccurrences of 0 to n , where q is o dd. Pro v e that � � is the delta sequence

of an ( n + 1)-bit Gra y cycle.

59. [ 22 ] The 5-bit Gra y cycle of ( 30 ) is nonlo c al in the sense that no 2

t

consecutiv e

elemen ts b elong to a single t -sub cub e, for 1 < t < n . Pro v e that nonlo cal n -bit Gra y

cycles exist for all n � 5. [ Hint: See the previous exercise.]

60. [ 20 ] Sho w that the run-length-b ound function satis�es r ( n + 1) � r ( n ).

61. [ M30 ] Sho w that r ( m + n ) � r ( m ) + r ( n ) � 1 if (a) m = 2 and 2 < r ( n ) < 8; or

(b) m � n and r ( n ) � 2

m � 3

.

62. [ 46 ] Do es r (8) = 6?

63. [ 30 ] (Luis Go ddyn.) Pro v e that r (10) � 8.

x 64 . [ H M35 ] (L. Go ddyn and P . Gv ozdjak.) An n -bit Gr ay str e am is a sequence of

p erm utations ( �

0

; �

1

; : : : ; �

l � 1

) where eac h �

k

is a p erm utation of the v ertices of the

n -cub e, taking ev ery v ertex to one of its neigh b ors.

a) Supp ose ( u

0

; : : : ; u

2

m

� 1

) is an m -bit Gra y cycle and ( �

0

; �

1

; : : : ; �

2

m

� 1

) is an n -bit

Gra y stream. Let v

0

= 0 : : : 0 and v

k +1

= v

k

�

k

, where �

k

= �

k mo d 2

m

if k � 2

m

.

Under what conditions is the sequence

W = ( u

0

v

0

; u

0

v

1

; u

1

v

1

; u

1

v

2

; : : : ; u

2

m + n � 1

� 1

v

2

m + n � 1

� 1

; u

2

m + n � 1

� 1

v

2

m + n � 1

)

an ( m + n )-bit Gra y cycle?

b) Sho w that if m is su�cien tly large, there is an n -bit Gra y stream satisfying the

conditions of (a) for whic h all run lengths of the sequence ( v

0

; v

1

; : : : ) are � n � 2.

c) Apply these results to pro v e that r ( n ) � n � O (log n ).

65. [ 30 ] (Brett Stev ens.) In Sam uel Bec k ett's pla y Quad , the stage b egins and ends

empt y; n actors en ter and exit one at a time, running through all 2

n

p ossible subsets,

and the actor who lea v es is alw a ys the one whose previous en trance w as earliest. When

n = 4, as in the actual pla y , some subsets are necessarily rep eated. Sho w, ho w ev er,

that there is a p erfect pattern with exactly 2

n

en trances and exits when n = 5.
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66. [ 40 ] Is there a p erfect Bec k ett{Gra y pattern for 8 actors?

67. [ 20 ] Sometimes it is desirable to run through all n -bit binary strings b y c hanging

as many bits as p ossible from one step to the next, for example when testing a ph ysical

circuit for reliable b eha vior in w orst-case conditions. Explain ho w to tra v erse all binary

n -tuples in suc h a w a y that eac h step c hanges n or n � 1 bits, alternately .

68. [ 21 ] Rufus Q. P erv erse decided to construct an anti-Gr ay ternary co de, in whic h

eac h n -trit n um b er di�ers from its neigh b ors in every digit p osition. Is suc h a co de

p ossible for all n ?

x 69 . [ M25 ] Mo dify the de�nition of Gra y binary co de ( 7 ) b y letting

h ( k ) = ( : : : ( b

6

� b

5

) ( b

5

� b

4

) ( b

4

� b

3

� b

2

� b

0

) ( b

3

� b

0

) ( b

2

� b

1

� b

0

) b

1

)

2

;

when k = ( : : : b

5

b

4

b

3

b

2

b

1

b

0

)

2

.

a) Sho w that the sequence h (0), h (1), : : : , h (2

n

� 1) runs through all n -bit n um b ers

in suc h a w a y that exactly 3 bits c hange eac h time, when n > 3.

b) Generalize this rule to obtain sequences in whic h exactly t bits c hange at eac h

step, when t is o dd and n > t .

70. [ 21 ] Ho w man y monotonic n -bit Gra y co des exist for n = 5 and n = 6?

71. [ M22 ] Deriv e ( 45 ) , the recurrence that de�nes the Sa v age{Winkler p erm utations.

72. [ 20 ] What is the Sa v age{Winkler co de from 00000 to 11111?

x 73 . [ 32 ] Design an e�cien t algorithm to construct the delta sequence of an n -bit

monotonic Gra y co de.

74. [ M25 ] (Sa v age and Winkler.) Ho w far apart can adjacen t v ertices of the n -cub e

b e, in a monotonic Gra y co de?

75. [ 32 ] Find all 5-bit Gra y paths v

0

, : : : , v

31

that are tr end-fr e e , in the sense that

P

31

k = 0

k ( � 1)

v

k j

= 0 in eac h co ordinate p osition j .

76. [ M25 ] Pro v e that trend-free n -bit Gra y co des exist for all n � 5.

77. [ 21 ] Mo dify Algorithm H in order to visit mixed-radix n -tuples in mo dular Gra y

order.

78. [ M26 ] Pro v e the con v ersion form ulas ( 50 ) and ( 51 ) for re
ected mixed-radix Gra y

co des, and deriv e analogous form ulas for the mo dular case.

x 79 . [ M22 ] When is the last n -tuple of the (a) re
ected (b) mo dular mixed-radix Gra y

co de adjacen t to the �rst?

80. [ M20 ] Explain ho w to run through all divisors of a n um b er, giv en its prime

factorization p

e

1

1

: : : p

e

t

t

, rep eatedly m ultiplying or dividing b y a single prime at eac h

step.

81. [ M21 ] Let ( a

0

; b

0

), ( a

1

; b

1

), : : : , ( a

m

2

� 1

; b

m

2

� 1

) b e the 2-digit m -ary mo dular

Gra y co de. Sho w that, if m > 2, ev ery edge ( x; y ) � � � ( x; ( y + 1) mo d m ) and ( x; y ) � � �

( ( x + 1) mo d m; y ) o ccurs in one of the t w o cycles

( a

0

; b

0

) � � � ( a

1

; b

1

) � � � � � � � � � ( a

m

2

� 1

; b

m

2

� 1

) � � � ( a

0

; b

0

) ;

( b

0

; a

0

) � � � ( b

1

; a

1

) � � � � � � � � � ( b

m

2

� 1

; a

m

2

� 1

) � � � ( b

0

; a

0

) :

x 82 . [ M25 ] (G. Ringel, 1956.) Use the previous exercise to deduce that there exist four

8-bit Gra y cycles that, together, co v er all edges of the 8-cub e.

83. [ 41 ] Can four b alanc e d 8-bit Gra y cycles co v er all edges of the 8-cub e?
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x 84 . [ 25 ] (Ho w ard L. Dyc kman.) Figure 17 sho ws a fascinating puzzle called Lo on y

Lo op or the Gordian Knot, in whic h the ob ject is to remo v e a 
exible cord from the

rigid lo ops that surround it. Sho w that the solution to this puzzle is inheren tly related

to the re
ected Gra y ternary co de.

Fig. 17. The Lo on y Lo op puzzle.

x 85 . [ M25 ] (Dana Ric hards.) If � = ( �

0

; : : : ; �

t � 1

) is a sequence of t strings of length n

and �

0

= ( �

0

0

; : : : ; �

0

t

0

� 1

) is a sequence of t

0

strings of length n

0

, the b oustr ophe don

pr o duct � � �

0

is the sequence of t t

0

strings of length n + n

0

that b egins

( �

0

�

0

0

; : : : ; �

0

�

0

t

0

� 1

; �

1

�

0

t

0

� 1

; : : : ; �

1

�

0

0

; �

2

�

0

0

; : : : ; �

2

�

0

t

0

� 1

; �

3

�

0

t

0

� 1

; : : : )

and ends with �

t � 1

�

0

0

if t is ev en, �

t � 1

�

0

t

0

� 1

if t is o dd. F or example, the basic de�nition

of Gra y binary co de in ( 5 ) can b e expressed in this notation as �

n

= (0 ; 1) � �

n � 1

when

n > 0. Pro v e that the op eration � is asso ciativ e, hence �

m + n

= �

m

� �

n

.

x 86 . [ 26 ] De�ne an in�nite Gra y co de that runs through all p ossible nonnegativ e

in teger n -tuples ( a

1

; : : : ; a

n

) in suc h a w a y that max ( a

1

; : : : ; a

n

) � max ( a

0

1

; : : : ; a

0

n

)

when ( a

1

; : : : ; a

n

) is follo w ed b y ( a

0

1

; : : : ; a

0

n

).

87. [ 27 ] Con tin uing the previous exercise, de�ne an in�nite Gra y co de that runs

through al l in teger n -tuples ( a

1

; : : : ; a

n

), in suc h a w a y that max ( j a

1

j ; : : : ; j a

n

j ) �

max ( j a

0

1

j ; : : : ; j a

0

n

j ) when ( a

1

; : : : ; a

n

) is follo w ed b y ( a

0

1

; : : : ; a

0

n

).

x 88 . [ 25 ] After Algorithm K has terminated in step K4, what w ould happ en if w e

immediately restarted it in step K2?

x 89 . [ 25 ] ( Gr ay c o de for Morse c o de .) The Morse co de w ords of length n (exercise

4.5.3{32) are strings of dots and dashes, where n is the n um b er of dots plus t wice the

n um b er of dashes.

a) Sho w that it is p ossible to generate all Morse co de w ords of length n b y successiv ely

c hanging a dash to t w o dots or vice v ersa. F or example, the path for n = 3 m ust

b e

q

,

q q q

,

q

or its rev erse.

b) What string follo ws

q q q q q

in y our sequence for n = 15?

90. [ 26 ] F or what v alues of n can the Morse co de w ords b e arranged in a cycle , under

the ground rules of exercise 89? [ Hint: The n um b er of co de w ords is F

n +1

.]

x 91 . [ 34 ] Design a lo opless algorithm to visit all binary n -tuples ( a

1

; : : : ; a

n

) suc h that

a

1

� a

2

� a

3

� a

4

� � � � . [The n um b er of suc h n -tuples is F

n +2

.]

92. [ M30 ] Is there an in�nite sequence �

n

whose �rst m

n

elemen ts form an m -ary

de Bruijn cycle, for all m ? [The case n = 2 is solv ed in ( 54 ) .]

x 93 . [ M28 ] Pro v e that Algorithm R outputs a de Bruijn cycle as adv ertised.

94. [ 22 ] What is the output of Algorithm D when m = 5, n = 1, and r = 3, if the

coroutines f () and f

0

() generate the trivial cycles 0 1 2 3 4 0 1 2 3 4 0 1 : : : ?
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x 95 . [ M23 ] Supp ose an in�nite sequence a

0

a

1

a

2

: : : of p erio d p is in terlea v ed with an

in�nite sequence b

0

b

1

b

2

: : : of p erio d q to form the in�nite cyclic sequence

c

0

c

1

c

2

c

3

c

4

c

5

: : : = a

0

b

0

a

1

b

1

a

2

b

2

: : : :

a) Under what circumstances do es c

0

c

1

c

2

: : : ha v e p erio d pq ? (The \p erio d" of a

sequence a

0

a

1

a

2

: : : , for the purp oses of this exercise, is the smallest in teger p > 0

suc h that a

k

= a

k + p

for all k � 0.)

b) Whic h 2 n -tuples w ould o ccur as consecutiv e outputs of Algorithm D if step D6

w ere c hanged to sa y simply \If t

0

= n and x

0

< r , go to D4"?

c) Pro v e that Algorithm D outputs a de Bruijn cycle as adv ertised.

x 96 . [ M23 ] Supp ose a family of coroutines has b een set up to generate a de Bruijn

cycle of length m

n

using Algorithms R and D, based recursiv ely on simple coroutines

for the base case n = 2.

a) Ho w man y coroutines of eac h t yp e will there b e?

b) What is the maxim um n um b er of coroutine activ ations needed to get one top-lev el

digit of output?

97. [ M29 ] The purp ose of this exercise is to analyze the de Bruijn cycles constructed

b y Algorithms R and D in the imp ortan t sp ecial case m = 2. Let f

n

( k ) b e the ( k + 1)st

bit of the 2

n

-cycle, so that f

n

( k ) = 0 for 0 � k < n . Also let j

n

b e the index suc h that

0 � j

n

< 2

n

and f

n

( k ) = 1 for j

n

� k < j

n

+ n .

a) W rite out the cycles ( f

n

(0) : : : f

n

(2

n

� 1) ) for n = 2, 3, 4, and 5.

b) Pro v e that, for all ev en v alues of n , there is a n um b er �

n

= � 1 suc h that w e ha v e

f

n +1

( k ) �

�

� f

n

( k ) ; if 0 < k � j

n

or 2

n

+ j

n

< k � 2

n +1

,

1 + � f

n

( k + �

n

) ; if j

n

< k � 2

n

+ j

n

,

where the congruence is mo dulo 2. (In this form ula � f stands for the summation

function � f ( k ) =

P

k � 1

j =0

f ( j ).) Hence j

n +1

= 2

n

� �

n

when n is ev en.

c) Let ( c

n

(0) c

n

(1) : : : c

n

(2

2 n

� 5) ) b e the cycle pro duced when the simpli�ed v ersion

of Algorithm D in exercise 95(b) is applied to f

n

(). Where do the (2 n � 1)-tuples

1

2 n � 1

and (01)

n � 1

0 o ccur in this cycle?

d) Use the results of (c) to express f

2 n

( k ) in terms of f

n

().

e) Find a (somewhat) simple form ula for j

n

as a function of n .

98. [ M34 ] Con tin uing the previous exercise, design an e�cien t algorithm to compute

f

n

( k ), giv en n � 2 and k � 0.

x 99 . [ M23 ] Exploit the tec hnology of the previous exercises to design an e�cien t

algorithm that lo cates an y giv en n -bit string in the cycle ( f

n

(0) f

n

(1) : : : f

n

(2

n

� 1) ) .

100. [ 40 ] Do the de Bruijn cycles of exercise 97 pro vide a useful source of pseudo-

random bits when n is large?

x 101 . [ M30 ] ( Unique factorization of strings into nonincr e asing primes. )

a) Pro v e that if � and �

0

are prime, then ��

0

is prime if � < �

0

.

b) Consequen tly ev ery string � can b e written in the form

� = �

1

�

2

: : : �

t

; �

1

� �

2

� � � � � �

t

; where eac h �

j

is prime.

c) In fact, only one suc h factorization is p ossible. Hint: Sho w that �

t

m ust b e the

lexicographically smallest nonempt y su�x of � .

d) T rue or false: �

1

is the longest prime pre�x of � .

e) What are the prime factors of 3141592653589793238462643383279502884197?
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102. [ H M28 ] Deduce the n um b er of m -ary primes of length n from the unique fac-

torization theorem in the previous exercise.

103. [ M20 ] Use Eq. ( 59 ) to pro v e F ermat's theorem that m

p

� m (mo dulo p ).

104. [ 17 ] According to form ula ( 60 ) , ab out 1 =n of all n -letter w ords are prime. Ho w

man y of the 5757 �v e-letter GraphBase w ords are prime? Whic h of them is the smallest

nonprime? The largest prime?

105. [ M31 ] Let � b e a preprime string of length n on an in�nite alphab et.

a) Sho w that if the �nal letter of � is increased, the resulting string is prime.

b) If � has b een factored as in exercise 101, sho w that it is the n -extension of �

1

.

c) F urthermore � cannot b e the n -extension of t w o di�eren t primes.

x 106 . [ M30 ] By rev erse-engineering Algorithm F, design an algorithm that visits all

m -ary primes and preprimes in de cr e asing order.

107. [ H M30 ] Analyze the running time of Algorithm F.

108. [ M35 ] Let �

1

< � � � < �

t

b e the m -ary prime strings whose lengths divide n , and

let a

1

: : : a

n

b e an y m -ary string. The ob ject of this exercise is to pro v e that a

1

: : : a

n

app ears in �

1

: : : �

t

�

1

�

2

; hence �

1

: : : �

t

is a de Bruijn cycle (since it has length m

n

).

F or con v enience w e ma y assume that m = 10 and that strings corresp ond to decimal

n um b ers; the same argumen ts will apply for arbitrary m � 2.

a) Sho w that if a

1

: : : a

n

= �� is distinct from all its cyclic shifts, and if � � = �

k

is

prime, then �� is a substring of �

k

�

k +1

, unless � = 9

j

for some j � 1.

b) Where do es �� app ear in �

1

: : : �

t

if � � is prime and � consists of all 9s? Hint:

Sho w that if a

n +1 � l

: : : a

n

= 9

l

in step F2 for some l > 0, and if j is not a divisor

of n , the previous step F2 had a

n � l

: : : a

n

= 9

l +1

.

c) No w consider n -tuples of the form ( �� )

d

, where d > 1 is a divisor of n and

� � = �

k

is prime.

d) Where do 899135, 997879, 913131, 090909, 909090, and 911911 o ccur when n = 6?

e) Is �

1

: : : �

t

the lexicographically least m -ary de Bruijn cycle of length m

n

?

109. [ M22 ] An m -ary de Bruijn torus of size m

2

� m

2

for 2 � 2 windo ws is a matrix

of m -ary digits a

ij

suc h that eac h of the m

4

submatrices

�

a

ij

a

i ( j +1)

a

( i +1) j

a

( i +1)( j +1)

�

; 0 � i; j < m

2

is di�eren t, where subscripts wrap around mo dulo m

2

. Th us ev ery p ossible m -ary 2 � 2

submatrix o ccurs exactly once; Ian Stew art [ Game, Set, and Math (Oxford: Blac kw ell,

1989), Chapter 4] has therefore called it an m -ary our otorus . F or example,

0

B

B

@

0 0 1 0

0 0 0 1

0 1 1 1

1 0 1 1

1

C

C

A

is a binary ourotorus; indeed, it is essen tially the only suc h matrix when m = 2, except

for shifting and/or transp osition.

Consider the in�nite matrix A whose en try in ro w i = ( : : : a

2

a

1

a

0

)

2

and column

j = ( : : : b

2

b

1

b

0

)

2

is a

ij

= ( : : : c

2

c

1

c

0

)

2

, where

c

0

= ( a

0

� b

0

)( a

1

� b

1

) � b

1

;

c

k

= ( a

2 k

a

0

� b

2 k

) b

0

� ( a

2 k +1

a

0

� b

2 k +1

)( b

0

� 1) ; for k > 0 :

Sho w that the upp er left 2

2 n

� 2

2 n

submatrix of A is a 2

n

-ary ourotorus for all n � 0.
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110. [ M25 ] Con tin uing the previous exercise, construct m -ary ourotoruses for all m .

111. [ 20 ] W e can obtain the n um b er 100 in t w elv e w a ys b y inserting + and � signs

in to the sequence 123456789; for example, 100 = 1 + 23 � 4 + 5 + 6 + 78 � 9 =

123 � 45 � 67 + 89 = � 1 + 2 � 3 + 4 + 5 + 6 + 78 + 9.

a) What is the smallest p ositiv e in teger that cannot b e represen ted in suc h a w a y?

b) Consider also inserting signs in to the 10-digit sequence 9876543210.

x 112 . [ 25 ] Con tin uing the previous exercise, ho w far can w e go b y inserting signs in to

12345678987654321? F or example, 100 = � 1234 � 5 � 6 + 7898 � 7 � 6543 � 2 � 1.
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ANSWERS TO EXERCISES

All that hea rd him w ere astonished

at his understanding and answ ers.

| Luk e 2 : 47

SECTION 7.2.1.1

1. Let m

j

= u

j

� l

j

+ 1, and visit ( a

1

+ l

1

; : : : ; a

n

+ l

n

) instead of visiting ( a

1

; : : : ; a

n

)

in Algorithm M. Or, c hange ` a

j

 0' to ` a

j

 l

j

' and ` a

j

= m

j

� 1' to ` a

j

= u

j

' in

that algorithm, and set l

0

 0, u

0

 1 in step M1.

2. (0 ; 0 ; 1 ; 2 ; 3 ; 0 ; 2 ; 7 ; 0 ; 9).

3. Step M4 is p erformed m

1

m

2

: : : m

k

times when j = k ; therefore the total is

P

n

k =0

Q

k

j =1

m

j

= m

1

: : : m

n

(1 + 1 =m

n

+ 1 =m

n

m

n � 1

+ � � � + 1 =m

n

: : : m

1

). If all m

j

are 2 or more, this is less than 2 m

1

: : : m

n

. [Th us, w e should k eep in mind that fancy

Gra y-co de metho ds, whic h c hange only one digit p er visit, actually reduce the total

n um b er of digit c hanges b y at most a factor of 2.]

4. N1. [Initialize.] Set a

j

 m

j

� 1 for 0 � j � n , where m

0

= 2.

N2. [Visit.] Visit the n -tuple ( a

1

; : : : ; a

n

).

N3. [Prepare to subtract one.] Set j  n .

N4. [Borro w if necessary .] If a

j

= 0, set a

j

 m

j

� 1, j  j � 1, and rep eat this

step.

N5. [Decrease, unless done.] If j = 0, terminate the algorithm. Otherwise set

a

j

 a

j

� 1 and go bac k to step N2.

5. Bit re
ection is easy on a mac hine lik e MMIX , but on other computers w e can

pro ceed as follo ws:

R1. [Initialize.] Set j  k  0.

R2. [Sw ap.] In terc hange A [ j + 1] $ A [ k + 2

n � 1

]. Also, if j > k , in terc hange

A [ j ] $ A [ k ] and A [ j + 2

n � 1

+ 1] $ A [ k + 2

n � 1

+ 1].

R3. [Adv ance k .] Set k  k + 2, and terminate if k � 2

n � 1

.

R4. [Adv ance j .] Set h  2

n � 2

. If j � h , rep eatedly set j  j � h and h  h= 2

un til j < h . Then set j  j + h . (No w j = ( b

0

: : : b

n � 1

)

2

if k = ( b

n � 1

: : : b

0

)

2

.)

Return to R2.

6. If g ( (0 b

n � 1

: : : b

1

b

0

)

2

) = ( 0 ( b

n � 1

) : : : ( b

2

� b

1

)( b

1

� b

0

) )

2

then g ( (1 b

n � 1

: : : b

1

b

0

)

2

) =

2

n

+ g ( (0 b

n � 1

: : : b

1

b

0

)

2

) = ( 1( b

n � 1

) : : : ( b

2

� b

1

)( b

1

� b

0

) )

2

, where b = b � 1.
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7. T o accommo date 2 r sectors one can use g ( k ) for 2

n

� r � k < 2

n

+ r , where

n = d lg r e , b ecause g (2

n

� r ) � g (2

n

+ r � 1) = 2

n

b y ( 5 ) . [G. C. T o otill, Pro c. IEE

103 , P art B Supplemen t (1956), 434.] See also exercise 26.

8. Use Algorithm G with n  n � 1 and include the parit y bit a

1

at the righ t. (This

yields g (0), g (2), g (4), : : : .)

9. Replace the righ tmost ring, since � (1011000) is o dd.

10. A

n

+ B

n

= g

[ � 1]

(2

n

� 1) = b 2

n +1

= 3 c and A

n

= B

n

+ n . Hence A

n

= b 2

n

= 3 + n= 2 c

and B

n

= b 2

n

= 3 � n= 2 c .

Historic al notes: The early Japanese mathematician Y oriyuki Arima (1714{1783)

treated this problem in his Sh � uki Sanp� o (1769), Problem 44, observing that the n -

ring puzzle reduces to an ( n � 1)-ring puzzle after a certain n um b er of steps. Let

C

n

= A

n

� A

n � 1

= B

n

� B

n � 1

+ 1 b e the n um b er of rings remo v ed during this

reduction. Arima noticed that C

n

= 2 C

n � 1

� [ n ev en]; th us he could compute A

n

=

C

1

+ C

2

+ � � � + C

n

for n = 9 without actually kno wing the form ula C

n

= d 2

n � 1

= 3 e .

More than t w o cen turies earlier, Cardano had already men tioned the \ complicati

ann uli " in his De Subtilitate Libri XXI (Nurem b erg: 1550), Bo ok 15. He wrote that

they are \useless y et admirably subtle," stating erroneously that 95 mo v es are needed

to remo v e sev en rings and 95 more to put them bac k. John W allis dev oted sev en

pages to this puzzle in the Latin edition of his Algebra 2 (Oxford: 1693), Chapter 111,

presen ting detailed but nonoptim um metho ds for the nine-ring case. He included the

op eration of sliding a ring through the bar as w ell as putting it on or o�, and he hin ted

that shortcuts w ere a v ailable, but he did not attempt to �nd a shortest solution.

11. The solution to S

n

= S

n � 2

+ 1 + S

n � 2

+ S

n � 1

when S

1

= S

2

= 1 is S

n

=

2

n � 1

� [ n ev en]. [ Math. Quest. Educational Times 3 (1865), 66{67.]

12. (a) The theory of n � 1 Chinese rings pro v es that Gra y binary co de yields the

comp ositions in a con v enien t order (4, 31, 211, 22, 112, 1111, 121, 13):

A1. [Initialize.] Set t  0, j  1, s

1

 n . (W e assume that n > 1.)

A2. [Visit.] Visit s

1

: : : s

j

. Then set t  1 � t , and go to A4 if t = 0.

A3. [Odd step.] If s

j

> 1, set s

j

 s

j

� 1, s

j +1

 1, j  j + 1; otherwise set

j  j � 1 and s

j

 s

j

+ 1. Return to A2.

A4. [Ev en step.] If s

j � 1

> 1, set s

j � 1

 s

j � 1

� 1, s

j +1

 s

j

, s

j

 1, j  j + 1;

otherwise set j  j � 1, s

j

 s

j +1

, s

j � 1

 s

j � 1

+ 1 (but terminate if

j � 1 = 0). Return to A2.

(b) No w q

1

, : : : , q

t � 1

represen t rings on the bar:

B1. [Initialize.] Set t  1, q

0

 n . (W e assume that n > 1.)

B2. [Visit.] Set q

t

 0 and visit ( q

0

� q

1

) : : : ( q

t � 1

� q

t

). Go to B4 if t is ev en.

B3. [Odd step.] If q

t � 1

= 1, set t  t � 1; otherwise set q

t

 1 and t  t + 1.

Return to step B2.

B4. [Ev en step.] If q

t � 2

= q

t � 1

+ 1, set q

t � 2

 q

t � 1

and t  t � 1 (but terminate

if t = 2); otherwise set q

t

 q

t � 1

, q

t � 1

 q

t

+ 1, t  t + 1. Return to B2.

These algorithms [see J. Misra, A CM T rans. Math. Soft w are 1 (1975), 285] are lo opless

ev en in their initialization steps.

13. In step A1, also set C  1. In step A3, set C  s

j

C if s

j

> 1, otherwise

C  C = ( s

j � 1

+ 1). In step A4, set C  s

j � 1

C if s

j � 1

> 1, otherwise C  C = ( s

j � 2

+ 1).
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Similar mo di�cations apply to steps B1, B3, B4. Su�cien t precision is needed to

accommo date the v alue C = n ! for the comp osition 1 : : : 1; w e are stretc hing the

de�nition of lo oplessness b y assuming that arithmetic op erations tak e unit time.

14. S1. [Initialize.] Set j  0.

S2. [Visit.] Visit the string a

1

: : : a

j

.

S3. [Lengthen.] If j < n , set j  j + 1, a

j

 0, and return to S2.

S4. [Increase.] If a

j

< m

j

� 1, set a

j

 a

j

+ 1 and return to S2.

S5. [Shorten.] Set j  j � 1, and return to S4 if j > 0.

15. T1. [Initialize.] Set j  0.

T2. [Ev en visit.] If j is ev en, visit the string a

1

: : : a

j

.

T3. [Lengthen.] If j < n , set j  j + 1, a

j

 0, and return to T2.

T4. [Odd visit.] If j is o dd, visit the string a

1

: : : a

j

.

T5. [Increase.] If a

j

< m

j

� 1, set a

j

 a

j

+ 1 and return to T2.

T6. [Shorten.] Set j  j � 1, and return to T4 if j > 0.

This algorithm is lo opless, although it ma y app ear at �rst glance to con tain lo ops; at

most four steps separate consecutiv e visits. The basic idea is related to exercise 2.3.1{5

and to \prep ostorder" tra v ersal (Algorithm 7.2.1.6Q).

16. Supp ose LINK ( j � 1) = j + n b

j

for 1 � j � n and LINK ( j � 1 + n ) = j + n (1 � b

j

)

for 1 < j � n . These links represen t ( a

1

; : : : ; a

n

) if and only if g ( b

1

: : : b

n

) = a

1

: : : a

n

,

so w e can use a lo opless Gra y binary generator to ac hiev e the desired result.

17. Put the concatenation of 3-bit co des ( g ( j ) ; g ( k ) ) in ro w j and column k , for 0 �

j; k < 8. [It is not di�cult to pro v e that this is essen tially the only solution, except

for p erm uting and/or complemen ting co ordinates and/or rotating ro ws, b ecause the

co ordinate that c hanges when mo ving north or south dep ends only on the ro w, and a

similar statemen t applies to columns. Karnaugh's isomorphism b et w een the 4-cub e and

the 4 � 4 torus can b e traced bac k to The Design of Switc hing Circuits b y W. Keister,

A. E. Ritc hie, and S. H. W ash burn (1951), page 174. Inciden tally , Keister w en t on to

design an ingenious v arian t of Chinese rings called SpinOut, and a generalization called

The Hexadecimal Puzzle, U.S. P aten ts 3637215{3637216 (1972).]

18. Use 2-bit Gra y co de to represen t the digits u

j

= (0 ; 1 ; 2 ; 3) resp ectiv ely as the bit

pairs u

0

2 j � 1

u

0

2 j

= (00 ; 01 ; 11 ; 10). [C. Y. Lee in tro duced his metric in IEEE T rans. IT-4

(1958), 77{82. A similar m= 2-bit enco ding w orks for ev en v alues of m ; for example,

when m = 8 w e can represen t (0 ; 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7) b y (0000 ; 0001 ; 0011 ; 0111 ; 1111 ; 1110 ;

1100 ; 1000). But suc h a sc heme lea v es out some of the binary patterns when m > 4.]

19. (a) A mo dular Gra y quaternary algorithm needs sligh tly less computation than

Algorithm M, but it do esn't matter b ecause 256 is so small. The result is z

8

0

+ z

8

1

+

z

8

2

+ z

8

3

+ 14( z

4

0

z

4

2

+ z

4

1

z

4

3

) + 56 z

0

z

1

z

2

z

3

( z

2

0

+ z

2

2

)( z

2

1

+ z

2

3

).

(b) Replacing ( z

0

; z

1

; z

2

; z

3

) b y (1 ; z ; z

2

; z ) giv es 1 + 112 z

6

+ 30 z

8

+ 112 z

10

+ z

16

;

th us all of the nonzero Lee w eigh ts are � 6. No w use the construction in the previous

exercise to con v ert eac h ( u

0

; u

1

; u

2

; u

3

; u

4

; u

5

; u

6

; u

1

) in to a 16-bit n um b er.

20. Reco v er the quaternary v ector ( u

0

; u

1

; u

2

; u

3

; u

4

; u

5

; u

6

; u

1

) from u

0

, and use Al-

gorithm 4.6.1D to �nd the remainder of u

0

+ u

1

x + � � � + u

6

x

6

divided b y g ( x ), mo d 4;

that algorithm can b e used in spite of the fact that the co e�cien ts do not b elong to a

�eld, b ecause g ( x ) is monic. Express the remainder as x

j

+ 2 x

k

(mo dulo g ( x ) and 4),

and let d = ( k � j ) mo d 7, s = ( u

0

+ � � � + u

6

+ u

1

) mo d 4.
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Case 1, s = 1: If k = 1 , the error w as x

j

(in other w ords, the correct v ector has

u

j

 ( u

j

� 1) mo d 4); otherwise there w ere three or more errors.

Case 2, s = 3: If j = k the error w as � x

j

; otherwise � 3 errors o ccurred.

Case 3, s = 0: If j = k = 1 , no errors w ere made; if j = 1 and k < 1 ,

at least four errors w ere made. Otherwise the errors w ere x

a

� x

b

, where a = ( j +

( 1 ; 6 ; 5 ; 2 ; 3 ; 1 ; 4 ; 0) ) mo d 7 according as d = (0 ; 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 1 ), and b = ( j + 2 d ) mo d 7.

Case 4, s = 2: If j = 1 the errors w ere 2 x

k

. Otherwise the errors w ere

x

j

+ x

1

, if k = 1 ;

� x

j

� x

1

, if d = 0;

x

a

+ x

b

, if d 2 f 1 ; 2 ; 4 g ; a = ( j � 3 d ) mo d 7 ; b = ( j � 2 d ) mo d 7;

� x

a

� x

b

, if d 2 f 3 ; 5 ; 6 g ; a = ( j � 3 d ) mo d 7 ; b = ( j � d ) mo d 7 :

Giv en u

0

= (1100100100001111)

2

, w e ha v e u = (2 ; 0 ; 3 ; 1 ; 0 ; 0 ; 2 ; 2) and 2 + 3 x

2

+

x

3

+ 2 x

6

� 1 + 3 x + 3 x

2

� x

5

+ 2 x

6

; also s = 2. Th us the errors are x

2

+ x

3

, and

the nearest errorfree co dew ord is (2 ; 0 ; 2 ; 0 ; 0 ; 0 ; 2 ; 2). Algorithm 4.6.1D tells us that

2 + 2 x

2

+ 2 x

6

� (2 + 2 x + 2 x

3

) g ( x ) (mo dulo 4); so the eigh t information bits corresp ond

to ( v

0

; v

1

; v

2

; v

3

) = (2 ; 2 ; 0 ; 2). [A more in telligen t algorithm w ould also sa y , \Aha: The

�rst 16 bits of � ."]

F or generalizations to other e�cien t co ding sc hemes based on quaternary v ectors,

see the classic pap er b y Hammons, Kumar, Calderbank, Sloane, and Sol � e, IEEE T rans.

IT-40 (1994), 301{319.

21. (a) C ( � ) = 1, C (0 � ) = C (1 � ) = C ( � ), and C ( � � ) = 2 C ( � ) � [ 10 : : : 0 2 � ].

Iterating this recurrence giv es C ( � ) = 2

t

� 2

t � 1

e

t

� 2

t � 2

e

t � 1

� � � � � 2

0

e

1

, where

e

j

= [ 10 : : : 0 2 �

j

] and �

j

is the su�x of � follo wing the j th asterisk. In the example

w e ha v e �

1

= � 10 �� 0 � , �

2

= 10 � � 0 � , : : : , �

5

= � ; th us e

1

= 0, e

2

= 1, e

3

= 1, e

4

= 0,

and e

5

= 1 (b y con v en tion), hence C ( � � 10 � � 0 � ) = 2

5

� 2

4

� 2

2

� 2

1

= 10.

(b) W e ma y remo v e trailing asterisks so that t = t

0

. Then e

t

= 1 implies e

t � 1

=

� � � = e

1

= 0. [The case C ( � ) = 2

t

0

� 1

o ccurs if and only if � ends in 10

j

�

k

.]

(c) T o compute the sum of C ( � ) o v er all t -sub cub es, note that

�

n

t

�

clusters b egin at

the n -tuple 0 : : : 0, and

�

n � 1

t

�

b egin at eac h succeeding n -tuple (namely one cluster for

eac h t -sub cub e con taining that n -tuple and sp ecifying the bit that c hanged). Th us the

a v erage is (

�

n

t

�

+ (2

n

� 1)

�

n � 1

t

�

) = 2

n � t

�

n

t

�

= 2

t

(1 � t=n ) + 2

t � n

( t=n ). [The form ula in (c)

holds for any n -bit Gra y path, but (a) and (b) are sp eci�c to the re
ected Gra y binary

co de. These results are due to C. F aloutsos, IEEE T rans. SE-14 (1988), 1381{1393.]

22. Let � �

j

and � �

k

b e consecutiv e liev es of a Gra y binary trie, where � and � are

binary strings and j � k . Then the last k � j bits of � are a string �

0

suc h that �

and � �

0

are consecutiv e elemen ts of Gra y binary co de, hence adjacen t. [In teresting

applications of this prop ert y to cub e-connected message-passing concurren t computers

are discussed in A VLSI Arc hitecture for Concurren t Data Structures b y William J.

Dally (Klu w er, 1987), Chapter 3.]

23. 2

j

= g ( k ) � g ( l ) = g ( k � l ) implies that l = k � g

[ � 1]

(2

j

) = k � (2

j +1

� 1). In

other w ords, if k = ( b

n � 1

: : : b

0

)

2

w e ha v e l = ( b

n � 1

: : : b

j +1

b

j

: : : b

0

)

2

.

24. De�ning g ( k ) = k � b k = 2 c as usual, w e �nd g ( k ) = g ( � 1 � k ); hence there are two

2-adic in tegers k suc h that g ( k ) has a giv en 2-adic v alue l . One of them is ev en, the

other is o dd. W e can con v enien tly de�ne g

[ � 1]

to b e the solution that is ev en; then

( 8 ) is replaced b y b

j

= a

j � 1

� � � � � a

0

, for j � 0. F or example, g

[ � 1]

(1) = � 2 b y this

de�nition; when l is a normal in teger, the \sign" of g

[ � 1]

( l ) is the parit y of l .
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25. Let p = k � l ; exercise 7.1{00 tells us that 2

b lg p c +1

� p � j k � l j � p . W e

ha v e � ( g ( p ) ) = � ( g ( k ) � g ( l ) ) = t if and only if there are p ositiv e in tegers j

1

, : : : , j

t

suc h that p = (1

j

1

0

j

2

1

j

3

: : : (0 or 1)

j

t

)

2

. The largest p ossible p < 2

n

o ccurs when

j

1

= n + 1 � t and j

2

= � � � = j

t

= 1, yielding p = 2

n

� d 2

t

= 3 e . The smallest p ossible

2

b lg p c +1

� p = (1

j

2

0

j

3

: : : (1 or 0)

j

t

)

2

+ 1 o ccurs when j

2

= � � � = j

t

= 1, yielding

p = d 2

t

= 3 e . [C. K. Y uen, IEEE T rans. IT-20 (1974), 668; S. R. Ca vior, IEEE T rans.

IT-21 (1975), 596.]

26. Let N = 2

n

t

+ � � � + 2

n

1

where n

t

> � � � > n

1

� 0; also, let �

n

b e an y Gra y co de

for f 0 ; 1 ; : : : ; 2

n

� 1 g that b egins at 0 and ends at 1, except that �

0

is simply 0. Use

�

R

n

t

; 2

n

t

+ �

n

t � 1

; : : : ; 2

n

t

+ � � � + 2

n

3

+ �

R

n

2

; 2

n

t

+ � � � + 2

n

2

+ �

n

1

; if t is ev en;

�

n

t

; 2

n

t

+ �

R

n

t � 1

; : : : ; 2

n

t

+ � � � + 2

n

3

+ �

R

n

2

; 2

n

t

+ � � � + 2

n

2

+ �

n

1

; if t is o dd.

27. In general, if k = ( b

n � 1

: : : b

0

)

2

, the ( k + 1)st largest elemen t of S

n

is equal to

1 /( 2 � ( � 1)

a

n � 1

/( 2 � � � � = (2 � ( � 1)

a

1

= (2 � ( � 1)

a

0

)) : : : )) ;

corresp onding to the sign pattern g ( k ) = ( a

n � 1

: : : a

0

)

2

. Th us w e can compute an y ele-

men t of S

n

in O ( n ) steps, giv en its rank. Setting k = 2

100

� 10

10

and n = 100 yields the

answ er 373065177 = 1113604409. [Whenev er f ( x ) is a p ositiv e and monotonic function,

the 2

n

elemen ts f ( � f ( : : : � f ( � x ) : : : ) ) are ordered according to Gra y binary co de, as

observ ed b y H. E. Salzer, CA CM 16 (1973), 180. In this particular case there is, ho w-

ev er, another w a y to get the answ er, b ecause w e also ha v e S

n

= = = 2 ; � 2 ; : : : ; � 2 ; � 1 = =

using the notation of Section 4.5.3; con tin ued fractions in this form are ordered b y

complemen ting alternate bits of k .]

28. (a) As t = 1, 2, : : : , bit a

j

of median( G

t

) runs through the p erio dic sequence

0 ; : : : ; 0 ; � ; 1 ; : : : ; 1 ; � ; 0 ; : : : ; 0 ; � ; : : :

with asterisks at ev ery 2

1+ j

th step. Th us the strings that corresp ond to the binary

represen tations of b ( t � 1) = 2 c and b t= 2 c are medians. And those strings are in fact

\extreme" cases, in the sense that all medians agree with the common bits of b ( t � 1) = 2 c

and b t= 2 c , hence asterisks app ear where they disagree. F or example, when t = 100 =

(01100100)

2

and n = 8, w e ha v e median( G

100

) = 001100 � � .

(b) Since G

2 t

= 2 G

t

[ (2 G

t

+ 1), w e ma y assume that t = ( a

n � 2

: : : a

1

a

0

1)

2

is

o dd. If � is g ( p ) and � is g ( q ) in Gra y binary , w e ha v e p = ( p

n � 1

: : : p

0

)

2

and q =

( p

n � 1

: : : p

j +1

p

j

: : : p

0

)

2

; and a

n � 1

a

n � 2

= 01 = p

n � 1

p

n � 2

. W e cannot ha v e p < t � q ,

b ecause this w ould imply that j = n � 1 and p

n � 3

= p

n � 4

= � � � = p

0

= 1. [See A. J.

Bernstein, K. Steiglitz, and J. E. Hop croft, IEEE T rans. IT-12 (1966), 425{430.]

29. Assuming that p 6= 0, let l = b lg p c and S

a

= f s j 2

l

a � s < 2

l

( a + 1) g for

0 � a < 2

n � l

. Then ( k � p ) � k has a constan t sign for all k 2 S

a

, and

X

k 2 S

a

�

�

�

( k � p ) � k

�

�

�

= 2

l

j S

a

j = 2

2 l

:

Also g

[ � 1]

( g ( k ) � p ) = k � g

[ � 1]

( p ), and b lg g

[ � 1]

( p ) c = b lg p c . Therefore

1

2

n

2

n

� 1

X

k = 0

�

�

�

g

[ � 1]

( g ( k ) � p ) � k

�

�

�

=

1

2

n

2

n � l

� 1

X

a =0

X

k 2 S

a

�

�

�

( k � g

[ � 1]

( p ) ) � k

�

�

�

=

1

2

n

2

n � l

� 1

X

a =0

2

2 l

= 2

l

:

[See Morgan M. Buc hner, Jr., Bell System T ec h. J. 48 (1969), 3113{3130.]
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30. The cycle con taining k > 1 has length 2

b lg lg k c +1

, b ecause it is easy to sho w from

Eq. ( 7 ) that if k = ( b

n � 1

: : : b

0

)

2

w e ha v e

g

[2

l

]

( k ) = ( c

n � 1

: : : c

0

)

2

; where c

j

= b

j

� b

j + l +1

.

T o p erm ute all elemen ts k suc h that b lg k c = t , there are t w o cases: If t is a p o w er of 2,

the cycle con taining 2 b k = 2 c also con tains 2 b k = 2 c + 1, so w e m ust double the cycle leaders

for t � 1. Otherwise the cycle con taining 2 b k = 2 c is disjoin t from the cycle con taining

2 b k = 2 c + 1, so L

t

= (2 L

t � 1

) [ (2 L

t � 1

+ 1) = ( L

t � 1

� )

2

. This argumen t, disco v ered b y

J• org Arndt in 2001, establishes the hin t and yields the follo wing algorithm:

P1. [Initialize.] Set t  1, m  0. (W e ma y assume that n � 2.)

P2. [Lo op through leaders.] Set r  m . P erform Algorithm Q with k = 2

t

+ r ;

then if r > 0, set r  ( r � 1) ^ m and rep eat un til r = 0. [See exercise 7.1{00.]

P3. [Increase lg k .] Set t  t + 1. T erminate if t is no w equal to n ; otherwise set

m  2 m + [ t ^ ( t � 1) 6= 0 ] and return to P2.

Q1. [Begin a cycle.] Set s  X

k

, l  k , j  l � b l = 2 c .

Q2. [F ollo w the cycle.] If j 6= k set X

l

 X

j

, l  j , j  l � b l = 2 c , and rep eat

un til j = k . Then set X

l

 s .

31. W e get a �eld from f

n

if and only if w e get one from f

[2]

n

, whic h tak es ( a

n � 1

: : : a

0

)

2

to ( ( a

n � 1

� a

n � 2

)( a

n � 1

� a

n � 3

)( a

n � 2

� a

n � 4

) : : : ( a

2

� a

0

)( a

1

) )

2

. Let c

n

( x ) b e the

c haracteristic p olynomial of the matrix A de�ning this transformation, mo d 2; then

c

1

( x ) = x + 1, c

2

( x ) = x

2

+ x + 1, and c

j +1

( x ) = xc

j

( x ) + c

j � 1

( x ). Since c

n

( A ) is the

zero matrix, b y the Ca yley{Hamilton theorem, a �eld is obtained if and only if c

n

( x ) is

a primitiv e p olynomial, and this condition can b e tested as in Section 3.2.2. The �rst

suc h v alues of n are 1, 2, 3, 5, 6, 9, 11, 14, 23, 26, 29, 30, 33, 35, 39, 41, 51, 53, 65, 69,

74, 81, 83, 86, 89, 90, 95.

[Running the recurrence bac kw ards sho ws that c

� j � 1

( x ) = c

j

( x ), hence c

j

( x )

divides c

(2 j +1) k + j

( x ); for example, c

3 k +1

( x ) is alw a ys a m ultiple of x + 1. All n um b ers n

of the form 2 j k + j + k are therefore excluded when j > 0 and k > 0. The p olynomials

c

18

( x ), c

50

( x ), c

98

( x ), and c

99

( x ) are irreducible but not primitiv e.]

32. Mostly true, but false at the p oin ts where w

k

( x ) c hanges sign. (W alsh originally

suggested that w

k

( x ) should b e zero at suc h p oin ts; but the con v en tion adopted here

is b etter, b ecause it mak es simple form ulas lik e ( 15 ) {( 19 ) v alid for all x .)

33. By induction on k , w e ha v e

w

k

( x ) = w

b k = 2 c

(2 x ) = r

1

(2 x )

b

1

+ b

2

r

2

(2 x )

b

2

+ b

3

: : : = r

1

( x )

b

0

+ b

1

r

2

( x )

b

1

+ b

2

r

3

( x )

b

2

+ b

3

: : :

for 0 � x <

1

2

, b ecause r

j

(2 x ) = r

j +1

( x ) and r

1

( x ) = 1 in this range. And when

1

2

� x < 1,

w

k

( x ) = ( � 1)

d k = 2 e

w

b k = 2 c

(2 x � 1) = r

1

( x )

b

0

+ b

1

r

1

(2 x � 1)

b

1

+ b

2

r

2

(2 x � 1)

b

2

+ b

3

: : :

= r

1

( x )

b

0

+ b

1

r

2

( x )

b

1

+ b

2

r

3

( x )

b

2

+ b

3

: : :

b ecause d k = 2 e � b

0

+ b

1

(mo dulo 2) and r

j

(2 x � 1) = r

j +1

( x �

1

2

) = r

j +1

( x ) for j � 1.

34. p

k

( x ) =

Q

j � 0

r

b

j

j +1

; hence w

k

( x ) = p

k

( x ) p

b k = 2 c

( x ) = p

g ( k )

( x ). [R. E. A. C. P aley ,

Pro c. London Math. So c. (2) 34 (1932), 241{279.]
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35. If j = ( a

n � 1

: : : a

0

)

2

and k = ( b

n � 1

: : : b

0

)

2

, the elemen t in ro w j and column k is

( � 1)

f ( j ;k )

, where f ( j; k ) is the sum of all a

r

b

s

suc h that: r = s (Hadamard); r + s = n � 1

(P aley); r + s = n or n � 1 (W alsh).

Let R

n

, F

n

, and G

n

b e p erm utation matrices for the p erm utations that tak e

j = ( a

n � 1

: : : a

0

)

2

to k = ( a

0

: : : a

n � 1

)

2

, k = 2

n

� 1 � j = ( a

n � 1

: : : a

0

)

2

, and k =

g

[ � 1]

( j ) = ( ( a

n � 1

) : : : ( a

n � 1

� � � � � a

0

) )

2

, resp ectiv ely . Then, using the Kronec k er

pro duct of matrices, w e ha v e the recursiv e form ulas

R

n +1

=

�

R

n


 (1 0)

R

n


 (0 1)

�

; F

n +1

= F

n




�

0 1

1 0

�

; G

n +1

=

�

G

n

0

0 G

n

F

n

�

;

H

n +1

= H

n




�

1 1

1 1

�

; P

n +1

=

�

P

n


 (1 1)

P

n


 (1 1)

�

; W

n +1

=

�

W

n


 (1 1)

F

n

W

n


 (1 1)

�

:

Th us W

n

= G

T

n

P

n

= P

n

G

n

; H

n

= P

n

R

n

= R

n

P

n

; and P

n

= W

n

G

T

n

= G

n

W

n

=

H

n

R

n

= R

n

H

n

.

36. W1. [Hadamard transform.] F or k = 0, 1, : : : , n � 1, replace the pair ( X

j

; X

j +2

k

)

b y ( X

j

+ X

j +2

k

; X

j

� X

j +2

k

) for all j with b j = 2

k

c ev en, 0 � j < 2

n

. (These

op erations e�ectiv ely set X

T

 H

n

X

T

.)

W2. [Bit rev ersal.] Apply the algorithm of exercise 5 to the v ector X . (These

op erations e�ectiv ely set X

T

 R

n

X

T

, in the notation of exercise 35.)

W3. [Gra y binary p erm utation.] Apply the algorithm of exercise 30 to the v ec-

tor X . (These op erations e�ectiv ely set X

T

 G

T

n

X

T

.)

If n has one of the sp ecial v alues in exercise 31, it ma y b e faster to com bine steps W2

and W3 in to a single p erm utation step.

37. If k = 2

e

1

+ � � � + 2

e

t

with e

1

> � � � > e

t

� 0, the sign c hanges o ccur at S

e

1

[ � � � [ S

e

t

,

where

S

0

=

n

1

2

o

; S

1

=

n

1

4

;

3

4

o

; : : : ; S

e

=

n

2 j + 1

2

e

�

�

�

0 � j < 2

e

o

:

Therefore the n um b er of sign c hanges in (0 : : x ) is

P

t

j =1

b 2

e

j

x +

1

2

c . Setting x = l = ( k + 1)

giv es l + O ( t ) c hanges; so the l th is at a distance of at most O ( � ( k )) = 2

b lg k c

from l = ( k + 1).

[This argumen t mak es it plausible that in�nitely man y pairs ( k ; l ) exist with

j z

k l

� l = ( k + 1) j = 
 ( (log k ) =k ) . But no explicit construction of suc h \bad" pairs

is immediately apparen t.]

38. Let t

0

( x ) = 1 and t

k

( x ) = !

b 3 x cd 2 k = 3 e

t

b k = 3 c

(3 x ), where ! = e

2 � i= 3

. Then t

k

( x )

winds around the origin

2

3

k times as x increases from 0 to 1. If s

k

( x ) = !

b 3

k

x c

is the

ternary analog of the Rademac her function r

k

( x ), w e ha v e t

k

( x ) =

Q

j � 0

s

j +1

( x )

b

j

� b

j +1

when k = ( b

n � 1

: : : b

0

)

3

, as in the mo dular ternary Gra y co de.

39. Let's call the sym b ols f x

0

; x

1

; : : : ; x

7

g instead of f a; b; c; d; e; f ; g ; h g . W e w an t to

�nd a p erm utation p of f 0 ; 1 ; : : : ; 7 g suc h that the matrix with ( � 1)

j � k

x

p ( j ) � k

in ro w j

and column k has orthogonal ro ws; this condition is equiv alen t to requiring that

( j + j

0

) � ( p ( j ) + p ( j

0

) ) � 1 (mo dulo 2), for 0 � j < j

0

< 8.

One solution is p (0) : : : p (7) = 0 1 7 2 5 6 3 4, yielding the iden tit y ( a

2

+ b

2

+ c

2

+ d

2

+

e

2

+ f

2

+ g

2

+ h

2

) ( A

2

+ B

2

+ C

2

+ D

2

+ E

2

+ F

2

+ G

2

+ H

2

) = A

2

+ B

2

+ C

2

+ D

2

+
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E

2

+ F

2

+ G

2

+ H

2

, where

0

B

B

B

B

B

B

B

B

B

@

A

B

C

D

E

F

G

H

1

C

C

C

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

B

B

B

@

a b c d e f g h

b � a d � c f � e h � g

h g � f � e d c � b � a

c � d � a b g � h � e f

f e h g � b � a � d � c

g � h e � f � c d � a b

d c � b � a � h � g f e

e � f � g h � a b c � d

1

C

C

C

C

C

C

C

C

C

A

0

B

B

B

B

B

B

B

B

B

@

A

B

C

D

E

F

G

H

1

C

C

C

C

C

C

C

C

C

A

:

[This iden tit y w as disco v ered b y C. F. Degen, M � emoires de l'Acad. Sci. St. P etersb ourg

(5) 8 (1818), 207{219. The related o ctonions are discussed in an in teresting surv ey b y

J. C. Baez, Bull. Amer. Math. So c. 39 (2002), 145{205.]

(b) There is no 16 � 16 solution. The closest one can come is

p (0) : : : p (15) = 0 1 11 2 14 15 13 4 9 10 7 12 5 6 3 8 ;

whic h fails if and only if j � j

0

= 5. ( See Philos. Mag. 34 (1867), 461{475. In x 9, x 10,

x 11, and x 13 of this pap er, Sylv ester stated and pro v ed the basic results ab out what

has someho w come to b e kno wn as the Hadamard transform | although Hadamard

himself ga v e credit to Sylv ester [ Bull. des Sciences Math � ematiques (2) 17 (1893), 240{

246]. Moreo v er, Sylv ester in tro duced transforms of m

n

elemen ts in x 14, using m th

ro ots of unit y . )

40. Y es; this c hange w ould in fact run through the sw app ed subsets in lexicographic

binary order rather than in Gra y binary order. (An y 5 � 5 matrix of 0 s and 1s that

is nonsingular mo d 2 will generate all 32 p ossibilities when w e run through all linear

com binations of its ro ws.) The most imp ortan t thing is the app earance of the ruler

function, or some other Gra y co de delta sequence, not the fact that only one a

j

c hanges

p er step, in cases lik e this where an y n um b er of the a

j

can b e c hanged sim ultaneously

at the same cost.

41. A t most 16; for example, fired , fires , finds , fines , fined , fares , fared , wares ,

wards , wands , wanes , waned , wines , winds , wires , wired . W e also get 16 from paced /

links and paled / mints ; p erhaps also from a w ord mixed with an an tip o dal non w ord.

42. Supp ose n � 2

2

r

+ r + 1, and let s = 2

r

. W e use an auxiliary table of 2

r + s

bits f

j k

for 0 � j < 2

s

and 0 � k < s , represen ting fo cus p oin ters as in Algorithm L, together

with an auxiliary s -bit \register" j = ( j

s � 1

: : : j

0

)

2

and an ( r + 2)-bit \program coun ter"

p = ( p

r +1

: : : p

0

)

2

. A t eac h step w e examine the program coun ter and p ossibly the j

register and one of the f bits; then, based on the bits seen, w e complemen t a bit of the

Gra y co de, complemen t a bit of the program coun ter, and p ossibly c hange a j or f bit,

thereb y em ulating step L3 with resp ect to the most signi�can t n � r � 2 bits.

F or example, here is the construction when r = 1:

p

2

p

1

p

0

Change Set

0 0 0 a

0

; p

0

j

0

 f

00

0 0 1 a

1

; p

1

j

1

 f

01

o

j  f

0

0 1 1 a

0

; p

0

f

00

 0

0 1 0 a

2

; p

2

f

01

 0

o

f

0

 0

p

2

p

1

p

0

Change Set

1 1 0 a

0

; p

0

f

j 0

 f

( j +1)0

1 1 1 a

1

; p

1

f

j 1

 f

( j +1)1

o

f

j

 f

j +1

1 0 1 a

0

; p

0

f

( j +1)0

 ( j + 1)

0

1 0 0 a

j +3

; p

2

f

( j +1)1

 ( j + 1)

1

o

f

j +1

 j +1

The pro cess stops when it attempts to c hange bit a

n

.

47



48 ANSWERS TO EXER CISES 7.2.1.1

[In fact, w e need c hange only one auxiliary bit p er step if w e allo w ourselv es to

examine some Gra y binary bits as w ell as the auxiliary bits, b ecause p

r

: : : p

0

= a

r

: : : a

0

,

and w e can set f

0

 0 in a more clev er w a y when j do esn't ha v e its �nal v alue 2

s

� 1.

This construction, suggested b y F redman in 2001, impro v es on another that he had

published in SICOMP 7 (1978), 134{146. With a more elab orate construction it is

p ossible to reduce the n um b er of auxiliary bits to O ( n ).]

43. This n um b er w as estimated b y Silv erman, Vic k ers, and Sampson [ IEEE T rans. IT-

29 (1983), 894{901] to b e ab out 7 � 10

22

. Exact calculation migh t b e feasible b ecause

ev ery 6-bit Gra y cycle has only �v e or few er segmen ts that lie in a 5-cub e corresp onding

to at least one of the six co ordinates. (In unpublished w ork, Stev e Wink er had used a

similar idea to ev aluate d (5) in less than 15 min utes on a \generic" computer in 1972.)

44. All ( n + 1)-bit delta sequences with just t w o o ccurrences of the co ordinate j are

pro duced b y the follo wing construction: Let �

1

: : : �

2

n

� 1

and "

1

: : : "

2

n

� 1

b e n -bit delta

sequences for Gra y p aths , with 2

�

1

� � � � � 2

�

2

n

� 1

= 2

"

1

� � � � � 2

"

2

n

� 1

. F orm the cycle

�

k +1

: : : �

2

n

� 1

n "

1

: : : "

2

n

� 1

n �

1

: : : �

k

for some k with 0 � k < 2

n

, then in terc hange n $ j .

All ( n + 2)-bit delta sequences with just t w o o ccurrences of co ordinates h and j

(with h b efore j ) are, similarly , pro duced from four n -bit sequences �

1

: : : �

2

n

� 1

, : : : ,

�

1

: : : �

2

n

� 1

where 2

�

1

� � � � � 2

�

2

n

� 1

= 0, b y in terc hanging n $ h and n + 1 $ j in

�

k +1

: : : �

2

n

� 1

n "

1

: : : "

2

n

� 1

( n +1) �

1

: : : �

2

n

� 1

n �

1

: : : �

2

n

� 1

( n +1) �

1

: : : �

k

:

Let a ( n ) and b ( n ) b e the n um b er of n -bit cycles de�ned in parts (a) and (b); then

( a (1) ; : : : ; a (5)) = (1 ; 0 ; 0 ; 1920 ; 318996480) and ( b (1) ; : : : ; b (5)) = (0 ; 2 ; 12 ; 384 ; 4200960).

The constructions ab o v e pro v e that a ( n + 1) + 2 b ( n + 1) = 2

n

( n + 1) A ( n ) and b ( n + 2) =

2

n

( n + 2)( n + 1) B ( n ), if there are A ( n ) and B ( n ) w a ys to c ho ose the resp ectiv e sequences

� , " , � , and � . If w e restrict ourselv es to cases where the Gra y paths are extendible to

Gra y cycles, with �

0

= "

0

= �

0

= �

0

, w e get a

0

( n + 1) and b

0

( n + 2) sequences where

a

0

( n + 1) + 2 b

0

( n + 1) = 2

n

( n + 1) d ( n )

2

=n and b

0

( n + 2) = 2

n

( n + 2)( n + 1) d ( n )

4

=n

3

.

45. W e ha v e d ( n + 1) � 2

n

d ( n )

2

=n , b ecause 2

n

d ( n )

2

=n is a lo w er b ound on the n um b er

of ( n + 1)-bit delta sequences with exactly t w o app earances of 0. Hence d ( n + 1)

1 = 2

n +1

>

d ( n )

1 = 2

n

; and d ( n ) �

5

32

�

2

n

for n � 5, where � = (

32

5

d (5))

1 = 32

� 2 : 06.

Indeed, w e can establish ev en faster gro wth b y using the previous exercise, b ecause

d ( n + 1) � a

0

( n + 1) + b

0

( n + 1) and b

0

( n + 1) �

25

64

( n + 1) d ( n )

2

=n for n � 5. Hence

d ( n + 1) � ( 2

n

�

25

64

) ( n + 1) d ( n )

2

=n for n � 5, and iteration of this relation sho ws that

lim

n !1

d ( n )

1 = 2

n

� d (5)

1 = 32

1

Y

n =5

�

2

n

�

25

64

�

1 = 2

n +1

�

n + 1

n

�

1 = 2

n +1

� 2 : 3606 :

[See R. J. Douglas, Disc. Math. 17 (1977), 143{146; M. Mollard, Europ ean J. Com b.

9 (1988), 49{52.] The true v alue of this limit, ho w ev er, is probably 1 .

46. Leo Moser (unpublished) has conjectured that it is � n=e . So far only an upp er

b ound of ab out n=

p

2 has b een established; see the references in the previous answ er.

48. If d ( n; k ; v ) of the cycles b egin with g (0) : : : g ( k � 1) v , the conjecture implies that

d ( n; k ; v ) � d ( n; k ; g ( k )), b ecause the rev erse of a Gra y cycle is a Gra y cycle. Th us the
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hin t follo ws from d ( n ) = d ( n; 1) and

d ( n; k ) =

X

v

f d ( n; k ; v ) j v � � � g ( k � 1) ; v =2 S

k

g � c

nk

d ( n; k ; g ( k )) = d ( n; k + 1) :

Finally , d ( n; 2

n

) = 1, hence d ( n ) �

Q

2

n

� 1

k = 1

c

nk

=

Q

n

k =1

k

(

n

k

)

= n

Q

n � 1

k =1

( k ( n � k ) )

(

n

k

)

= 2

�

n

Q

n � 1

k =1

( n= 2)

(

n

k

)

= n ( n= 2)

2

n

� 2

. [ IEEE T rans. IT-29 (1983), 894{901.]

49. T ak e an y Hamiltonian path P from 0 : : : 0 to 1 : : : 1 in the (2 n � 1)-cub e, suc h

as the Sa v age{Winkler co de, and use 0 P , 1 P . (All suc h cycles are obtained b y this

construction when n = 1 or n = 2, but man y more p ossibilities exist when n > 2.)

50. �

1

( n +1) �

R

1

n �

1

j

1

�

2

n �

R

2

( n +1) �

2

: : : j

l � 1

�

l

n �

R

l

( n +1) �

l

n �

R

l

j

l � 1

: : : j

1

�

R

1

n .

51. W e can assume that n > 3 and that w e ha v e an n -bit Gra y cycle with transition

coun ts c

j

= 2 b (2

n � 1

+ j ) =n c ; w e w an t to construct an ( n + 2)-bit cycle with transition

coun ts c

0

j

= 2 b (2

n +1

+ j ) = ( n + 2) c . If 2

n +1

mo d ( n + 2) � 2, w e can use Theorem D

with l = 2 b 2

n +1

= ( n + 2) c + 1, underlining b

j

copies of j where b

j

= 4 b (2

n � 1

+ j ) =n c �

b (2

n +1

+ j ) = ( n + 2) c � [ j = 0 ] and putting an underlined 0 last. This is alw a ys easy to do

b ecause j b

j

� 2

n +2

=n ( n + 2) j < 5. A similar construction w orks if 2

n +1

mo d ( n + 2) � n ,

with l = 2 b 2

n +1

= ( n + 2) c � 1 and b

j

= 4 b (2

n � 1

+ j ) =n c � b (2

n +1

+ j + 2) = ( n + 2) c � [ j = 0 ].

In fact, 2

n +1

mo d ( n + 2) is alw a ys � n [see K. Kedla y a, Electronic J. Com binatorics 3

(1996), commen t on #R25 (9 April 1997)]. The basic idea of this pro of is due to J. P .

Robinson and M. Cohn [ IEEE T rans. C-30 (1981), 17{23].

52. The n um b er of di�eren t co de patterns in the smallest j co ordinate p ositions is at

most c

0

+ � � � + c

j � 1

.

53. Notice that Theorem D pro duces only cycles with c

j

= c

j +1

for some j , so it

cannot pro duce the coun ts (2 ; 4 ; 6 ; 8 ; 12). The extension in exercise 50 giv es also

c

j

= c

j +1

� 2, but it cannot pro duce (6 ; 10 ; 14 ; 18 ; 22 ; 26 ; 32). The sets of n um b ers

satisfying the conditions of exercise 52 are precisely those obtainable b y starting with

f 2 ; 2 ; 4 ; : : : ; 2

n � 1

g and rep eatedly replacing some pair f c

j

; c

k

g for whic h c

j

< c

k

b y the

pair f c

j

+ 2 ; c

k

� 2 g .

54. Supp ose the v alues are f p

1

; : : : ; p

n

g , and let x

j k

b e the n um b er of times p

j

o ccurs

in ( a

1

; : : : ; a

k

). W e m ust ha v e ( x

1 k

; : : : ; x

nk

) � ( x

1 l

; : : : ; x

nl

) (mo dulo 2) for some k < l .

But if the p 's are prime n um b ers, v arying as the delta sequence of an n -bit Gra y cycle,

the only solution is k = 0 and l = 2

n

. [ AMM 60 (1953), 418; 83 (1976), 54.]

56. [ Bell System T ec h. J. 37 (1958), 815{826.] The 112 canonical delta sequences yield

Class Example t

A 0102101302012023 2

B 0102303132101232 2

C 0102030130321013 2

Class Example t

D 0102013201020132 4

E 0102032021202302 4

F 0102013102010232 4

Class Example t

G 0102030201020302 8

H 0102101301021013 8

I 0102013121012132 1

Here B is the balanced co de (Fig. 13(b)), G is standard Gra y binary (Fig. 10(b)), and

H is the complemen tary co de (Fig. 13(a)). Class H is also equiv alen t to the mo dular

(4 ; 4) Gra y co de under the corresp ondence of exercise 18. A class with t automorphisms

corresp onds to 32 � 24 =t of the 2688 di�eren t delta sequences �

0

�

1

: : : �

15

.

Similarly (see exercise 7.2.3{00), the 5-bit Gra y cycles fall in to 237,675 di�eren t

equiv alence classes.

57. With T yp e 1 only , 480 v ertices are isolated, namely those of classes D , F , G in the

previous answ er. With T yp e 2 only , the graph has 384 comp onen ts, 288 of whic h are
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isolated v ertices of classes F and G . There are 64 comp onen ts of size 9, eac h con taining

3 v ertices from E and 6 from A ; 16 comp onen ts of size 30, eac h with 6 from H and 24

from C ; and 16 comp onen ts of size 84, eac h with 12 from D , 24 from B , 48 from I . With

T yp e 3 (or T yp e 4) only , the en tire graph is connected. [Similarly , all 91,392 of the 4-bit

Gra y p aths are connected if path �� is considered adjacen t to path �

R

� . Vic k ers and

Silv erman, IEEE T rans. C-29 (1980), 329{331, ha v e conjectured that T yp e 3 c hanges

will su�ce to connect the graph of n -bit Gra y cycles for all n � 3.]

58. If some nonempt y substring of � � in v olv es eac h co ordinate an ev en n um b er of

times, that substring cannot ha v e length j � j , so some cyclic shift of � has a pre�x 


with the same ev enness prop ert y . But then � do esn't de�ne a Gra y cycle, b ecause w e

could c hange eac h n of 
 bac k to 0.

59. If � is nonlo cal in exercise 58, so is � � , pro vided that q > 1 and that 0 o ccurs

more than q + 1 times in � . Therefore, starting with the � of ( 30 ) but with 0 and 1

in terc hanged, w e obtain nonlo cal cycles for n � 5 in whic h co ordinate 0 c hanges exactly

6 times. [Mark Ramras, Discrete Math. 85 (1990), 329{331.] On the other hand, a 4-

bit Gra y cycle cannot b e nonlo cal b ecause it alw a ys has a run of length 2; if �

k

= �

k +2

,

elemen ts f v

k � 1

; v

k

; v

k +1

; v

k +2

g form a 2-sub cub e.

60. Use the construction of exercise 58 with q = 1.

61. The idea is to in terlea v e an m -bit cycle U = ( u

0

; u

1

; u

2

; : : : ) with an n -bit cycle

V = ( v

0

; v

1

; v

2

; : : : ), b y forming concatenations

W = ( u

i

0

v

j

0

; u

i

1

v

j

1

; u

i

2

v

j

2

; : : : ) ; i

k

= a

0

+ � � � + a

k � 1

; j

k

= a

0

+ � � � + a

k � 1

;

where a

0

a

1

a

2

: : : is a p erio dic string of con trol bits ��� : : : ; w e adv ance to the next

elemen t of U when a

k

= 0, otherwise to the next elemen t of V .

If � is an y string of length 2

m

� 2

n

, con taining s bits that are 0 and t = 2

m

� s

bits that are 1, W will b e an ( m + n )-bit Gra y cycle if s and t are o dd. F or w e ha v e

i

k + l

� i

k

(mo dulo 2

m

) and j

k + l

� j

k

(mo dulo 2

n

) only if l is a m ultiple of 2

m

, since

i

k

+ j

k

= k . Supp ose l = 2

m

c ; then j

k + l

= j

k

+ tc , so c is a m ultiple of 2

n

.

(a) Let � = 0111; then runs of length 8 o ccur in the left 2 bits and runs of length

� b

4

3

r ( n ) c o ccur in the righ t n bits.

(b) Let s b e the largest o dd n um b er � 2

m

r ( m ) = ( r ( m ) + r ( n )). Also let t = 2

m

� s

and a

k

= b ( k + 1) t= 2

m

c � b k t= 2

m

c , so that i

k

= d k s= 2

m

e and j

k

= b k t= 2

m

c . If

a run of length l o ccurs in the left m bits, w e ha v e i

k + l +1

� i

k

+ r ( m ) + 1, hence

l + 1 > 2

m

r ( m ) =s � r ( m ) + r ( n ). And if it o ccurs in the righ t n bits w e ha v e j

k + l +1

�

j

k

+ r ( n ) + 1, hence

l + 1 > 2

m

r ( n ) =t > 2

m

r ( n ) = ( 2

m

r ( n ) = ( r ( m ) + r ( n )) + 2 )

= r ( m ) + r ( n ) �

2( r ( m ) + r ( n ))

2

2

m

r ( n ) + 2( r ( m ) + r ( n ))

> r ( m ) + r ( n ) � 1

b ecause r ( m ) � r ( n ).

The construction often w orks also in less restricted cases. See the pap er that

in tro duced the study of Gra y-co de runs: L. Go ddyn, G. M. La wrence, and E. Nemeth,

Utilitas Math. 34 (1988), 179{192.

63. Set a

k

 k mo d 4 for 0 � k < 2

10

, except that a

k

= 4 when k mo d 16 = 15 or

k mo d 64 = 42 or k mo d 256 = 133. Also set ( j

0

; j

1

; j

2

; j

3

; j

4

)  (0 ; 2 ; 4 ; 6 ; 8). Then

for k = 0, 1, : : : , 1023, set �

k

 j

a

k

and j

a

k

 1 + 4 a

k

� j

a

k

. (This construction

generalizes the metho d of exercise 61.)
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64. (a) Eac h elemen t u

k

app ears together with f v

k

; v

k +2

m

; : : : ; v

k +2

m

(2

n � 1

� 1)

g and

f v

k +1

; v

k +1+2

m

; : : : ; v

k +1+2

m

(2

n � 1

� 1)

g . Th us the p erm utation �

0

: : : �

2

m

� 1

m ust b e a

2

n � 1

-cycle con taining the n -bit v ertices of ev en parit y , times an arbitrary p erm utation

of the other v ertices. This condition is also su�cien t.

(b) Let �

j

b e the p erm utation that tak es v 7! v � 2

j

, and let �

j

( u; w ) b e the

p erm utation ( u w ) �

j

. If u � w = 2

i

+ 2

j

then �

j

( u; w ) tak es u 7! u � 2

i

and w 7! w � 2

i

,

while v 7! v � 2

j

for all other v ertices v , so it tak es eac h v ertex to a neigh b or.

If S is an y set � f 0 ; : : : ; n � 1 g , let � ( S ) b e the stream of all p erm utations �

j

for

all j 2 f 0 ; : : : ; n � 1 g n S , in increasing order of j , rep eated t wice; for example, if n = 5

w e ha v e � ( f 1 ; 2 g ) = �

0

�

3

�

4

�

0

�

3

�

4

. Then the Gra y stream

�( i; j; u ) = � ( f i; j g ) �

j

( u; u � 2

i

� 2

j

) � ( f i; j g ) �

j

� ( f j g )

consists of 6 n � 8 p erm utations whose pro duct is the transp osition ( u u � 2

i

� 2

j

).

Moreo v er, when this stream is applied to an y n -bit v ertex v , its runs all ha v e length

n � 2 or more.

W e ma y assume that n � 5. Let �

0

: : : �

2

n

� 1

b e the delta sequence for an n -bit

Gra y cycle ( v

0

; v

1

; : : : ; v

2

n

� 1

) with all runs of length 3 or more. Then the pro duct of

all p erm utations in

� =

2

n � 1

� 1

Y

k =1

( �( �

2 k � 1

; �

2 k

; v

2 k � 1

) �( �

2 k

; �

2 k +1

; v

2 k

) )

is ( v

1

v

3

)( v

2

v

4

) : : : ( v

2

n

� 3

v

2

n

� 1

)( v

2

n

� 2

v

0

) = ( v

2

n

� 1

: : : v

1

)( v

2

n

� 2

: : : v

0

), so it satis�es

the cycle condition of (a).

Moreo v er, all p o w ers ( � ( ; ) �)

t

pro duce runs of length � n � 2 when applied to

an y v ertex v . By rep eating individual factors � ( f i; j g ) or � ( f j g ) in � as man y times

as w e wish, w e can adjust the length of � ( ; ) �, obtaining 2 n + (2

n � 1

� 1)(12 n � 16) +

2( n � 2) a + 2( n � 1) b for an y in tegers a; b � 0; th us w e can increase its length to exactly

2

m

, pro vided that 2

m

� 2 n + (2

n � 1

� 1)(12 n � 16) + 2( n

2

� 5 n + 6), b y exercise 5.2.1{ 21.

(c) The b ound r ( n ) � n � 4 lg n + 8 can b e pro v ed for n � 5 as follo ws. First

w e observ e that it holds for 5 � n < 33 b y the metho ds of exercises 60{63. Then w e

observ e that ev ery in teger N � 33 can b e written as N = m + n or N = m + n + 1, for

some m � 20, where

n = m � b 4 lg m c + 10 :

If m � 20, 2

m

is su�cien tly large for the construction in part (b) to b e v alid; hence

r ( N ) � r ( m + n ) � 2 min ( r ( m ) ; n � 2 ) � 2 ( m � b 4 lg m c + 8)

= m + n + 1 � b 4 lg ( m + n ) � 1 + � c + 8

� N � 4 lg N + 8

where � = 4 lg ( 2 m= ( m + n ) ) < 1. [ Electronic Journal of Com binatorics 10 (2003),

#R27, 1{10.] Recursiv e use of (b) giv es, in fact, r (1024) � 1000.

65. A computer searc h rev eals that eigh t essen tially di�eren t patterns (and their

rev erses) are p ossible. One of them has the delta sequence 0 1 0 2 0 3 1 4 2 0 3 0 2 4 0 4 1 2 3 4

2 1 4 1 0 3 2 3 4 1 0 3, and it is close to t w o of the others.

66. (Solution b y Mark Co ok e.) One suitable delta sequence is 0 1 2 3 4 5 6 0 7 0 1 2 1 3 2 4 3 5

6 5 7 6 0 7 1 0 2 1 3 5 3 4 6 2 6 7 0 1 5 3 7 4 1 2 3 6 2 5 6 7 0 1 7 3 1 4 2 6 2 0 6 5 7 0 1 3 4 2 1 4 6 5 6 0 5 7 3 1 0 2 4 6 4 5 3 7

5 7 1 0 2 0 4 3 5 3 7 6 1 4 0 7 3 6 3 0 4 6 4 2 7 3 7 0 3 5 6 4 0 2 7 1 3 2 7 5 0 5 4 1 2 1 0 2 7 5 6 4 1 5 0 2 4 0 3 6 5 4 2 5 0 1 3 6
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0 2 5 4 1 6 1 5 6 0 4 3 1 2 5 7 6 0 3 2 5 7 2 0 4 3 1 5 7 6 2 4 3 2 1 7 6 0 4 5 2 0 4 1 7 5 1 6 3 5 4 7 6 7 0 3 5 6 4 7 5 7 0 6 2 5 4 3

7 2 4 2 1 3 2 6 2 4 1 6 1 5 2 3 4 1 7 5 1 4 3 6 7 1 4 3 1 6 4 3 1 4. (Solutions for n > 8 are still unkno wn.)

67. Let v

2 k +1

= v

2 k

and v

2 k

= 0 u

k

, where ( u

0

; u

1

; : : : ; u

2

n

� 1

) is an y ( n � 1)-bit Gra y

cycle. [See Robinson and Cohn, IEEE T rans. C-30 (1981), 17{23.]

68. Y es. The simplest w a y is probably to tak e ( n � 1)-trit mo dular Gra y ternary co de

and add 0 : : : 0, 1 : : : 1, 2 : : : 2 to eac h string (mo dulo 3). F or example, when n = 3 the

co de is 000, 111, 222, 001, 112, 220, 002, 110, 221, 012, 120, 201, : : : , 020, 101, 212.

69. (a) W e need only v erify the c hange in h when bits b

j � 1

: : : b

0

are sim ultaneously

complemen ted, for j = 1, 2, : : : ; and these c hanges are resp ectiv ely (1110)

2

, (1101)

2

,

(0111)

2

, (1011)

2

, (10011)

2

, (100011)

2

, : : : . T o pro v e that ev ery n -tuple o ccurs, note

that 0 � h ( k ) < 2

n

when 0 � k < 2

n

and n > 3; also h

[ � 1]

( ( a

n � 1

: : : a

0

)

2

) =

( b

n � 1

: : : b

0

)

2

, where b

0

= a

0

� a

1

� a

2

� � � � , b

1

= a

0

, b

2

= a

2

� a

3

� a

4

� � � � ,

b

3

= a

0

� a

1

� a

3

� � � � , and b

j

= a

j

� a

j +1

� � � � for j � 4.

(b) Let h ( k ) = ( : : : a

2

a

1

a

0

)

2

where a

j

= b

j

� b

j +1

� b

0

[ j � t ] � b

t � 1

[ t � 1 � j � t ].

70. As in ( 32 ) and ( 33 ) , w e can remo v e a factor of n ! b y assuming that the strings of

w eigh t 1 o ccur in order. Then there are 14 solutions for n = 5 starting with 00000, and

21 starting with 00001. When n = 6 there are 46,935 of eac h t yp e (related b y rev ersal

and complemen tation). When n = 7 the n um b er is m uc h, m uc h larger, y et v ery small

b y comparison with the total n um b er of 7-bit Gra y co des.

71. Supp ose that �

n ( j +1)

di�ers from �

nj

in co ordinate t

j

, for 0 � j < n � 1. Then

t

j

= j �

n

, b y ( 44 ) and ( 38 ) . No w Eq. ( 34 ) tells us that t

0

= n � 1; and if 0 < j < n � 1

w e ha v e t

j

= ( ( j � 1) �

n � 1

) �

n � 1

b y ( 40 ) . Th us t

j

= j �

n

�

2

n � 1

for 0 � j < n � 1, and

the v alue of ( n � 1) �

n

is whatev er is left. (Notations for p erm utations are notoriously

confusing, so it is alw a ys wise to c hec k a few small cases carefully .)

72. The delta sequence is 0 1 0 2 1 3 2 4 3 0 2 0 1 2 3 4 0 1 2 3 1 3 0 4 1 0 2 1 3 2 3 .

73. Let Q

nj

= P

R

nj

and denote the sequences ( 41 ) , ( 42 ) b y S

n

and T

n

. Th us S

n

=

P

n 0

Q

n 1

P

n 2

: : : and T

n

= Q

n 0

P

n 1

Q

n 2

: : : , if w e omit the commas; and w e ha v e

S

n +1

= 0 P

n 0

0 Q

n 1

1 Q

�

n 0

1 P

�

n 1

0 P

n 2

0 Q

n 3

1 Q

�

n 2

1 P

�

n 3

0 P

n 4

: : : ;

T

n +1

= 0 Q

n 0

1 P

�

n 0

0 P

n 1

0 Q

n 2

1 Q

�

n 1

1 P

�

n 2

0 P

n 3

0 Q

n 4

1 Q

�

n 3

: : : ;

where � = �

n

, rev ealing a reasonably simple join t recursion b et w een the delta sequences

�

n

and E

n

of S

n

and T

n

. Namely , if w e write

�

n

= �

1

a

1

�

2

a

2

: : : �

n � 1

a

n � 1

�

n

; E

n

=  

1

b

1

 

2

b

2

: : :  

n � 1

b

n � 1

 

n

;

where eac h �

j

and  

j

is a string of length 2

�

n � 1

j � 1

�

� 1, the next sequences are

�

n +1

= �

1

a

1

�

2

n  

1

� b

1

�  

2

� n �

3

a

3

�

4

n  

3

� b

3

�  

4

� n : : :

E

n +1

=  

1

n �

1

� n  

2

b

2

 

3

n �

2

� a

2

� �

3

� n  

4

b

4

 

5

n �

4

� a

4

� �

5

� n : : :

F or example, w e ha v e �

3

= 0 1 0 2 1 0 1 and E

3

= 0 2 1 2 0 2 1, if w e underline the a 's

and b 's to distinguish them from the � 's and  's; and

�

4

= 0 1 0 2 1 3 0 � 2 � 1 � 2 � 0 � 3 1 3 1 � = 0 1 0 2 1 3 2 1 0 1 2 3 1 3 0 ;

E

4

= 0 3 0 � 3 1 2 0 2 1 3 0 � 2 � 1 � 0 � 1 � = 0 3 2 3 1 2 0 2 1 3 2 1 0 2 0;

here a

3

�

4

and b

3

 

4

are empt y . Elemen ts ha v e b een underlined for the next step.

Th us w e can compute the delta sequences in memory as follo ws. Here p [ j ] = j �

n

for 1 � j < n ; s

k

= �

k

, t

k

= "

k

, and u

k

= [ �

k

and "

k

are underlined], for 0 � k < 2

n

� 1.
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R1. [Initialize.] Set n  1, p [0]  0, s

0

 t

0

 u

0

 0.

R2. [Adv ance n .] P erform Algorithm S b elo w, whic h computes the arra ys s

0

, t

0

,

and u

0

for the next v alue of n ; then set n  n + 1.

R3. [Ready?] If n is su�cien tly large, the desired delta sequence �

n

is in arra y s

0

;

terminate. Otherwise k eep going.

R4. [Compute �

n

.] Set p

0

[0] = n � 1, and p

0

[ j ] = p [ p [ j � 1]] for 1 � j < n .

R5. [Prepare to adv ance.] Set p [ j ]  p

0

[ j ] for 0 � j < n ; set s

k

 s

0

k

, t

k

 t

0

k

,

and u

k

 u

0

k

for 0 � k < 2

n

� 1. Return to R2.

In the follo wing steps, \T ransmit stu�( l ; j ) while u

j

= 0" is an abbreviation for \If

u

j

= 0, rep eatedly stu�( l ; j ), l  l + 1, j  j + 1, un til u

j

6= 0."

S1. [Prepare to compute �

n +1

.] Set j  k  l  0 and u

2

n

� 1

 � 1.

S2. [Adv ance j .] T ransmit s

0

l

 s

j

and u

0

l

 0 while u

j

= 0. Then go to S5 if

u

j

< 0.

S3. [Adv ance j and k .] Set s

0

l

 s

j

, u

0

l

 1, l  l + 1, j  j + 1. Then transmit

s

0

l

 s

j

and u

0

l

 0 while u

j

= 0. Then set s

0

l

 n , u

0

l

 0, l  l + 1. Then

transmit s

0

l

 p [ t

k

] and u

0

l

 0 while u

k

= 0. Then set s

0

l

 p [ t

k

], u

0

l

 1,

l  l + 1, k  k + 1. And once again transmit s

0

l

 p [ t

k

] and u

0

l

 0 while

u

k

= 0.

S4. [Done with �

n +1

?] If u

k

< 0, go to S6. Otherwise set s

0

l

 n , u

0

l

 0,

l  l + 1, j  j + 1, k  k + 1, and return to S2.

S5. [Finish �

n +1

.] Set s

0

l

 n , u

0

l

 1, l  l + 1. Then transmit s

0

l

 p [ t [ k ]] and

u

0

l

 0 while u

k

= 0.

S6. [Prepare to compute E

n +1

.] Set j  k  l  0. T ransmit t

0

l

 t

k

while

u

k

= 0. Then set t

0

l

 n , l  l + 1.

S7. [Adv ance j .] T ransmit t

0

l

 p [ s

j

] while u

j

= 0. Then terminate if u

j

< 0;

otherwise set t

0

l

 n , l  l + 1, j  j + 1, k  k + 1.

S8. [Adv ance k .] T ransmit t

0

l

 t

k

while u

k

= 0. Then go to S10 if u

k

< 0.

S9. [Adv ance k and j .] Set t

0

l

 t

k

, l  l + 1, k  k + 1. Then transmit t

0

l

 t

k

while u

k

= 0. Then set t

0

l

 n , l  l + 1. Then transmit t

0

l

 p [ s

j

] while

u

j

= 0. Then set t

0

l

 p [ s

j

], l  l + 1, j  j + 1. Return to S7.

S10. [Finish E

n +1

.] Set t

0

l

 n , l  l + 1. Then transmit t

0

l

 p [ s

j

] while u

j

= 0.

T o generate the monotonic Sa v age{Winkler co de for fairly large n , one can �rst generate

�

10

and E

10

, sa y , or ev en �

20

and E

20

. Using these tables, a suitable recursiv e pro-

cedure will then b e able to reac h higher v alues of n with v ery little computational

o v erhead p er step, on the a v erage.

74. If the monotonic path is v

0

, : : : , v

2

n

� 1

and if v

k

has w eigh t j , w e ha v e

2

X

t> 0

�

n

j � 2 t

�

+ ( ( j + � ( v

0

)) mo d 2 ) � k � 2

X

t � 0

�

n

j � 2 t

�

+ ( ( j + � ( v

0

)) mo d 2 ) � 2 :

Therefore the maxim um distance b et w een v ertices of resp ectiv e w eigh ts j and j + 1

is 2 (

�

n � 1

j � 1

�

+

�

n � 1

j

�

+

�

n � 1

j +1

�

) � 1. The maxim um v alue, appro ximately 3 � 2

n

=

p

2 � n ,

o ccurs when j is appro ximately n= 2. [This is only ab out three times the smallest v alue

ac hiev able in any ordering of the v ertices, whic h is

P

n � 1

j =0

�

j

b j = 2 c

�

b y exercise 7.10{00.]
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75. There are only �v e essen tially distinct solutions, all of whic h turn out in fact to

b e Gra y cycles . The delta sequences are

0 1 2 3 0 1 2 4 2 1 0 3 2 1 0 1 2 1 0 3 2 1 0 4 0 1 2 3 0 1 2 (1)

0 1 2 3 0 1 2 4 2 1 0 3 2 1 0 1 3 0 1 2 3 0 1 4 1 0 3 2 1 0 3 (1)

0 1 2 3 0 1 2 4 2 1 0 3 2 1 0 2 0 3 2 1 0 3 2 4 2 3 0 1 2 3 0 (2)

0 1 2 3 0 1 2 4 2 3 0 1 2 3 0 2 0 1 2 3 0 1 2 4 2 3 0 1 2 3 0 (2)

0 1 2 3 4 1 0 1 2 1 0 3 0 1 4 3 2 1 0 3 0 1 4 1 0 1 2 3 4 1 0 (3)

76. If v

0

, : : : , v

2

n

� 1

is trend-free, so is the ( n + 1)-bit cycle 0 v

0

, 1 v

0

, 1 v

1

, 0 v

1

, 0 v

2

, 1 v

2

,

: : : , 1 v

2

n

� 1

, 0 v

2

n

� 1

. Figure 14(g) sho ws a somewhat more in teresting construction,

whic h generalizes the �rst solution of exercise 75 to an ( n + 2)-bit cycle

00�

00 R

; 01�

0 R

; 11�

0

; 10�

00

; 10� ; 11�

000

; 01�

000 R

; 00�

R

where � is the n -bit sequence g (1), : : : , g (2

n � 1

) and �

0

= � � g (1), �

00

= � � g (2

n � 1

),

�

000

= � � g (2

n � 1

+ 1). [An n -bit trend-free design that is almost a Gra y co de, ha ving

just four steps in whic h � ( v

k

� v

k +1

) = 2, w as found for all n � 3 b y C. S. Cheng,

Pro c. Berk eley Conf. Neyman and Kiefer 2 (Ha yw ard, Calif.: Inst. of Math. Statistics,

1985), 619{633.]

77. Replace the arra y ( o

n � 1

; : : : ; o

0

) b y an arra y of sen tinel v alues ( s

n � 1

; : : : ; s

0

), with

s

j

 m

j

� 1 in step H1. Set a

j

 ( a

j

+ 1) mo d m

j

in step H4. If a

j

= s

j

in step H5,

set s

j

 ( s

j

� 1) mo d m

j

, f

j

 f

j +1

, f

j +1

 j + 1.

78. F or ( 50 ) , notice that B

j +1

is the n um b er of times re
ection has o ccurred in

co ordinate j , b ecause w e b ypass co ordinate j on steps that are m ultiples of m

j

: : : m

0

.

Hence, if b

j

< m

j

, an increase of b

j

b y 1 causes a

j

to increase or decrease b y 1 as

appropriate. F urthermore, if b

i

= m

i

� 1 for 0 � i < j , c hanging all these b

i

to 0 when

incremen ting b

j

will increase eac h of B

0

, : : : , B

j

b y 1, thereb y lea ving the v alues a

0

,

: : : , a

j � 1

unc hanged in ( 50 ) .

F or ( 51 ) , note that B

j

= m

j

B

j +1

+ b

j

� m

j

B

j +1

+ a

j

+ ( m

j

� 1) B

j +1

� a

j

+ B

j +1

(mo dulo 2); hence B

j

� a

j

+ a

j +1

+ � � � , and ( 51 ) is ob viously equiv alen t to ( 50 ) .

In the mo dular Gra y co de for general radices ( m

n � 1

; : : : ; m

0

), let

�g ( k ) =

h

a

n � 1

;

m

n � 1

;

: : : ;

: : : ;

a

2

;

m

2

;

a

1

;

m

1

;

a

0

m

0

i

when k is giv en b y ( 46 ) . Then a

j

= ( b

j

� B

j +1

) mo d m

j

, b ecause co ordinate j has

increased mo dulo m

j

exactly B

j

� B

j +1

times if w e start at (0 ; : : : ; 0). The in v erse

function, whic h determines the b 's from the mo dular Gra y a 's, is b

j

= ( a

j

+ a

j +1

+

a

j +2

+ � � � ) mo d m

j

in the sp ecial case that eac h m

j

is a divisor of m

j +1

(for example,

if all m

j

are equal). But the in v erse has no simple form in general; it can b e computed

b y using the recurrences b

j

= ( a

j

+ B

j +1

) mo d m

j

, B

j

= m

j

B

j +1

+ b

j

for j = n � 1,

: : : , 0, starting with B

n

= 0.

[Re
ected Gra y co des for radix m > 2 w ere in tro duced b y Iv an Flores in IRE

T rans. EC-5 (1956), 79{82; he deriv ed ( 50 ) and ( 51 ) in the case that all m

j

are

equal. Mo dular Gra y co des with general mixed radices w ere implicitly discussed b y

Joseph Rosen baum in AMM 45 (1938), 694{696, but without the con v ersion form ulas;

con v ersion form ulas when all m

j

ha v e a common v alue m w ere published b y Martin

Cohn, Info. and Con trol 6 (1963), 70{78.]
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79. (a) The last n -tuple alw a ys has a

n � 1

= m

n � 1

� 1, so it is one step from (0 ; : : : ; 0)

only if m

n � 1

= 2. And this condition su�ces to mak e the �nal n -tuple (1 ; 0 ; : : : ; 0).

[Similarly , the �nal subforest output b y Algorithm K is adjacen t to the initial one if

and only if the leftmost tree is an isolated v ertex.]

(b) The last n -tuple is ( m

n � 1

� 1 ; 0 ; : : : ; 0) if and only if m

n � 1

: : : m

j +1

mo d m

j

= 0

for 0 � j < n � 1, b ecause b

j

= m

j

� 1 and B

j

= m

n � 1

: : : m

j

� 1.

80. Run through p

a

1

1

: : : p

a

t

t

using re
ected Gra y co de with radices m

j

= e

j

+ 1.

81. The �rst cycle con tains the edge from ( x; y ) to ( x; ( y + 1) mo d m ) if and only if

( x + y ) mo d m 6= m � 1 if and only if the second cycle con tains the edge from ( x; y ) to

( ( x + 1) mo d m; y ) .

82. There are t w o 4-bit Gra y cycles ( u

0

; : : : ; u

15

) and ( v

0

; : : : ; v

15

) that co v er all edges

of the 4-cub e. (Indeed, the non-edges of classes A, B, D, H, and I in exercise 56 form

Gra y cycles, in the same classes as their complemen ts.) Therefore with 16-ary mo dular

Gra y co de w e can form the four desired cycles ( u

0

u

0

; u

0

u

1

; : : : ; u

0

u

15

; u

1

u

15

; : : : ; u

15

u

0

),

( u

0

u

0

; u

1

u

0

; : : : ; u

15

u

0

; u

15

u

1

; : : : ; u

0

u

15

), ( v

0

v

0

; : : : ; v

15

v

0

), ( v

0

v

0

; : : : ; v

0

v

15

).

In a similar w a y w e can sho w that n= 2 edge-disjoin t n -bit Gra y cycles exist when

n is 16, 32, 64, etc. [ Abhandlungen Math. Sem. Ham burg 20 (1956), 13{16.] J. Aub ert

and B. Sc hneider [ Discrete Math. 38 (1982), 7{16] ha v e pro v ed that the same prop ert y

holds for al l ev en v alues of n � 4, but no simple construction is kno wn.

83. Mark Co ok e found the follo wing totally unsymmetric solution in Decem b er, 2002:

(1) 2737465057320265612316546743610525106052042416314 37214 51014 2173 7

2506246064173213107351607103156205713172463452102 43464 32070 5470 2

4147356146737625047350745130620656415073123731427 37643 25612 4026 4

3016735467532402524637475217640270736065105215106 07357 54632 5310 5;

(2) 0616713417232175171671540460247164742473202531621 67353 16327 3605 2

6710141503047313570615453627623241426465272021632 07536 37107 5074 0

3157674761545652756510451024023107353424651230406 54530 62137 1053 7

2620501752453406703437343531502602463045627674152 75240 60216 1043 4;

(3) 3701063751507131236243765735103012042353747207410 47362 16172 4732 4

6505132565057121565024570473247421427640231034362 70326 27641 3057 4

0560620341745613151756314702721725205613212604053 50626 04601 7364 2

6717641743513401245360241730636545061563027414535 67643 26257 4505 1;

(4) 6706546435672147236210405432054510737405170532145 43163 64305 0467 3

4560621206416201320742373627204506473140171020514 12610 74523 4367 2

1320452752353410515426370601363567307105420163151 21053 50617 3123 6

4272537165617217542510760215462375452674257037346 40364 73762 7165 7.

(Eac h of these delta sequences should start from the same v ertex of the cub e.) Is there

a symmetrical w a y to do the job?

84. Calling the initial p osition (2 ; 2), the 8-step solution in Fig. A-1 sho ws ho w the

sequence progresses do wn to (0 ; 0). In the �rst mo v e, for example, the fron t half of the

cord passes around and b ehind the righ t com b, then through the large righ t lo op. The

middle line should b e read from righ t to left. The generalization to n pairs of lo ops

w ould, similarly , tak e 3

n

� 1 steps.

[The origin of this deligh tful puzzle is obscure. The Bo ok of Ingenious & Diab olical

Puzzles b y Jerry Slo cum and Jac k Botermans (1994) sho ws a 2-lo op v ersion carv ed from

horn, probably made in China ab out 1850 [page 101], and a mo dern 6-lo op v ersion
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Step 0: (2 ; 2) Step 1: (2 ; 1) Step 2: (2 ; 0)

Step 5: (1 ; 2) Step 4: (1 ; 1) Step 3: (1 ; 0)

Step 6: (0 ; 2) Step 7: (0 ; 1) Step 8: (0 ; 0)

Fig. A-1.

made in Mala ysia ab out 1988 [page 93]. Slo cum also o wns a 4-lo op v ersion made from

bam b o o in England ab out 1884. He has found it listed in Henry No vra's Catalogue of

Conjuring T ric ks and Puzzles (1858 or 1859) and W. H. Cremer's Games, Am usemen ts,

P astimes and Magic (1867), as w ell as in Hamley's catalog of 1895, under the name

\Marv ellous Cano e Puzzle." Dyc kman noted its connection to re
ected Gra y ternary

in a letter to Martin Gardner, dated 2 August 1972.]

85. By ( 50 ) , elemen t [

b;

t;

b

0

t

0

] of � � �

0

is �

a

�

0

a

0

if ^g ( [

b;

t;

b

0

t

0

]) = [

a;

t;

a

0

t

0

] in the re
ected Gra y

co de for radices ( t; t

0

). W e can no w sho w that elemen t [

b;

t;

b

0

;

t

0

;

b

00

t

00

] of b oth (� � �

0

) � �

00

and � � (�

0

� �

00

) is �

a

�

0

a

0

�

00

a

00

if ^g ( [

b;

t;

b

0

;

t

0

;

b

00

t

00

]) = [

a;

t;

a

0

;

t

0

;

a

00

t

00

] in the re
ected Gra y co de for

radices ( t; t

0

; t

00

). See exercise 4.1{10, and note also the mixed-radix la w

m

1

: : : m

n

� 1 �

h

x

1

;

m

1

;

: : : ;

: : : ;

x

n

m

n

i

=

h

m

1

� 1 � x

1

;

m

1

;

: : : ;

: : : ;

m

n

� 1 � x

n

m

n

i

:

In general, the re
ected Gra y co de for radices ( m

1

; : : : ; m

n

) is (0 ; : : : ; m

1

� 1) � � � � �

(0 ; : : : ; m

n

� 1). [ Information Pro cessing Letters 22 (1986), 201{205.]

86. Let �

mn

b e the re
ected m -ary Gra y co de, whic h can b e de�ned b y �

m 0

= � and

�

m ( n +1)

= (0 ; 1 ; : : : ; m � 1) � �

mn

; n � 0 :

This path runs from (0 ; 0 ; : : : ; 0) to ( m � 1 ; 0 ; : : : ; 0) when m is ev en. Consider the Gra y

path �

mn

de�ned b y �

m 0

= ; and

�

m ( n +1)

=

(

(0 ; 1 ; : : : ; m � 1) � �

mn

; m �

R

( m +1) n

; if m is o dd;

(0 ; 1 ; : : : ; m ) � �

mn

; m �

R

mn

; if m is ev en.
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This path tra v erses all of the ( m + 1)

n

� m

n

nonnegativ e in teger n -tuples for whic h

max ( a

1

; : : : ; a

n

) = m , starting with (0 ; : : : ; 0 ; m ) and ending with ( m; 0 ; : : : ; 0). The

desired in�nite Gra y path is �

0 n

, �

R

1 n

, �

2 n

, �

R

3 n

, : : : .

87. This is imp ossible when n is o dd, b ecause the n -tuples with max ( j a

1

j ; : : : ; j a

n

j ) = 1

include

1

2

(3

n

+ 1) with o dd parit y and

1

2

(3

n

� 3) with ev en parit y . When n = 2 w e

can use a spiral �

0

, �

1

, �

2

, : : : , where �

m

winds coun terclo c kwise from ( m; 1 � m )

to ( m; � m ) when m > 0. F or ev en v alues of n � 2, if T

m

is a path of n -tuples from

( m; 1 � m; m � 1 ; 1 � m; : : : ; m � 1 ; 1 � m ) to ( m; � m; m; � m; : : : ; m; � m ), w e can use

�

m

� ( T

0

; : : : ; T

m � 1

) ; (�

0

; : : : ; �

m

)

R

� T

m

for ( n + 2)-tuples with the same prop ert y ,

where � is the dual op eration

� � �

0

= ( �

0

�

0

0

; : : : ; �

t � 1

�

0

0

; �

t � 1

�

0

1

; : : : ; �

0

�

0

1

; �

0

�

0

2

; : : : ; �

t � 1

�

0

2

; �

t � 1

�

0

3

; : : : ) :

[In�nite n -dimensional Gra y co des without the magnitude constrain t w ere �rst con-

structed b y E. V� azson yi, Acta Litterarum ac Scien tiarum , sectio Scien tiarum Mathe-

maticarum 9 (Szeged: 1938), 163{173.]

88. It w ould visit all the subforests again, but in rev erse order, ending with (0 ; : : : ; 0)

and returning to the state it had after the initialization step K1. (This re
ection

principle is, in fact, the k ey to understanding ho w Algorithm K w orks.)

89. (a) Let M

0

= � , M

1

=

q

, and M

n +2

=

q

M

R

n +1

; M

R

n

. This construction w orks

b ecause the last elemen t of M

R

n +1

is the �rst elemen t of M

n +1

, namely a dot follo w ed

b y the �rst elemen t of M

R

n

.

(b) Giv en a string d

1

: : : d

l

where eac h d

j

is

q

or , w e can �nd its successor b y

letting k = l � [ d

l

=

q

] and pro ceeding as follo ws: If k is o dd and d

k

=

q

, c hange d

k

d

k +1

to ; if k is ev en and d

k

= , c hange d

k

to

q q

; otherwise decrease k b y 1 and rep eat

un til either making a c hange or reac hing k = 0. The successor of the giv en w ord is

q q q q q q q

.

90. A cycle can exist only when the n um b er of co de w ords is ev en, since the n um b er

of dashes c hanges b y � 1 at eac h step. Th us w e m ust ha v e n mo d 3 = 2. The Gra y

paths M

n

of exercise 89 are not suitable; they b egin with (

q

)

b n= 3 c

q

n mo d 3

and end

with (

q

)

b n= 3 c

q

[ n mo d 3=1] [ n mo d 3=2]

. But M

3 k +1

q

, M

R

3 k

is a Hamiltonian cycle in

the Morse co de graph when n = 3 k + 2.

91. Equiv alen tly , the n -tuples a

1

�a

2

a

3

�a

4

: : : ha v e no t w o consecutiv e 1s. Suc h n -tuples

corresp ond to Morse co de sequences of length n + 1, if w e app end 0 and then represen t

q

and

q

� resp ectiv ely b y 0 and 10. Under this corresp ondence w e can con v ert the path

M

n +1

of exercise 89 in to a pro cedure lik e Algorithm K, with the fringe con taining the

indices where eac h dot or dash b egins (except for a �nal dot):

Q1. [Initialize.] Set a

j

 b (( j � 1) mo d 6) = 3 c and f

j

 j for 1 � j � n . Also set

f

0

 0, r

0

 1, l

1

 0, r

j

 j + ( j mo d 3) and l

j +( j mo d 3)

 j for 1 � j � n ,

except if j + ( j mo d 3) > n set r

j

 0 and l

0

 j . (The \fringe" no w con tains

1, 2, 4, 5, 7, 8, : : : .)

Q2. [Visit.] Visit the n -tuple ( a

1

; : : : ; a

n

).

Q3. [Cho ose p .] Set q  l

0

, p  f

q

, f

q

 q .

Q4. [Chec k a

p

.] T erminate the algorithm if p = 0. Otherwise set a

p

 1 � a

p

and

go to Q6 if a

p

+ p is no w ev en.

Q5. [Insert p + 1.] If p < n , set q  r

p

, l

q

 p + 1, r

p +1

 q , r

p

 p + 1, l

p +1

 p .

Go to Q7.
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Q6. [Delete p + 1.] If p < n , set q  r

p +1

, r

p

 q , l

q

 p .

Q7. [Mak e p passiv e.] Set f

p

 f

l

p

and f

l

p

 l

p

. Return to Q2.

This algorithm can also b e deriv ed as a sp ecial case of a considerably more general

metho d due to Gang Li, F rank Rusk ey , and D. E. Kn uth, whic h extends Algorithm K

b y allo wing the user to sp ecify either a

p

� a

q

or a

p

� a

q

for eac h (paren t ; c hild) pair

( p; q ). [See Kn uth and Rusk ey , Lecture Notes in Computer Science 2635 (2004), 183{

204.] A generalization in another direction, whic h pro duces all strings of length n that

do not con tain certain substrings, has b een disco v ered b y M. B. Squire, Electronic J.

Com binatorics 3 (1996), #R17, 1{29.

Inciden tally , it is am using to note that the mapping k 7! g ( k ) = 2 is a one-to-one

corresp ondence b et w een all binary n -tuples with no o dd-length runs of 1s and all binary

n -tuples with no t w o consecutiv e 1s.

92. Y es, b ecause the digraph of all ( n � 1)-tuples ( x

1

; : : : ; x

n � 1

) with x

1

; : : : ; x

n � 1

� m

and with arcs ( x

1

; : : : ; x

n � 1

) ! ( x

2

; : : : ; x

n

) whenev er max ( x

1

; : : : ; x

n

) = m is con-

nected and balanced; see Theorem 2.3.4.2G. Indeed, w e get suc h a sequence from

Algorithm F if w e note that the �nal k

n

elemen ts of the prime strings of length

dividing n , when subtracted from m � 1, are the same for all m � k . When n = 4, for

example, the �rst 81 digits of the sequence �

4

are 2 � �

R

= 0 0001 01 0011 : : : , where

� is the string ( 62 ) . [There also are in�nite m -ary sequences whose �rst m

n

elemen ts

are de Bruijn cycles for all n , giv en an y �xed m � 3. See L. J. Cummings and D.

Wiedemann, Cong. Numeran tium 53 (1986), 155{160.]

93. The cycle generated b y f () is a cyclic p erm utation of � 1, where � has length m

n

� 1

and ends with 1

n � 1

. The cycle generated b y Algorithm R is a cyclic p erm utation of


 = c

0

: : : c

m

n +1

� 1

, where c

k

= ( c

0

+ b

0

+ � � � + b

k � 1

) mo d m and b

0

: : : b

m

n +1

� 1

=

� = �

m

1

m

.

If x

0

: : : x

n

o ccurs in 
 , sa y x

j

= c

k + j

for 0 � j � n , then y

j

= b

k + j

for 0 � j < n ,

where y

j

= ( x

j +1

� x

j

) mo d m . [This is the connection with mo dular m -ary Gra y co de;

see exercise 78.] No w if y

0

: : : y

n � 1

= 1

n

w e ha v e m

n +1

� m � n < k � m

n +1

� n ;

otherwise there is an index k

0

suc h that � n < k

0

< m

n

� n and y

0

: : : y

n � 1

o ccurs in

� at p ositions k = ( k

0

+ r ( m

n

� 1)) mo d m

n +1

for 0 � r < m . In b oth cases the m

c hoices of k ha v e di�eren t v alues of x

0

, b ecause the sum of all elemen ts in � is m � 1

(mo dulo m ) when n � 2. [Algorithm R is v alid also for n = 1 if m mo d 4 6= 2, b ecause

m ?

P

� in that case.]

94. 00 1 0 2 0 3 0 4 1 1 2 1 3 1 4 2 2 3 2 4 3 3 4 4. (The underlined digits are e�ectiv ely inserted

in to the in terlea ving of 0 0 1 1 2 2 3 4 with 3 4. Algorithm D can b e used in general when

n = 1 and r = m � 2 � 0; but it is p oin tless to do so, in view of ( 54 ) .)

95. (a) Let c

0

c

1

c

2

: : : ha v e p erio d r . If r is o dd w e ha v e p = q = r , so r = pq only in

the trivial case when p = q = 1 and a

0

= b

0

. Otherwise r = 2 = lcm ( p; q ) = pq = gcd( p; q )

b y 4.5.2{( 10 ) , hence gcd ( p; q ) = 2. In the latter case the 2 n -tuples c

l

c

l +1

: : : c

l +2 n � 1

that o ccur are a

j

b

k

: : : a

j + n � 1

b

k + n � 1

for 0 � j < p , 0 � k < q , j � k (mo dulo 2), and

b

k

a

j

: : : b

k + n � 1

a

j + n � 1

for 0 � j < p , 0 � k < q , j 6� k (mo dulo 2).

(b) The output w ould in terlea v e t w o sequences a

0

a

1

: : : and b

0

b

1

: : : whose p erio ds

are resp ectiv ely m

n

+ r and m

n

� r ; the a 's are the cycle of f () with x

n

c hanged to x

n +1

and the b 's are the cycle of f

0

() with x

n

c hanged to x

n � 1

, for 0 � x < r . By ( 58 ) and

part (a), the p erio d length is m

2 n

� r

2

, and ev ery 2 n -tuple o ccurs with the exception

of ( xy )

n

for 0 � x; y < r .
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(c) The real step D6 alters the b eha vior of (b) b y going to D3 when t � n , t

0

= n ,

and 0 � x

0

= x < r ; this c hange emits an extra x at the time when x

2 n � 1

has just

b een output and b is ab out to b e emitted, where b is the digit follo wing x

n

in the cycle.

D6 also allo ws con trol to pass to D7 and then D3 with t

0

= n in the case that t � n and

x < x

0

< r ; this b eha vior emits an extra x

0

x at the time when ( xx

0

)

n � 1

x has just b een

output and b will b e next. These r

2

extra bits pro vide the r

2

missing 2 n -tuples of (b).

96. (a) The recurrences S

2

= 1, S

2 n +1

= S

2 n

= 2 S

n

, R

2

= 0, R

2 n +1

= 1 + R

2 n

,

R

2 n

= 2 R

n

, D

2

= 0, D

2 n +1

= D

2 n

= 1 + 2 D

n

ha v e the solution S

n

= 2

b lg n c� 1

,

R

n

= n � 2 S

n

, D

n

= S

n

� 1. Th us S

n

+ R

n

+ D

n

= n � 1.

(b) Eac h top-lev el output usually in v olv es b lg n c � 1 D-activ ations and � ( n ) � 1

R-activ ations, plus one basic activ ation at the b ottom lev el. But there are exceptions:

Algorithm R migh t in v ok e its f () t wice, if the �rst activ ation completed a sequence 1

n

;

and sometimes Algorithm R do esn't need to in v ok e f () at all. Algorithm D migh t

in v ok e its f

0

() t wice, if the �rst activ ation completed a sequence ( x

0

)

n

; but sometimes

Algorithm D do esn't need to in v ok e either f () or f

0

().

Algorithm R completes a sequence x

n +1

if and only if its c hild f () has just

completed a sequence 0

n

. Algorithm D completes a sequence x

2 n

for x < r if and

only if it has just jump ed from D6 to D3 without in v oking an y c hild.

F rom these observ ations w e can conclude that at most b lg n c + � ( n ) + 1 activ ations

are p ossible p er top-lev el output, if r > 1; suc h a case happ ens when Algorithm D

for n = 6 go es from D6 to D4. But when r = 1 w e can ha v e as man y as 2 b lg n c + 3

activ ations, for example when Algorithm R for n = 25 go es from R4 to R2.

97. (a) (0 0 1 1), (0 0 0 1 1 1 0 1), (0 0 0 0 1 0 1 0 0 1 1 1 1 0 1 1), and (0 0 0 0 0 1 1 0 0 0 1 0 1 1 0 1 1 1 1 1

0 0 1 1 1 0 1 0 1 0 0 1). Th us j

2

= 2, j

3

= 3, j

4

= 9, j

5

= 15.

(b) W e ob viously ha v e f

n +1

( k ) = � f

n

( k ) mo d 2 for 0 � k < j

n

+ n . The next

v alue, f

n +1

( j

n

+ n ), dep ends on whether step R4 jumps to R2 after computing y =

f

n

( j

n

+ n � 1). If it do es (namely , if f

n +1

( j

n

+ n � 1) 6= 0), w e ha v e f

n +1

( k ) � 1 + �( k + 1)

for j

n

+ n � k < 2

n

+ j

n

+ n ; otherwise w e ha v e f

n +1

( k ) � 1 + �( k � 1) for those

v alues of k . In particular, f

n +1

( k ) = 1 when 2

n

� k + �

n

� 2

n

+ n . The stated form ula,

whic h has simpler ranges for the index k , holds b ecause 1 + �( k � 1) � �( k ) when

j

n

< k < j

n

+ n or 2

n

+ j

n

< k < 2

n

+ j

n

+ n .

(c) The in terlea v ed cycle has c

n

(2 k ) = f

+

n

( k ) and c

n

(2 k + 1) = f

�

n

( k ), where

f

+

n

( k ) =

�

f

n

( k � 1) ; if 0 < k � j

n

+ 1;

f

n

( k � 2) ; if j

n

+ 1 < k � 2

n

+ 2;

f

�

n

( k ) =

�

f

n

( k + 1) ; if 0 � k < j

n

;

f

n

( k + 2) ; if j

n

� k < 2

n

� 2;

f

+

n

( k ) = f

+

n

( k mo d (2

n

+ 2) ) , f

�

n

( k ) = f

�

n

( k mo d (2

n

� 2) ) . Therefore the subsequence

1

2 n � 1

b egins at p osition k

n

= (2

n � 1

� 2)(2

n

+ 2) + 2 j

n

+ 2 in the c

n

cycle; this will

mak e j

2 n

o dd. The subsequence (01)

n � 1

0 b egins at p osition l

n

= (2

n � 1

+ 1)( j

n

� 1) if

j

n

mo d 4 = 1, at l

n

= (2

n � 1

+ 1)(2

n

+ j

n

� 3) if j

n

mo d 4 = 3. Also k

2

= 6, l

2

= 2.

(d) Algorithm D inserts four elemen ts in to the c

n

cycle; hence

when j

n

mo d 4 < 3 ( l

n

< k

n

):

f

2 n

( k ) =

8

<

:

c

n

( k � 1) ; if 0 < k � l

n

+ 2;

c

n

( k � 3) ; if l

n

+ 2 < k � k

n

+ 3;

c

n

( k � 4) ; if k

n

+ 3 < k � 2

2 n

;

when j

n

mo d 4 = 3 ( k

n

< l

n

):

=

8

<

:

c

n

( k � 1) ; if 0 < k � k

n

+ 1;

c

n

( k � 2) ; if k

n

+ 1 < k � l

n

+ 3;

c

n

( k � 4) ; if l

n

+ 3 < k � 2

2 n

.

(e) Consequen tly j

2 n

= k

n

+ 1 + 2[ j

n

mo d 4 < 3 ]. Indeed, the elemen ts preceding

1

2 n

consist of 2

n � 2

� 1 complete p erio ds of f

+

n

() in terlea v ed with 2

n � 2

complete

p erio ds of f

�

n

(), with one 0 inserted and also with 10 inserted if l

n

< k

n

, follo w ed
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b y f

n

(1) f

n

(1) f

n

(2) f

n

(2) : : : f

n

( j

n

� 1) f

n

( j

n

� 1). The sum of all these elemen ts is o dd,

unless l

n

< k

n

; therefore �

2 n

= 1 � 2[ j

n

mo d 4 = 3 ].

Let n = 2

t

q , where q is o dd and n > 2. The recurrences imply that, if q = 1, w e

ha v e j

n

= 2

n � 1

+ b

t

where b

t

= 2

t

= 3 � ( � 1)

t

= 3. And if q > 1 w e ha v e j

n

= 2

n � 1

� b

t +2

,

where the + sign is c hosen if and only if b lg q c + [ b 4 q = 2

b lg q c

c = 5 ] is ev en.

98. If f ( k ) = g ( k ) when k lies in a certain range, there's a constan t C suc h that

� f ( k ) = C + � g ( k ) for k in that range. W e can therefore con tin ue almost mindlessly

to deriv e additional recurrences: If n > 1 w e ha v e

� f

2 n

( k ) ; when j

n

mo d 4 < 3 ( l

n

< k

n

):

�

8

<

:

� c

n

( k � 1) ; if 0 < k � l

n

+ 2;

1 + � c

n

( k � 3) ; if l

n

+ 2 < k � k

n

+ 3;

� c

n

( k � 4) ; if k

n

+ 3 < k � 2

2 n

;

when j

n

mo d 4 = 3 ( k

n

< l

n

):

�

8

<

:

� c

n

( k � 1) ; if 0 < k � k

n

+ 1;

1 + � c

n

( k � 2) ; if k

n

+ 1 < k � l

n

+ 3;

� c

n

( k � 4) ; if l

n

+ 3 < k � 2

2 n

.

� c

n

( k ) � � f

+

n

( d k = 2 e ) + � f

�

n

( b k = 2 c ) :

� f

+

n

( k ) �

�

� f

n

( k � 1) ; if 0 < k � j

n

+ 1;

1 + � f

n

( k � 2) ; if j

n

+ 1 < k � 2

n

+ 2;

� f

�

n

( k ) �

�

� f

n

( k + 1) ; if 0 � k < j

n

;

1 + � f

n

( k + 2) ; if j

n

� k < 2

n

� 2;

� f

�

n

( k ) � b k = (2

n

� 2) c + � f

�

n

( k mo d (2

n

� 2) ) ; � f

n

( k ) = � f

n

( k mo d 2

n

) :

� f

2 n +1

( k ) �

�

�� f

2 n

( k ) ; if 0 < k � j

2 n

or 2

2 n

+ j

2 n

< k � 2

2 n +1

;

1 + k + �� f

2 n

( k + �

2 n

) ; if j

2 n

< k � 2

2 n

+ j

2 n

.

�� f

2 n

( k ) ; when j

n

mo d 4 < 3 ( l

n

< k

n

):

�

8

<

:

�� c

n

( k � 1) ; if 0 < k � l

n

+ 2;

1 + k + �� c

n

( k � 3) ; if l

n

+ 2 < k � k

n

+ 3;

�� c

n

( k � 4) ; if k

n

+ 3 < k � 2

2 n

;

when j

n

mo d 4 = 3 ( k

n

< l

n

):

�

8

<

:

�� c

n

( k � 1) ; if 0 < k � k

n

+ 1;

1 + k + � c

n

( k � 2) ; if k

n

+ 1 < k � l

n

+ 3;

1 + �� c

n

( k � 4) ; if l

n

+ 3 < k � 2

2 n

.

�� f

2 n

( k ) � [ j

n

mo d 4 < 3] b k = 2

2 n

c + �� f

2 n

( k mo d 2

2 n

) :

And then, aha, there is closure:

�� c

n

(2 k ) = � f

+

n

( k ) ; �� c

n

(2 k + 1) = � f

�

n

( k ) :

If n = 2

t

q where q is o dd, the running time to ev aluate f

n

( k ) b y this system of

recursiv e form ulas is O ( t + S ( q )), where S (1) = 1, S (2 k ) = 1 + 2 S ( k ), and S (2 k + 1) =

1 + S ( k ). Clearly S ( k ) < 2 k , so the ev aluations in v olv e at most O ( n ) simple op erations

on n -bit n um b ers. In fact, the metho d is often signi�can tly faster: If w e a v erage S ( k )

o v er all k with b lg k c = s w e get (3

s +1

� 2

s +1

) = 2

s

, whic h is less than 3 k

lg (3 = 2)

< 3 k

0 : 59

.

(Inciden tally , if k = 2

s +1

� 1 � (2

s � e

1

+ 2

s � e

2

+ � � � + 2

s � e

t

) w e ha v e S ( k ) = s + 1 +

e

t

+ 2 e

t � 1

+ 4 e

t � 2

+ � � � + 2

t

e

1

.)

99. A string that starts at p osition k in f

n

() starts at p osition k

+

= k + 1 + [ k > j

n

] in

f

+

n

() and at p osition k

�

= k � 1 � [ k > j

n

] in f

�

n

(), except that 0

n

and 1

n

o ccur t wice

in f

+

n

() but not at all in f

�

n

().

T o �nd 
 = a

0

b

0

: : : a

n � 1

b

n � 1

in the cycle f

2 n

(), let � = a

0

: : : a

n � 1

and � =

b

0

: : : b

n � 1

. Supp ose � starts at p osition j and � at p osition k in f

n

(), and assume

that neither � nor � is 0

n

or 1

n

. If j

+

� k

+

(mo dulo 2), let l = 2 b e a solution to the

equation j

+

+ (2

n

+ 2) x = k

�

+ (2

n

� 2) y ; w e ma y tak e l = 2 = k + (2

n

� 2) ( 2

n � 3

( j � k )

mo d (2

n � 1

+ 1) ) if j � k , otherwise l = 2 = j + (2

n

+ 2) ( 2

n � 3

( k � j ) mo d (2

n � 1

� 1) ) .

Otherwise let ( l � 1) = 2 = k

+

+ (2

n

+ 2) x = j

�

+ (2

n

� 2) y . Then 
 starts at p osition l

in the cycle c

n

(); hence it starts at p osition l + 1 + [ l � k

n

] + 2[ l � l

n

] in the cycle f

2 n

().
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Similar form ulas hold when � 2 f 0

n

; 1

n

g or � 2 f 0

n

; 1

n

g (but not b oth). Finally ,

0

2 n

, 1

2 n

, (01)

n

, and (10)

n

start resp ectiv ely in p ositions 0, j

2 n

, l

n

+ 1 + [ k

n

< l

n

], and

l

n

+ 2 + [ k

n

< l

n

].

T o �nd � = b

0

b

1

: : : b

n

in f

n +1

() when n is ev en, supp ose that the n -bit string

( b

0

� b

1

) : : : ( b

n � 1

� b

n

) starts at p osition j in f

n

(). Then � starts at p osition k =

j � �

n

[ j � j

n

] + 2

n

[ j = j

n

][ �

n

= 1] if f

n +1

( k ) = b

0

, otherwise at p osition k + (2

n

� �

n

;

�

n

; 2

n

+ �

n

) according as ( j < j

n

; j = j

n

; j >j

n

).

The running time of this recursion satis�es T ( n ) = O ( n ) + 2 T ( b n= 2 c ) , so it is

O ( n log n ). [Exercises 97{99 are based on the w ork of J. T uliani, who also has dev elop ed

metho ds for certain larger v alues of m ; see Discrete Math. 226 (2001), 313{336.]

100. No ob vious defects are apparen t, but extensiv e testing should b e done b efore an y

sequence can b e recommended. By con trast, the de Bruijn cycle pro duced implicitly

b y Algorithm F is a terrible source of supp osedly random bits, ev en though it is n -

distributed in the sense of De�nition 3.5D, b ecause 0 s predominate at the b eginning.

Indeed, when n is prime, bits tn + 1 of that sequence are zero for 0 � t < (2

n

� 2) =n .

101. (a) Let � b e a prop er su�x of ��

0

with � � ��

0

. Either � is a su�x of �

0

, whence

� < �

0

� � , or � = ��

0

and w e ha v e � < � < � .

No w � < � � ��

0

implies that � = �
 for some 
 � �

0

. But 
 is a su�x of � with

1 � j 
 j = j � j � j � j < j �

0

j ; hence 
 is a prop er su�x of �

0

, and �

0

< 
 . Con tradiction.

(b) An y string of length 1 is prime. Com bine adjacen t primes b y (a), in an y

order, un til no further com bination is p ossible. [See the more general results of M. P .

Sc h • utzen b erger, Pro c. Amer. Math. So c. 16 (1965), 21{24.]

(c) If t 6= 0, let � b e the smallest su�x of �

1

: : : �

t

. Then � is prime b y de�nition,

and it has the form � 
 where � is a nonempt y su�x of some �

j

. Therefore �

t

� �

j

�

� � � 
 = � � �

t

, so w e m ust ha v e � = �

t

. Remo v e �

t

and rep eat un til t = 0.

(d) T rue. F or if w e had � = �� for some prime � with j � j > j �

1

j , w e could

app end the factors of � to obtain another factorization of � .

(e) 3 � 1415926535897932384626433832795 � 02884197. (An e�cien t algorithm

app ears in exercise 106. Kno wing more digits of � w ould not c hange the �rst t w o

factors. The in�nite decimal expansion of an y n um b er that is \normal" in the sense of

Borel (see Section 3.5) factors in to primes of �nite length.)

102. W e m ust ha v e 1 = (1 � mz ) = 1 =

Q

1

n =1

(1 � z

n

)

L

m

( n )

. This implies ( 60 ) as in

exercise 4.6.2{4.

103. When n = p is prime, ( 59 ) tells us that L

m

(1) + p L

m

( p ) = m

p

, and w e also

ha v e L

m

(1) = m . [This com binatorial pro of pro vides an in teresting con trast to the

traditional algebraic pro of of Theorem 1.2.4F.]

104. The 4483 nonprimes are abaca , agora , ahead , : : : ; the 1274 primes are : : : , rusts ,

rusty , rutty . (Since prime isn't prime, w e should p erhaps call prime strings lowly .)

105. (a) Let �

0

b e � with its last letter increased, and supp ose �

0

= � 


0

where � = � 


and � 6= � , 
 6= � . Let � b e the pre�x of � with j � j = j 
 j . By h yp othesis there is a string

! suc h that �! is prime; hence � � �! < 
 ! , so w e m ust ha v e � � 
 . Consequen tly

� < 


0

, and w e ha v e �

0

< 


0

.

(b) Let � = �

1

� = a

1

: : : a

n

where �

1

� ! is prime. The condition �

1

� ! < � !

implies that a

j

� a

j + r

for 1 � j � n � r , where r = j �

1

j . But w e cannot ha v e a

j

< a

j + r

;

otherwise � w ould b egin with a prime longer than �

1

, con tradicting exercise 101(d).

(c) If � is the n -extension of b oth � and �

0

, where j � j > j �

0

j , w e m ust ha v e

� = ( �

0

)

q

� where � is a nonempt y pre�x of �

0

. But then � � �

0

< � < � .
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106. B1. [Initialize.] Set a

1

 � � �  a

n

 m � 1, a

n +1

 � 1, and j  1.

B2. [Visit.] Visit ( a

1

; : : : ; a

n

) with index j .

B3. [Subtract one.] T erminate if a

j

= 0. Otherwise set a

j

 a

j

� 1, and

a

k

 m � 1 for j < k � n .

B4. [Prepare to factor.] (According to exercise 105(b), w e no w w an t to �nd the

�rst prime factor �

1

of a

1

: : : a

n

.) Set j  1 and k  2.

B5. [Find the new j .] (No w a

1

: : : a

k � 1

is the ( k � 1)-extension of the prime

a

1

: : : a

j

.) If a

k � j

> a

k

, return to B2. Otherwise, if a

k � j

< a

k

, set j  k .

Then increase k b y 1 and rep eat this step.

The e�cien t factoring algorithm in steps B4 and B5 is due to J. P . Duv al, J. Algorithms

4 (1983), 363{381. F or further information, see Cattell, Rusk ey , Sa w ada, Serra, and

Miers, J. Algorithms 37 (2000), 267{282.

107. The n um b er of n -tuples visited is P

m

( n ) =

P

n

j =1

L

m

( j ). Since L

m

( n ) =

1

n

m

n

+

O ( m

n= 2

=n ), w e ha v e P

m

( n ) = Q ( m; n ) + O ( Q (

p

m; n ) ) , where

Q ( m; n ) =

n

X

k =1

m

k

k

=

m

n

n

R ( m; n );

R ( m; n ) =

n � 1

X

k =0

m

� k

1 � k =n

=

n= 2

X

k =0

m

� k

1 � k =n

+ O ( nm

� n= 2

)

=

m

m � 1

t � 1

X

j =0

1

n

j

X

l

n

j

l

o

l !

( m � 1)

l

+ O ( n

� t

) :

Th us P

m

( n ) � m

n +1

= (( m � 1) n ). The main con tributions to the running time come

from the lo ops in steps F3 and F5, whic h cost n � j for eac h prime of length j , hence

a total of nP

m

( n ) �

P

n

j =1

j L

m

( j ) = m

n +1

(1 = (( m � 1)

2

n ) + O (1 = ( mn

2

))). This is less

than the time needed to output the m

n

individual digits of the de Bruijn cycle.

108. (a) If � 6= 9 : : : 9, w e ha v e �

k +1

� � 9

j � j

, b ecause the latter is prime.

(b) W e can assume that � is not all 0 s, since 9

j

0

n � j

is a substring of �

t � 1

�

t

�

1

�

2

=

89

n

0

n

1. Let k b e minimal with � � �

k

; then �

k

� � � , so � is a pre�x of �

k

. Since �

is a preprime, it is the j � j -extension of some prime �

0

� � . The preprime visited b y

Algorithm F just b efore �

0

is ( �

0

� 1)9

n �j �

0

j

, b y exercise 106, where �

0

� 1 denotes the

decimal n um b er that is one less than �

0

. Th us, if �

0

is not �

k � 1

, the hin t (whic h also

follo ws from exercise 106) implies that �

k � 1

ends with at least n � j �

0

j � n � j � j 9s,

and � is a su�x of �

k � 1

. On the other hand if �

0

= �

k � 1

, � is a su�x of �

k � 2

, and �

is a pre�x of �

k � 1

�

k

.

(c) If � 6= 9 : : : 9, w e ha v e �

k +1

� ( � � )

d � 1

� 9

j � j

, b ecause the latter is prime.

Otherwise �

k � 1

ends with at least ( d � 1) j � � j 9s, and �

k +1

� ( � � )

d � 1

9

j � � j

, so ( �� )

d

is a substring of �

k � 1

�

k

�

k +1

.

(d) Within the primes 135899 135914, 787899 787979, 129999 13 131314, 09 090911,

089999 09 090911, 118999 119 119122.

(e) Y es: In all cases, the p osition of a

1

: : : a

n

precedes the p osition of the substring

a

1

: : : a

n � 1

( a

n

+ 1), if 0 � a

n

< 9 (and if w e assume that strings lik e 9

j

0

n � j

o ccur at

the b eginning). F urthermore 9

j

0

n � j � 1

o ccurs only after 9

j � 1

0

n � j

a has app eared for

1 � a � 9, so w e m ust not place 0 after 9

j

0

n � j � 1

.
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109. Supp ose w e w an t to lo cate the submatrix

�

( w

n � 1

: : : w

1

w

0

)

2

( x

n � 1

: : : x

1

x

0

)

2

( y

n � 1

: : : y

1

y

0

)

2

( z

n � 1

: : : z

1

z

0

)

2

�

:

The binary case n = 1 is the giv en example, and if n > 1 w e can assume b y induction

that w e only need to determine the leading bits a

2 n � 1

, a

2 n � 2

, b

2 n � 1

, and b

2 n � 2

. The

case n = 3 is t ypical: W e m ust solv e

b

5

= w

2

; b

4

= x

2

; a

5

� b

5

= y

2

; a

4

� b

4

= z

2

; if a

0

= 0, b

0

= 0;

b

4

= w

2

; b

0

5

= x

2

; a

4

� b

4

= y

2

; a

5

� b

0

5

= z

2

; if a

0

= 0, b

0

= 1;

a

5

� b

5

= w

2

; a

4

� b

4

= x

2

; b

5

= y

2

; b

4

= z

2

; if a

0

= 1, b

0

= 0;

a

4

� b

4

= w

2

; a

5

� b

0

5

= x

2

; b

4

= y

2

; b

0

5

= z

2

; if a

0

= 1, b

0

= 1;

here b

0

5

= b

5

� b

4

b

3

b

2

b

1

tak es accoun t of carrying when j b ecomes j + 1.

110. Let a

0

a

1

: : : a

m

2

� 1

b e an m -ary de Bruijn cycle, suc h as the �rst m

2

elemen ts of

( 54 ) . If m is o dd, let a

ij

= a

j

when i is ev en, a

ij

= a

( j +( i � 1) = 2) mo d m

2 when i is o dd.

[The �rst of man y p eople to disco v er this construction seems to ha v e b een John C.

Co c k, who also constructed de Bruijn toruses of other shap es and sizes in Discrete

Math. 70 (1988), 209{210.]

If m = m

0

m

00

where m

0

? m

00

, w e use the Chinese remainder theorem to de�ne

a

ij

� a

0

ij

(mo dulo m

0

) and a

ij

� a

00

ij

(mo dulo m

00

)

in terms of matrices that solv e the problem for m

0

and m

00

. Th us the previous exercise

leads to a solution for arbitrary m .

Another in teresting solution for ev en v alues of m w as found b y Zolt� an T� oth

[ 2nd Conf. Automata, Languages, and Programming Systems (1988), 165{172; see also

Hurlb ert and Isaak, Con temp. Math. 178 (1994), 153{160]. The �rst m

2

elemen ts a

j

of the in�nite sequence

0011 021331203223 04152435534251405445 0617263746577564 : : : 07667 08 : : :

de�ne a de Bruijn cycle with the prop ert y that the distance b et w een the app earances

of ab and ba is alw a ys ev en. Then w e can let a

ij

= a

j

if i + j is ev en, a

ij

= a

i

if i + j

is o dd. F or example, when m = 4 w e ha v e

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

0 0 1 0 0 2 1 2 2 0 3 0 2 2 3 2

0 0 0 1 0 2 0 3 2 0 2 1 2 2 2 3

0 1 1 1 0 3 1 3 2 1 3 1 2 3 3 3

1 0 1 1 1 2 1 3 3 0 3 1 3 2 3 3

0 0 1 0 0 2 1 2 2 0 3 0 2 2 3 2

0 2 0 3 0 0 0 1 2 2 2 3 2 0 2 1

0 1 1 1 0 3 1 3 2 1 3 1 2 3 3 3

1 2 1 3 1 0 1 1 3 2 3 3 3 0 3 1

0 0 1 0 0 2 1 2 2 0 3 0 2 2 3 2

2 0 2 1 2 2 2 3 0 0 0 1 0 2 0 3

0 1 1 1 0 3 1 3 2 1 3 1 2 3 3 3

3 0 3 1 3 2 3 3 1 0 1 1 1 2 1 3

0 0 1 0 0 2 1 2 2 0 3 0 2 2 3 2

2 2 2 3 2 0 2 1 0 2 0 3 0 0 0 1

0 1 1 1 0 3 1 3 2 1 3 1 2 3 3 3

3 2 3 3 3 0 3 1 1 2 1 3 1 0 1 1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

(exercise 109);

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

0 0 1 0 0 0 1 0 3 0 2 0 3 0 2 0

0 0 0 1 0 2 0 3 0 1 0 0 0 2 0 3

0 1 1 1 0 1 1 1 3 1 2 1 3 1 2 1

1 0 1 1 1 2 1 3 1 1 1 0 1 2 1 3

0 0 1 0 0 0 1 0 3 0 2 0 3 0 2 0

2 0 2 1 2 2 2 3 2 1 2 0 2 2 2 3

0 1 1 1 0 1 1 1 3 1 2 1 3 1 2 1

3 0 3 1 3 2 3 3 3 1 3 0 3 2 3 3

0 3 1 3 0 3 1 3 3 3 2 3 3 3 2 3

1 0 1 1 1 2 1 3 1 1 1 0 1 2 1 3

0 2 1 2 0 2 1 2 3 2 2 2 3 2 2 2

0 0 0 1 0 2 0 3 0 1 0 0 0 2 0 3

0 3 1 3 0 3 1 3 3 3 2 3 3 3 2 3

2 0 2 1 2 2 2 3 2 1 2 0 2 2 2 3

0 2 1 2 0 2 1 2 3 2 2 2 3 2 2 2

3 0 3 1 3 2 3 3 3 1 3 0 3 2 3 3

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

(T� oth).
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111. (a) Let d

j

= j and 0 � a

j

< 3 for 1 � j � 9, a

9

6= 0. F orm sequences s

j

, t

j

b y the

rules s

1

= 0, t

1

= d

1

; t

j +1

= d

j +1

+ 10 t

j

[ a

j

= 0 ] for 1 � j < 9; s

j +1

= s

j

+ (0 ; t

j

; � t

j

)

for a

j

= (0 ; 1 ; 2) and 1 � j � 9. Then s

10

is a p ossible result; w e need only remem b er

the smallish v alues that o ccur. More than half the w ork is sa v ed b y disallo wing a

k

= 2

when s

k

= 0, then using j s

10

j instead of s

10

. Since few er than 3

8

= 6561 p ossibilities

need to b e tried, brute force via the ternary v ersion of Algorithm M w orks w ell; few er

than 24,000 mems and 1600 m ultiplications are needed to deduce that all in tegers less

than 211 are represen table, but 211 is not.

Another approac h, using Gra y co de to v ary the signs after breaking the digits

in to blo c ks in 2

8

p ossible w a ys, reduces the n um b er of m ultiplications to 255, but at

the cost of ab out 500 additional mems. Therefore Gra y co de is not adv an tageous in

this application.

(b) No w (with 73,000 mems and 4900 m ultiplications) w e can reac h all n um b ers

less than 241, but not 241. There are 46 w a ys to represen t 100, including the remark able

9 � 87 + 6 + 5 � 43 + 210.

[H. E. Dudeney in tro duced his \cen tury" problem in The W eekly Dispatc h (4 and

18 June 1899). See also The Numerology of Dr. Matrix b y Martin Gardner, Chapter 6;

Stev en Kahan, J. Recreational Math. 23 (1991), 19{25.]

112. The metho d of exercise 111 no w needs more than 167 million mems and 10 million

m ultiplications, b ecause 3

16

is so m uc h larger than 3

8

. W e can do m uc h b etter (10.4

million mems, 1100 m ults) b y �rst tabulating the p ossibilities obtainable from the �rst

k and last k digits, for 1 � k < 9, then considering all blo c ks of digits that use the 9.

There are 60,318 w a ys to represen t 100, and the �rst unreac hable n um b er is 16,040.
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When an index en try refers to a page con taining a relev an t exercise, see also the answer to

that exercise for further information. An answ er page is not indexed here unless it refers to a

topic not included in the statemen t of the exercise.

2-adic n um b ers, 31.

4-cub e, 42, 55.

8-cub e, 17, 35.

� ( k ), se e Lee w eigh t, Sidew a ys sum.

� (circle ratio), 30, 43, 61.

� ( k ), se e Ruler function.

Almost-linear recurrence, 23.

Analog-to-digital con v ersion, 3{4, 15.

Analysis of algorithms, 28, 37, 38.

An ti-Gra y co de, 35.

An tip o dal w ords, 11.

Arima, Y oriyuki ( ), 41.

Arndt, J• org, 45.

Arti�cial in telligence, 43.

Aub ert, Jacques, 55.

Automorphisms, 49.

Baez, John Carlos, 47.

Balanced Gra y co de, 14{17, 35, 49.

Bandwidth of n -cub e, 35.

baud: One transmission unit (e.g., one

bit) p er second, 4.

Baudot, Jean Maurice

�

Emile , 4{5.

Bec k ett, Sam uel Barcla y , 34{35.

Bennett, William Ralph, 4.

Bernstein, Arth ur Ja y , 44.

Binary Gra y co des, 12{17, 33{35.

Binary n um b er system, 1, 4.

Binary recurrences, 43, 60.

Binary trie, 30.

Bit rev ersal, 28, 31.

Bitner, James Ric hard, 9.

Bit wise op erations, 4, 11{12, 32, 45.

Borel,

�

Emile F � elix

�

Edouard Justin, 61.

Borro w, 40.

Botermans, Jacobus (= Jac k) P etrus

Hermana, 55.

Boustrophedon pro duct, 36, 57.

Bruijn, Nicolaas Go v ert de, 22.

cycles, 22{27, 36{38, 63.

toruses, 38.

Buc hner, Morgan Mallory , Jr., 44.

Calderbank, Arth ur Rob ert, 43.

Cano e puzzle, 56.

Canonical delta sequence, 13, 49.

Cardano, Girolamo (= Hieron ym us

Cardan us), 41.

Carry , 2, 63.

Casto wn, Rudolph W., 11.

Cattell, Kevin Mic hael, 62.

Ca vior, Stephan Rob ert, 44.

Ca yley , Arth ur, Hamilton theorem, 45.

Cen ter of gra vit y , 17.

Characteristic p olynomial, 45.

Chen, Kuo-Tsai ( ), 26.

Cheng, Ching-Sh ui ( ), 54.

Chinese remainder theorem, 63.

Chinese ring puzzle, 5{6, 28, 41{42.

Co c k, John Cro wle, 63.

Cohn, Martin, 49, 52, 54.

Complemen tary Gra y co des, 13, 16{17,

33, 49.

Comp ositions, 28{29.

Concatenation, 25, 35, 49.

Concurren t computing, 43.

Connected comp onen ts, 34.

Co ok e, Ra ymond Mark, 51, 55.

Co ordinates, 13.

Coroutines, recursiv e, 24{25.

Cremer, William Henry , Jr., 56.

Cub e, se e n -cub e.

Cub e-connected computers, 43.

Cummings, Larry Jean, 58.

Cycle leaders, 31.

Cyclic shifts, 26.

Dally , William James, 43.

de Bruijn, Nicolaas Go v ert, 22.

cycles, 22{27, 36{38, 63.

toruses, 38.

Decimal n um b er system, 2, 18{19, 39.

Degen, Carl F erdinand, 47.

Delta sequence, 13.

Dilation of em b edded graph, 35.

Discrete F ourier transform, 9, 27, 47.

Divisors of a n um b er, 35.

Doubly link ed list, 21, 57{58.

Douglas, Rob ert James, 48.

Dual b oustrophedon pro duct, 57.

Dudeney , Henry Ernest, 5, 64.

Duv al, Jean Pierre, 62.

Dyc kman, Ho w ard Llo yd, 36, 56.

Edge co v ering, 35.

Ehrlic h, Gideon ( JILX@ OERCB ), 9.

En umeration, 1.

Equiv alen t Gra y co des, 33{34.

Error-correcting co des, 30.

Etzion, T uvi ( OEIVR IAEH , b orn XVLED IAEH ), 25.

Extension, 26.
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F actorization of strings, 37.

algorithm for, 62.

F aloutsos, Christos ( FaloÔtsoc, Qr stoc ), 43.

F ast F ourier transform, 28.

F ast W alsh transform, 32.

F ermat, Pierre de, theorem, 38.

Fib onacci, Leonardo, of Pisa, n um b ers, 36.

Field, �nite, 32.

Fiv e-letter w ords, 11, 32{33, 38.

Flores, Iv an, 54.

F o cus p oin ters, 10{11, 20{21, 57.

F orest, 20{21.

F ourier, Jean Baptiste Joseph,

series, 7.

transform, discrete, 9, 28, 47.

F o x, Ralph Hartzler, 26.

F redman, Mic hael La wrence, 33, 48.

F redric ksen, Harold Marvin, 26, 27.

F ringe, 21, 57.

Gardner, Martin, 56, 64.

Generating functions, 61.

Generation, 1.

constan t amortized time, 40.

lo opless, 9{12, 20, 28, 29, 36, 42.

Gilb ert, Edgar Nelson, 33.

Gilb ert, William Sc h w enc k, 1.

Go ddyn de la V ega, Luis Armando, 34, 50.

Gomes, P eter John, iii.

Gordian Knot puzzle, 35.

Gra y , Elisha, 5.

Gra y , F rank, 4.

Gra y binary co de, 2{12, 16, 28{33, 36, 58.

p erm utation, 3, 31.

Gra y binary trie, 30.

Gra y co de: A sequence of adjacen t ob jects.

Gra y co de for n -tuples, 12, 15, 18.

adv an tages of, 6, 11{12.

binary , se e Binary Gra y co des, Gra y

binary co de.

limitations of, 40, 64.

non binary , 18{20, 35{36, 46, 52, 54{56.

Gra y cycle: A cyclic Gra y co de, 12, 15.

Gra y �elds, 31.

Gra y path, 15, se e Gra y co de.

Gra y stream, 34.

Gra y ternary co de, 19, 36.

Gros, Luc Agathon Louis, 5.

Gv ozdjak, P a v ol, 34.

Hadamard, Jacques Salomon, 47.

transform, 9, 32, 46, 47.

Hamilton, William Ro w an, se e Ca yley .

cycle, 13, 34.

path, 15, 33, 49.

Hamley , William, and sons, 56.

Hammons, Arth ur Roger, Jr., 43.

Hariguc hi, Y oic hi ( ), iv.

Harm uth, Henning F riedolf, 7.

Hexadecimal puzzle, 42.

Hop croft, John Edw ard, 44.

Hurlb ert, Glenn Ho wland, 63.

in situ p erm utation, 28, 31.

in situ transformation, 9.

Inclusion and exclusion principle, 6.

Inline expansion, 11{12.

In terlea ving, 37, 50, 63.

In ternet, ii, iii.

In v erse function, 4, 31.

Isaak, Garth Timoth y , 63.

Isomorphic Gra y cycles, 33{34.

Iteration of functions, 32, 45.
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