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Entropy Pumps for Bernoulli Source

The next sections present a detailed descripti@nabpy Pump” (EP) construction for binary
order O Markov source (Bernoulli source). The source is characterized by protsabilitie
symbols 1 and 0, denotedRd) = p andP(0) = q = 1-p. Unless noted otherwise, we will use
conventionp < g, hence we have9p < 1/2 <g< 1. The input sequence being encodeq| g
=a & ag ... &, Wherea; are symbols 0 or 1.We denote count of onegmhask and count of
zeros a$ =n-—k.

Shannon entropyH(S) of the input sequencgn] is given by:

H(S) =n(plog(1/) +qlbg(1/)] = nlh(p) (1)
where we denoteentropy per symbolas:h(p) = p lbg(1/)+ qlbg(1/). Note thatH(S) does
not include the cost of transmitting tBfn] parameterg andn. Therefore in our output size

comparisons withd(S) we do not include cost of transmissiorpaindn, even though the
encoder and decoder need to know these parameters.

EP1: Single Cycle, 2 symbols/block
a) Thevirtual dictionary D is defined as a set of all 2-symbol sequences:
D={00,01, 10, 11} (2)

b) DictionaryD is partitioned int@numerative classe@&lisjoint subsets dD, each containing
equiprobable sequences only) as follaws

D=Ey+E; +E, (3)

where the enumerative clas$gsE; andE, are defined as:

Eo={00} (4a)
Ei={11} (4b)
E,={01, 10} (4c)

The steps (a) and (b) are common to encoder and decoder.

" We use notation and terms defined in TR2, ref [1] p. 27.
" The operator ‘+' between set operands denotes theniet of the operands.



ENCODING

c) We segment the inpus[n] into m=.n/2] two-symbol blocksas:B = B; B, ... B, and
generate the corresponding sequenadasis tags T[m| =T =T, T, ... Tm, where eacfi; is a
symbol 0, 1 or 2 identifying the enumerative claséc=0,1,2) to which the blocB; belongs.
HenceT is a sequence in ternary alphalwety) defined via:

BijOE: = Tj=c where:&0,10r2 and=1,2,.m (5)

The probabilitieg. of occurrence of tagk in T with valuesc=0,1 or 2 are:

po=P(Tj=0) = q° andgo=1-po (6a)
pL=P(Tj=1)= p® andq=1-p; (6b)
P2=P(Tj=2)=2pq and gz = 1-p, (6¢)

We denote the counts of tafsn T with valuesc=0,1 or 2 as:

my = Count_of T;=0), my=m-my (7a)

m = Count_of Tj=1), mm=m-m (7b)

m, = Count_of T;=2), mp=m-mp (7c)
Hence, the countsy satisfy constraints:

Mo +my +m, =m=[n/2] (8a)

O<sm<s<m forc=0,1,2 (8b)
From egs. (6)-(8) it follows that the probability for a givanto have a valug/ (whereu
satisfies: & ¢ < m) is given via binomial distribution:

meyf M
P(m, = i) = p,“q, ”[ ﬂJ (9)

d) We compute the indexf each block; within its enumerative class.

Since classel, andE; contain only a single element each, all enumerative indices of blocks
within these classes are 0, thus these indicesar@cluded into the output

The clas€E, contains 2 equiprobable elements, hence its index requires 1 bit per blodkfrom
By ourcolex rankingconvention (cf. [2] p. 14) we assign index values 0 and 1 tBthe
elements 10 and 01 respectively i.e. the block index is the last bit of the block. We denote the

sequence afy, index values (bits) for afhy, blocksB; U E, asZ =Z[my)].

" For odd sequence lengthsve need to send the last symbol separately fromidlodB; via a convention agreed
to in advance by encoder and decoder.
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e) Encoder outputcontains the following components (note t8fat] parameterp andn are
assumed to be known to encoder and decoder):

el)Optimally codedsequence of classtads=T; T2 ... T

T[m|=T is a sequence ofi symbols in ternary alphabet£3) with known symbol
probabilities (given via egs. (6a)-(6¢c)) and known symbol coumtn/2] .

An optimal multi-alphabet entropy coder can be used to entpslech as arithmetic

coder or QI (e.g. via binary decomposition or via direct multinomial enumeration, cf. [2]
pp. 31-39). The average output lengthTdirom an optimal coder iis(T) = m[Z; pc

log(1fc), which after substitution qf; values given in egs. (6), yieltd$T) in terms ofp
andqg as:

L(T) = m[p” log(Lh") + ¢ log(14r’) + 2pq log(L/2pc)] =
= 2n[plog(1h) +qlog(1L)] - 2mpq=
= H(S) — 2npg— (n&1)H(p) (10)
where the factor (n&1) results from identitn2 (n&1) = n.
e2) Enumerative indices for blocks frork, (as computed in step (d)).
This is the sequence of indicgg,] of m, bits withequiprobablesymbols 0 and 1,

hence it requireso further encodingThe average length of this sequeh¢£) obtained
by averagingm, values via Binomial distribution (eq. (97 2) is:

m m
L(Z) = Zupé‘q;”"‘( ) =mp, =2mpq (11)
Hu=0 /J

e3)Residual bit for oddn
For odd values afi there is a residual single bii which does not belong to any bloBk

constructed in step (c). The cagll) of transmittingb, encoded by an optimal entropy
coder (such as arithmetic coder or Ql) is:

L(1) = (n&1)[h(p) (12)
where the factor (n&1) uses bitwise ‘AND’ operator and has values 1 fan,ddtbr
evenn. Of course, ifb were the sole item being transmitted in whole number of bits, the

costL(1) would be rounded to the next whole bit, yielding :

L(1) = (n&1) (13)

" Although this cost is insignificant for one or twackypump, in the full multicycle pump its contribution, due to
the O(n) growth in the number of components, grow©&s). Hence its optimal coding is important.
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Since we are sending multiple items, this component-wise whole bit rounding is not
necessary (e.g. we can use a convention to encode this bit at the end of the component
el), hence we can use the optimal value given in eq. (12). For the multi-cycle vafriants
EP, the sequence of such residual bits can be coded optimally as a separate component.

The total EP encoded output slz&) for the sequencg[n] is the sum of sizes of the three
output components el-e3, which results in:

L(S) =L(T) +L(2) +L(1) =H(S) (14)

Hence the EP output siz£€S) is equal to the entrody(S). The EP optimality was already
shown to hold generally, for any source and any proper (exact) enumerative clagsep.(cf
27). The result (14) is thus a special case of the general EP optimality.

DECODING

Decoder receives the encoded components el-e3 and, by convention of eq. (1), it ‘knows’ the
S n] parameterp andn.

ex1) Sequence of class ta@iss T1 T, ... T is decoded from the component el (using the
matching decoder to the entropy encoder from step (el) and parapnatery. The residual
single bit is also decodednfis odd. The length of sequengas obtained as the count of
symbolsT; = 2.

ex2) Sequence of block8 = B; B, ... By is reconstructed fror by setting block; to 00 forT;
=0 and to 11 foff; = 1. ForT;=2, a bitb is read directly from the received component e2 and the
B; is set tob b, whereb is a binary complement bf

ex3) For oddn, the residual bit obtained in (ex1) is appended to the block segBence

EP1 PERFORMANCE

Although the Single Cycle EP still requires a full scale regular entropy tmdending in step
(el), the principal difference is that tBe outputs2mpq bits(cf. egs. (10), (11)) of the full
entropyH(S) at avery low computational cosiNamely, the EP1 steps (c) and (d) amount to
reading 2 bits at a time &=b;b, from §n] (for j=1..m), then in the case#b, the bitb, is
simply stored at the current end of the output afrayd symboll;=2 is passed to the regular
coder, and fob;=b,, symbolT;=b, is passed to the regular coder.

Therefore, the gain achieved by the single cycle EP is in offloading of the:

f(p) = 2mpa/H[S] = pa/h(p) —O(1/n) (15)

fraction of coding/decoding work from the regular modeler+coder and replacing it byha muc
simpler and quicker coding work (steps (c) & (d)). We call the frad{mrthe single cycle

pump efficiencyat a given probabilitp. Table 1 below illustrates single cycle pump efficiencies
f(p) for different values op (figures are in percentages). The maximum efficidnsy25%
(achieved fop= 50%) and the minimum efficiendy O is reached in the limg — 0.



Note that in the vicinity of both extreme poings<0.5 or0) the coding can be simplified further.

In thehigh entropy limit, whenp is “close enough” to 0.5 (meaning 0.541k p < 0.5) the
sequencé[n] is incompressible, hence we can output it without encoding. llothentropy

limit (p - 0), where the pump efficiency drops to 0, regular QI coder becomes computationally
much more efficient, making the additional use of EP for performance gain unneceasary
run-length coders also become practical in this limit (albeit at a lower cesmmeatios than

the asymptotically optimal coders, such as QI and AC).

Single Cycle Pump Efficiencies

P f(p) % p% f(p) % p% fP% p% f(p)%

0.5 10.955 13.0 20.289 25.5 23.193 38.0 24.592
1.0 12.254 13.5 20.451 26.0 23.272 38.5 24.626
1.5 13.150 14.0 20.608 26.5 23.349 39.0 24.658
2.0 13.857 14.5 20.760 27.0 23.423 39.5 24.689
2.5 14.452 15.0 20.907 27.5 23.496 40.0 24.718
3.0 14.970 15.5 21.050 28.0 23.567 40.5 24.746
3.5 15.431 16.0 21.188 28.5 23.635 41.0 24.772
4.0 15.849 16.5 21.323 29.0 23.702 41.5 24.797
4.5 16.231 17.0 21.453 29.5 23.766 42.0 24.820
5.0 16.585 17.5 21.580 30.0 23.829 42.5 24.842
5.5 16.915 18.0 21.703 30.5 23.889 43.0 24.863
6.0 17.224 18.5 21.823 31.0 23.948 43.5 24.882
6.5 17.515 19.0 21.940 31.5 24.005 44.0 24.899
7.0 17.791 19.5 22.053 32.0 24.061 44.5 24.915
7.5 18.052 20.0 22.163 32.5 24.114 45.0 24.930
8.0 18.300 20.5 22.270 33.0 24.166 45.5 24.943
8.5 18.537 21.0 22.374 33.5 24.216 46.0 24.955
9.0 18.764 21.5 22.475 34.0 24.264 46.5 24.966
9.5 18.981 22.0 22.574 34.5 24.311 47.0 24.975
10.0 19.190 22.5 22.670 35.0 24.356 47.5 24.983
10.5 19.390 23.0 22.763 35.5 24.399 48.0 24.989
11.0 19.583 23.5 22.854 36.0 24.441 48.5 24.994
11.5 19.769 24.0 22.942 36.5 24.481 49.0 24.997
12.0 19.949 24.5 23.028 37.0 24.519 49.5 24.999
12.5 20.122 25.0 23.112 37.5 24.556 50.0 25.000
Table 1.



EP2: Two Cycles, 2 symbols/block

In this method instead of encoding the class tag sequerck T, ... T in step (EP1.el) via
general multi-alphabet coder, we perfdsmary decompositiorof ternary sequence (cf. [2]
pp. 35-39) into two binary sequenc¥sandY, then apply method EP1 twice to encadandY
optimally, obtaining thus the optimal encoding Torhence the optimal encoding f§n].

BINARY DECOMPOSITION OF T

el.b) To perform binary decomposition ( [2] pp. 35-39) of sequéncee first assign prefix
codesF; to the tagq; (for j =1.m) based on the tag values as follows:

T,=0 = F;=00 (16a)
T=1= F=01 (16b)
Tj=23 Fj=1 (16C)

The mappings (16) map sequeficento a sequence of prefix codes: F; F» ... Fr,. We define
below binary sequenceésandY and deduce some of their properties:

el.bx)Binary sequencE[n] = X1 X».... Xn,, Wheren,=m=|n/2], is constructed by setting bit
X to thefirst bit of F;, forj=1.m. The probabilities of ongs and zeros) in X[n,] are
computed in terms gf andq (via egs. (6)) as:

Px=2pq and o=p°+q° (17)
Since by our conventiopn< g, eq. (17) implies:

PsPxs=ks(q (18)

Px/ck = 2pq/ (p°+¢) 2 p/q (19)
i.e. the sequenc¥[n,] is denser(it has higher entropy density) than the input sequ&hde

el.by)Binary sequenc¥[ny] = Y1 Y;... Yy, is constructed by setting bitto thesecond bibof
thei-th occurrence of a two bit prefix code (00 or 01fifnThe number of symbotls in
Y[ny] and its averagay are (using egs. (7), (9)):

Ny=My+M =m—n,=m, (20)
n,= mity = mip’+ o) (21)

i.e. the lengtmy of Y[ny] is the same as the number of zeroX|iny. The probabilities of
onespy and zerosy, in Y[ny] are computed in terms pfandq (via egs. (6)) as:

py =p/(p*+q’) and gy = 7/(p*+) (22)

Fromp < g and eq. (22) we deduce relations between the four probabilities:



py<P<gs<qy
py/ay = (p/a)’ < p/q

(23)
(24)

i.e. the sequencé[ny] is sparser(it has lower entropy density) than the input sequ&hicke

Further, eq. (24) shows that the densitjof] drops quadraticly in the componentn,],
hence the drop is very fast (exponential functipg)t’, whereA is the depth of the

decomposition chail , - Y j:+1).

Table 2 below shows the average ratios of ones to zeros for thegnjays[n,] andY[n,] for
different values of the probabilifyof ones ingn].

Ratios of ones to zeros for arrays S[n], X[n,] and Y[ny]

p% pl/q Px/ax  py/ay p% pl/q /o pylay
1.0 0. 0101 0. 0202 0. 0001 26.0 0. 3514 0. 6255 0.1234
2.0 0. 0204 0. 0408 0. 0004 27.0 0. 3699 0. 6507 0. 1368
3.0 0. 0309 0. 0618 0. 0010 28.0 0. 3889 0. 6756 0. 1512
4.0 0. 0417 0. 0832 0. 0017 29.0 0. 4085 0.7001 0. 1668
5.0 0. 0526 0. 1050 0. 0028 30.0 0. 4286 0.7241 0. 1837
6.0 0. 0638 0.1271 0. 0041 31.0 0. 4493 0.7476 0.2018
7.0 0. 0753 0. 1497 0. 0057 32.0 0.4706 0. 7705 0. 2215
8.0 0. 0870 0.1726 0. 0076 33.0 0. 4925 0. 7928 0. 2426
9.0 0. 0989 0. 1959 0. 0098 34.0 0. 5152 0. 8142 0. 2654
10.0 0.1111 0. 2195 0.0123 35.0 0. 5385 0. 8349 0. 2899
11.0 0.1236 0. 2435 0. 0153 36.0 0. 5625 0. 8546 0. 3164
12.0 0. 1364 0.2677 0.0186 37.0 0.5873 0.8734 0. 3449
13.0 0. 1494 0. 2923 0. 0223 38.0 0.6129 0. 8911 0. 3757
14.0 0.1628 0.3172 0. 0265 39.0 0. 6393 0.9077 0. 4088
15.0 0. 1765 0. 3423 0. 0311 40.0 0. 6667 0.9231 0. 4444
16.0 0. 1905 0. 3676 0. 0363 41. 0 0. 6949 0.9372 0. 4829
17.0 0. 2048 0. 3931 0. 0420 42. 0 0.7241 0. 9501 0.5244
18.0 0. 2195 0. 4188 0. 0482 43. 0 0. 7544 0. 9616 0.5691
19.0 0. 2346 0. 4447 0. 0550 44. 0 0. 7857 0.9716 0.6173
20.0 0. 2500 0. 4706 0. 0625 45. 0 0. 8182 0. 9802 0. 6694
21.0 0. 2658 0. 4966 0. 0707 46. 0 0. 8519 0.9873 0. 7257
22.0 0.2821 0. 5225 0. 0796 47.0 0. 8868 0. 9928 0. 7864
23.0 0. 2987 0. 5485 0. 0892 48. 0 0.9231 0. 9968 0. 8521
24.0 0. 3158 0.5743 0. 0997 49. 0 0. 9608 0. 9992 0.9231
25.0 0. 3333 0. 6000 0.1111 50.0 1. 0000 1. 0000 1. 0000
Table 2.



EP2 ENCODING

The encoding proceeds as in EP1, except that the output component EP1.el is replaced by the
two componentsX[n,] andY[n,] encoded using method EP1. Each of these components will
contain 3 sub-components (from the application of EP1), resulting in the total of 2+1+1=4
components (or 2+3+3=8 sub-components). In order to avoid bit fraction loss on the boundaries
between the components, the component size should not be rounded to the next whole bit. If the
entropy coder used in the step (EP1.el) is AC, the components should be coded into a single
stream (with different probabilities). If QI is used, the bit fractions betweenponents should

be removed using mixed radix codes (cf. [2] pp. 46-52 and note N4 in [3] p. 9).

el.X) Encoding of Xn,] via EP1
Since the number of symbo| = m=[.n/2] and the probabilitiep, andgy for X[n,] are
known to decoder (via eq. (17) and the kngwandq), we don’t need to transnmy_ px
andgx. Hence the encoded output leng{X) produced by EPX) will be the entropy
H(X) = mh(p).

el.Y) Encoding of Yny] via EP1
The number of symbols, in Y[ny] is the same as the count of zeroX[n], therefore
we don’t need to transmit, separately. Further, from egs. (23),andg, are computed
from the known probabilitiep andg, hencep, andgy need not be transmitted either.
Consequently, the encoding EF)will result in the encoded lengtlfY) = H(Y).

The combined output size of components el.X and el.Y is then:

L(X) + L(Y) =H(X) + H(Y) =H(T) (25)

where the last identity in (25) follows from the optimality of our binary decompositfon (
multinomal factorization into products of binomials [2] pp. 32-34).
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EP2 DECODING

The decoder receives 4 components, el.X, el.Y, e2 and e3. The component el.X, which contains
3 sub-components, is decoded by compupirgnday from knownp andq using eq. (17), then

applying the EP1 decoder. The decoded axiay] is then used to computg (the expanded

length of arrayY[ny]) by settingn, equal the count of zeros X{n,]. The probabilitiegp, andqy

are computed using eq. (22). With the known lemgtiind the probabilitieg, andqy, the EP1

decoder can decode the encoded sequéfigg

With the decoded sequencepy] andY[ny], EP2 decoder reconstructs the tag sequérog
reversing the mappings (16). Specifically, decoder sets the bitirideX[n,], i = O, then it
loops through the bitg; from X[ny], for j =1.. ny. If the currentX; is 1 thenT; is set to 2,
otherwiseT; is set to the bit value of and the indexis incremented.

The remaining steps of the EP2 method decode the components e2 and e3 as in EP1, then
reconstruct arragn] from the decoded components el-e3 as in EP1 decoder.

11



EP2 PERFORMANCE

The principal difference between EP1 and EP2 is that EP2 algorithm is slighédycomaplex to
implement in return for faster performance. Namely EP2 pumps out inexpensiveigraaddit
entropy from the componen¥gn,] andY[n,], which EP1 had to encode as ternary sequence
T[m] via regular entropy coder. Using the pump efficiency formula, eq. (15), to atfaysand
Y[ny], in addition toZ[my] from the step (EP2.e2), we obtain the average pump efficfe(pdy
for EP2 as:

fap) = (2mpa+ 2L n /2 peay + 2Lny/21 py ) 1H(S) = (1 +a + pg/2a,) pgyh(p) =
= (1 +ox + pa/2qy) i(p) = 1.75f1(p) (26)

wherefy(p) is the pump efficiency of EP1 from eq. (15). Table 3 shig{@$, f1(p) and their
ratios for different values qf. The ratiod,/f; range between 1.75 and 2.

Comparison of EP1 and EP2 Pump Efficiencies

p% f1 % f, % fo lf1 p% f1 % f, % IPYAR
1.0 12.254 24.326 1. 98525 26.0 23.272 41.228 1.77157
2.0 13.857 27.313 1.97100 27.0 23.423 41.424 1.76848
3.0 14.970 29.300 1. 95725 28.0 23.567 41.611 1. 76570
4.0 15.849 30.810 1. 94400 29.0 23.702 41.791 1.76323
5.0 16.585 32.030 1.93124 30.0 23.829 41.963 1.76103
6.0 17.224 33.053 1.91899 31.0 23.948 42.128 1.75911
7.0 17.791 33.931 1.90722 32.0 24.061 42.285 1.75743
8.0 18.300 34.696 1. 89595 33.0 24.166 42.435 1. 75599
9.0 18.764 35.374 1.88517 34.0 24.264 42.578 1.75476
10.0 19.190 35.979 1.87488 35.0 24.356 42.713 1.75372
11.0 19.583 36.524 1. 86507 36.0 24.441 42.841 1. 75285
12.0 19.949 37.019 1. 85574 37.0 24.519 42.962 1.75214
13.0 20.289 37.472 1. 84688 38.0 24.592 43.074 1. 75157
14.0 20.608 37.888 1.83849 39.0 24.658 43.179 1.75112
15.0 20.907 38.272 1. 83057 40.0 24.718 43.276 1. 75077
16.0 21.188 38.629 1.82310 41.0 24.772 43.364 1. 75051
17.0 21.453 38.961 1.81609 42.0 24.820 43.443 1.75032
18.0 21.703 39.273 1. 80951 43.0 24.863 43.514 1.75019
19.0 21.940 39.565 1. 80337 44.0 24.899 43.576 1. 75010
20.0 22.163 39.841 1.79765 45.0 24.930 43.629 1. 75005
21.0 22.374 40.102 1.79234 46.0 24.955 43.672 1. 75002
22.0 22.574 40. 349 1.78743 47.0 24.975 43.706 1. 75001
23.0 22.763 40.585 1.78292 48.0 24.989 43.731 1. 75000
24.0 22.942 40.809 1.77878 49.0 24.997 43.745 1. 75000
25.0 23.112 41.023 1. 77500 50.0 25.000 43.750 1. 75000
Table 3.
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EP3: Multicycle, 2 symbols/block

In order to extend the single recursive step of EP2 to the general multicycle EfRBregent
graphically the processing steps and data flows of methods EP1 (Figs. 1,2) and EP2TRay. 3)
processing block&C:3 andEC:2 denote ternary and binary entropy coders while EP1:3 and
EP1:2 denote the EP1 variants using EC:3 and EC:2 as entropy coders in step (EP1.el). To
streamline the diagrams, we omit depictions of the componenegdual bitfor oddn), with
understanding that e3 is passed to EC after EC has encoded el compitheut flushing the

EC state in between el and e3 encodings).

5

----|el.T|e2.Z}-{outy

- TelX [ el¥ Je2Z |--{out>

--—-| elT |e2Z|--{outy

Fig. 1: EP1:3 Fig. 2: EP1:2

Zo
no
v yes i yes
le1.Te2.2,[-1{elT,ie2.Z,}-{e2.2, | --{outy
[eixe }-{ eive }{ezzb--fowd  —Jelx [ el¥, [e2z -{oud
Fig. 3: EP2 Fig. 4. EP3
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The layouts of the serialized outputs (output streams) are depicted in the rowsicgrles
lout> block. In Figs. 2 and 3 we also show alternative (higher level) depictions of the output
streams as the lowenjt> rows.

In Fig. 3 depicting EP2, we use component subscriptafgdy to distinguish the three EP input
sequenceS$y, S, andS, (as well as their respective outputs), whgye S ( the original input
sequence)y, = Xp andS, =Y.

Fig. 4 represents thgeneral recursive EP metho@or 2-symbol blocks), EP3, depicted as an
extension of the EP1:2 method (Fig. 2). The essential difference between EP1:2 andh&P3 is t
EP3 introducetermination decision testdenoted asend>) on the current data, right before
passing the data to the entropy codets2, which yields an answéyes” or “no”. The two

data paths taken after gand> test are labeled as:

» ‘“yes” path — end recursion and pass current data te@h2
* “no” path — continue recursion: process the current data as the nevginput

A simple type okend> test is to check the curresépth of recursion A against some

maximum depthinaxand return “yes” il = Anaxand “no” otherwise. The special casedl g«

=0 andAmax= 1 are equivalent to the EP1:2 and EP2 methods. While simple to implement, this
type of <end> test is insensitive to the data being processed and séttix a too large value
may hinder performance due to the processing overhead for a large number obsmpahents.

A better decision whether to end recursion should in some form compare the savings (in the
amount of work) from outputting the entropy via the inexpensive compoZdenith the
processing costs of managing multiple components of decreasing sizes (aargierreepth
grows). Another element to take into account is the cost of computirgritie test itself i.e.

this computation should be simple. The following three parti> test, with its “yes” criteria
(c1)-(c3) provides a reasonable practical balance with 3-parameter ftgtdbédapt to various
input data and processing environments:

cl) if(p'>pmay — <end>=yes else do (c2)
c2) if(n"<nmn) - <end>=yes else do (c3)
c3) if (p'<pmin) — <end>=yes else<end>=no.

wheren' andp’ are size and probability of ones (the less frequent symbol) for the data presented
to the test andnmin, Pmin @ndpmax are algorithm adjustment parameters, (adjusted to a given
computing environment and redundancy requirements). The individual tests (c1), (c2) and (c3)
are performed in succession: the next one is evaluated only if the previous one retyths‘no’

is a short-circuited logical OR operator, suchjasperator in C/C++ or Java).

Further, if the test (c1) is evaluated and it returns “yes” (to end recursigoi ™ .jBmax thedata
is considered approximateliyjncompressiblehence it is copied directly into the corresponding
output component el, skipping the entropy coding Bt&j2. In order for this

" The ‘depth of recursiofi A is a variable attached to each n&lim a tree o, nodes generated by the EP3
algorithm. Valued=A (S) is a ‘tree distance’ (# of parent-child hops)Spfrom the root nodé&,.
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“incompressibility” assumption of (c1) to hold as a good approximation, the paiushould be
set to satisfy the inequality

1

1 1
-——< <= 27
2 /_n, pmax 2 ( )

The criteria (c2) and (c3) are dependent on the properties of the entrop¥€odelhe (c3)
parametepmin depends on the availability of fast coding modes for sparse data (such as run
length coding) and (c2) parametgf, depends on whether the coder can gain efficiency for
small enough input data (such as small quantized binomial tables for QI).

Tables 3 and 4 on the following pages show the EP3 performance properties for input sequence
S[n] of lengthn = 1 Mbit = Z° bits and for the recursion termination paramepgs Pmax and

Nmin @S shown in the tables titles. The only difference between the tables is thad Tabte

Nmin=256 and Table 4 uses,;»=1024. Hence Table 3 shows gains in pump efficierfdieseturn

for larger redundancies and larger number of components.

Tables 4,5 columns:

p % Probability of ones in the input sequeBpd: p100

R % EP output redundancy:(6)/H(S)-1)*100

R-bits  Excess bits in EP outpui(S)-H(S)

Depth  Maximum depth of recursion reached

#Z Number ofZ components produced

#Hi Number of components output directly du@'ta pmax= 0.5- 0.5¢n
#EC Number of components encoded via regulaopptcoder

#Comp Total number of (sub-)components output

f % Overall pump efficiency = 100*[Z)+L(Hi)J/H(S)

The excess bitRXbits) shown in Tables 3 and 4 arise from the two contributions:

a) Bit fraction loss for the termination under the “incompressibility” conditwd) (vhere
we copy the whole number of input bits into the output component.

b) Bit fraction loss from the components of tyfiewhich were stored into the next whole
number of bits when the data sizgis odd number (hence we have the non-integer
number of block®;). This simplification is not necessary and the resulting small loss can
be eliminated at some computational cost using the optimal coding of the ‘residual bit’
(cf. eq. (12) for component e3 coding).

Since these fractional bit losses (a) and (b) will have an average excess tf pes bi
component, th&-bits values shown are approximately[(5li + #Z).

" The lower bound in eq. (27) is based on the std. deviatfonbinomial distributiono = (npg)*/2
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Performance of EP3 (n =2%° bits, Nmin=256, Pmin=1/N, Pmax=0.5-0.5/vVn)

p% R% R-bits Depth Z #Hi #EC #Comp. f %

1 0.1042 +88. 299 13 155 5 151 311 94. 3671
2 0.0748 +110.921 13 208 9 200 417 95. 6327
3 0.0609 +124.153 13 244 12 233 489 95. 9836
4 0.0542 +137.822 13 266 14 253 533 96. 3023
5 0. 0532 +159. 627 13 290 16 275 581 96. 6367
6 0. 0462 +158.708 13 294 17 278 589 96. 8002
7 0. 0403 +154.518 13 298 21 278 597 96. 9717
8 0.0421 +177.429 13 313 24 290 627 97. 2448
9 0.0384 +175.608 13 308 22 287 617 97.2918
10 0.0369 +181.458 13 320 26 295 641 97. 4998
11 0.0348 +182.636 13 320 28 293 641 97. 6181
12 0.0306 +169.914 13 321 27 295 643 97.6742
13 0.0320 +187.185 13 330 28 303 661 97.7714
14  0.0289 +176.960 13 332 29 304 665 97. 7477
15 0. 0289 +184.500 13 326 30 297 653 97. 9401
16 0.0280 +185.959 13 328 30 299 657 97.9231
17 0.0267 +184. 258 13 326 28 299 653 97. 9448
18 0. 0256 +182.339 13 312 28 285 625 98. 0844
19 0.0228 +167.612 13 310 31 280 621 98. 2378
20 0.0237 +179.784 13 313 31 283 627 98. 1886
21 0.0221 +171.573 13 311 32 280 623 98. 2286
22 0.0208 +165. 440 13 302 32 271 605 98. 3249
23 0.0195 +159. 420 13 283 31 253 567 98. 4273
24  0.0199 +165.989 13 286 34 253 573 98. 4626
25 0.0187 +159.106 13 275 34 242 551 98. 4943
26 0.0193 +167.004 12 268 34 235 537 98. 5282
27 0.0171 +150. 849 12 258 33 226 517 98. 6490
28 0.0169 +151.787 12 249 34 216 499 98. 6203
29 0.0155 +141. 229 12 241 34 208 483 98. 7145
30 0.0146 +134.703 12 231 29 203 463 98. 7729
31 0.0137 +128.631 12 221 33 189 443 98. 8632
32 0.0132 +124.995 12 210 31 180 421 98. 9249
33 0.0129 +124.213 12 207 31 177 415 98. 9665
34 0.0118 +114.335 12 202 32 171 405 98. 9839
35 0.0109 +106. 953 12 182 33 150 365 99. 0791
36 0.0117 +115.687 12 177 29 149 355 99. 1298
37 0.0103 +102.207 12 162 33 130 325 99. 2080
38 0. 0094 +93. 933 11 151 30 122 303 99. 1987
39 0. 0084 +84. 564 11 140 31 110 281 99. 3069
40 0. 0075 +76. 037 11 123 27 97 247 99. 3690
41 0. 0071 +73. 063 11 119 28 92 239 99. 3842
42 0. 0068 +70. 489 11 107 27 81 215 99. 4806
43 0. 0064 +66. 117 11 97 23 75 195 99.5118
44 0.0049 +50. 701 11 80 21 60 161 99. 6022
45 0. 0039 +41. 119 10 68 19 50 137 99. 6442
46 0. 0034 +35. 094 10 56 19 38 113 99. 7088
47 0. 0030 +31. 191 10 43 18 26 87 99. 7928
48 0. 0023 +23. 983 9 37 18 20 75 99. 8383
49 0. 0016 +16. 604 9 18 11 8 37 99. 9207
50 0. 0000 +0. 000 1 0 1 0 1 100. 0000

Table 4.



Performance of EP3 (n =2%° bits, Nmin =1024, Pmin=1/n, Pmax=0.5-0.5/vn)

p% R% R-bits Depth Z #Hi #EC #Comp. f %

1 0. 0557 +47.170 11 88 2 87 177 89. 8520
2 0. 0411 +60. 993 11 116 3 114 233 91. 4174
3 0. 0323 +65. 933 11 137 5 133 275 92. 2347
4 0.0300 +76. 144 11 150 4 147 301 92. 4038
5 0. 0290 +87. 115 11 162 6 157 325 93. 1657
6 0. 0257 +88. 203 11 163 8 156 327 93. 8155
7 0. 0209 +80. 140 11 163 9 155 327 93. 8793
8 0. 0218 +92. 060 11 170 9 162 341 94. 2437
9 0. 0203 +92. 868 11 166 9 158 333 94. 5927
10 0. 0189 +92. 957 11 174 11 164 349 94. 7963
11 0.0182 +95. 225 11 174 11 164 349 94. 9166
12 0. 0159 +88. 123 11 173 12 162 347 95. 2046
13 0.0164 +95. 727 11 177 12 166 355 95. 2582
14 0.0153 +93. 859 11 179 13 167 359 95. 3222
15 0. 0149 +95. 568 11 176 12 165 353 95. 4172
16 0. 0145 +96. 540 11 175 13 163 351 95. 5770
17 0. 0142 +98. 172 11 176 12 165 353 95. 7733
18 0. 0130 +92. 854 11 167 13 155 335 96. 0328
19 0.0121 +89. 040 11 168 14 155 337 96. 2080
20 0.0123 +92. 741 11 168 14 155 337 96. 0958
21 0.0111 +86. 330 11 164 16 149 329 96. 3353
22 0.0108 +86. 137 11 159 16 144 319 96. 4517
23 0. 0107 +87. 636 11 152 16 137 305 96. 7224
24 0.0109 +91. 024 11 154 17 138 309 96. 6605
25 0. 0094 +79. 879 11 143 17 127 287 96. 7771
26 0. 0096 +83. 422 10 138 20 119 277 96. 9143
27 0. 0087 +76. 586 10 134 17 118 269 97. 0477
28 0. 0086 +77. 186 10 131 18 114 263 96. 9889
29 0. 0081 +74.088 10 128 15 114 257 97. 0558
30 0. 0074 +68. 533 10 117 16 102 235 97. 4763
31 0. 0069 +64. 755 10 113 18 96 227 97. 5592
32 0. 0070 +66. 074 10 107 16 92 215 97. 6240
33 0. 0071 +68. 165 10 107 17 91 215 97. 7651
34  0.0061 +59. 466 10 107 17 91 215 97. 7375
35 0. 0058 +57. 119 10 97 19 79 195 97. 9769
36 0. 0060 +59. 445 10 93 17 77 187 98. 0810
37 0. 0059 +58. 916 10 89 18 72 179 98. 1394
38 0. 0045 +45. 110 9 79 17 63 159 98. 1826
39 0. 0043 +43. 997 9 75 19 57 151 98. 4048
40 0. 0040 +40. 751 9 66 16 51 133 98. 5568
41 0. 0037 +38. 370 9 64 16 49 129 98. 5319
42 0. 0036 +37. 264 9 58 15 44 117 98. 6892
43 0. 0035 +35. 758 9 52 13 40 105 98. 8126
44 0.0026 +27. 147 9 44 12 33 89 99. 0124
45 0. 0023 +23. 995 8 38 12 27 77 99. 1592
46 0. 0021 +21. 887 8 34 12 23 69 99. 2502
47 0. 0019 +19. 506 8 27 12 16 55 99. 4392
48 0. 0015 +15. 847 8 23 13 11 47 99. 5575
49 0. 0011 +11. 490 7 12 8 5 25 99. 7877
50 0. 0000 +0. 000 1 0 1 0 1 100. 0000

Table 5.



EP3 ENCODING

Although the processing steps of EP3 consist merely of multiple applications ofzhe EP
recursion, in order to describe the EP3 algorithm we need a more general formuldten of t
recursion step and the output component layout. The core of the EP3 engine is theéetade
depicted in Fig. 4:

Gi={ S Ty, Xi, Yo, Z4} (28)

The nodes o6; containing binary arrays afg X;, Y andZ;. Each of these four nodes is
characterized by the binary array lenggft) and its probabilities of ongg(t) and zerog(t) =

1- py(t), where the node subscript s, X, y or z. The relations between these four sets of array
parameters {ig(t), py(t), y(t) } for g =s, x, y orz were already given within the description of
EP2. In the generalized notation of EP3 (and omitting the tatdeiich is common to all
parameters) these relations become:

Sind - Xi{ny via (el.bx)

ne =Lns/2] (29a)

Px = 2Ps s (29b)

= 1-p=ps + 05 (29¢)
SInd ~ Ydn] via(el.by)

ny = # of zeros iXny (30a)

Py = ps / (ps: + 0s) (30b)

Gy =05/ (ps’ +05) (30c)
Singd - Z{n] via(e2)

n, = # of ones iX[ny] (31a)

p;=1/2 (31b)

.= 1/2 (31c)

Egs. (29)-(31) show that “content” of tk& nodesX;, Y andZ; is built up uniquely from the
“content” of theG; root nodeS; (where the nod&ontent” is defined as the node array and its
parameters, p andq). Further, while theX; parameters are computed using only$he
parameters, the parametersyeiindZ; require also symbol counts Xf[n,].

Therecursion mechanisnof EP3 consists of the two “no”-paths, each going from the “no”
output of its<end> test (applied t&X[n,] or Y{ny]) and looping back to the root G, which is
node$ (see Fig. 4). This loopback is a graphical representation getieration of new trees
Gt from the treds;. The initial treeG, is defined in terms of the main inggfin] of EP3 and its
parameters, p andg as follows:

Initial Tree Gq

n(0) =n, p(0)=p, a(0)=q (32a)
So[ns(0)] = S{n| (32b)
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The remaining parameteng(0), py(0), q4(0) for g = x, y andz are computed via eqgs. (29)-(31).
Each “no”-path in Fig. 4 taken within some t@ggenerates a new tre®y, wheret' is thenext
available t-labelvalue (-label is a global variable which is initializedd@nd incremented each
time a newGy tree is generated, taking thus valte),1,...tmay). Egs. (33)-(34) show that the
new treeGy is obtained fronG; by replicating the contenof X; or Y (based on the “no”-path
taken) as the content &f, then rebuilding the rest @; from S via egs. (29)-(31).

GenerationG; - Gy via X; “no”-path

ns(t") = ny(t) (33a)
Ps(t") = pu(t) (33b)
Os(t') = ax(t) (33c)
S [ns(t) = Xiny(1)] (33d)
S - Xe, Yo, Zp via (29)-(31) (33e)

GenerationG; - Gy viaY; “no”-path

Ns(t") = ny(t) (34a)
ps(t’) = py(D) (34b)
Os(t) = ay(t) (34c)
Seng(t")] = Yi[ny(t)] (34d)
S' — Xt', Yt', Zt' via (29)-(31) (346)

Since eacl@; can give rise to maximum two tre€, (via (33)) andG¢ (via (34)), we can
represent thé&ull recursion of EP3 as &inary treel” =T (S[n], N, P, Nmin, Pmin, Pmax), With G; (for
t=0,1,...tnay as its nodeés Construction of th€ tree and of the mappings{: fort = 0,1,...tmax

} - I is accomplished as follows:

" To avoid the notation clutter with formal distinctiobetween a “tre6,” and the “corresponding nodeN (G,)”,
we use a single symb@, for both, distinguishing them by context or by prefieé&’/'node’.
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Construction” of I" tree (35)

a) SetGg as the root of .

b) For each nod&; of I', its left child is set t&5;" and right child taG¢ if both G andG;’
were generated b$:.

c) AnyT nodeG; which generates neith&* norG¢ is a leaf of.

d) If al nodeG; has only a single left child) we add node (0B tree)Y; as the right
child of thel’ nodeG;. ThisY.is a leaf of".

e) If al nodeG; has only a single right chil&) we add node (0B tree)X; as the left
child of thel’ nodeG;. ThisX;is a leaf of".

Fig.5 Fig. 6 Fig. 7

Figs. 5, 6 and 7 depi€ttrees for EP1, EP2 and a 13 node (depth 8)e for EP3. The
assignments of labetgo I nodesG; in Fig. 7 is done in depth-first ordesréorder). The nodes
Y7 andXy are generated by rules (35d) and (35e) i.e. they do not udevaéwes but retain
values of their parer@; node.

The encoder processing within edghtree, which computes nod¥gY, Z; and the “residual

bit” rb; from the root nod&, is identical to that described in steps (el.bx), (el.by), (e2), (e3) of
EP2 and egs. (29)-(31). Unlike the EP2 case, the presence of an arbitrary nuGilieres in

EP3 requires (due to the constraints of decoder logistics) a more systematachpprthe

output component layout than was needed for EP2.

" T tree is not explicitly created or stored in memorys Implicit in the recursive function calls creatiBgtrees via
egs. (29)-(34) i.d tree is a formal characterization of these caltfopeing eqgs. (29)-(34).

To generat@reorderlabels, imagine a worm crawling around the tree witlwnossing any lines, starting at the
root Gy, taking left and visiting each node until reaching thet amain. Thereorderlabels are assigned
sequentially to th&, nodes on the first visit, while thmstorderlabels are assigned on the last visit, to a gen
node. The values are used as array indices to allocate and @gcesstent.
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EP3 COMPONENT LAYOUT

The principal decoder constraint is that it cannot reconstruct afgaybandZ[n, (which are
needed to produce arr&fns] and move up th€ tree) until it has reconstructed arvéyn,], due
to egs. (30a) and (31a) where thendn, are computed as the counts of zeros and ones in
Xi[ny]. Therefore, for a tre&,, decoder cannot know the parametgrandn, of nodesy; andZ;
until it has decoded nod& and produceX[ny]. Since the parametey is used by th&end>

test criteria (c1)-(c3) applied ¥, decoder cannot know upfront the complete layout of the
tree (computed via egs. (29)-(34), the mappin@{ - I' and the<end> test criteria (c1)-(c3))
from the knowrS[n] parameters, p andg and the agreed upscend> test parameteSnax Pmin
andnmin. The only branch decoder can completely know upfront is the leftmost sequégte of
nodes, since its, values are computed by successive halving(of. eq. 29a). Decoder can also
compute upfront all of thpy(t) values, forg=s,x,y,zvia (29b,c)-(31b,c).

Therefore, the encoder output layout has to provide components which allow decoder to
reconstruct the structure bBftree incrementally. To obtain such layout we need to revis{sthe
output components in tHetree context.

The G; nodes produce up to 4 output components (see Fig X}; elY, e2Z; and e3b;. The
component eZ; is produced by al; nodes unconditionally. The componentrbads produced

by G; nodes with odag(t). The components €4, or elY, are produced b§; nodes which have
“yes” outcome of theX; or Y <end> test. Hence, these are tBenodes which have fewer than 2
child nodes, such as leav8s, G4, Gs, Gg, G1p and the single child (non-leaf) nodésandGgin

Fig. 7. Thel rules (35d), (35e) allow us to remove this non-uniformity for the single-child nodes
by extending any sudh node into a two child node. Hence, the component;&ihd e1Xy are
produced by the leaf nod¥s andXg of thel tree of Fig 7. Thus we can say uniformly that the
elX; and elY, output components are produced only by the leaf nodes bfttiee.

Recalling the EP2 decoding procedure, EP3 decoder will need to decKdefafie leftmost
leaf (which is &5; leaf orX; leaf) first, since that is the onfynode for which decoder will have
all parametergy(t), g«(t) andny(t) (computed via egs. (29), (32), (33) and criteria (c1)-(c3),
knowing upfront theS[n] parameters, p, g and the formulas fqbmin, Pmax @Ndnmin). From the
obtainedX;[n,], it can computa(t), nt) which allow it to check for the presence of the right
child of G; and decod®’; andZ;. Then, from the decodei[n,], Y[n,] andZ[n,] it can compute
Sins (see EP2 decoder), which in turn allows it to recréatgn,] or Y-[ny] (by reversing
copying direction of egs. (33d) or (34d)) of tlg's parent nod&s, .

21



This type of tree traversal (visit left subtree, then right subtree, thensdown as the

postorder traversa{see Appendix A for an explicit construction algorithm). It can be easily
visualized via thécrawling worm’ model: the worm starts at the root and goes left and around
the tree without crossing any lines. It assigns the next available sequence rmuanbedé when

that node is encounteréat the last time The Fig. 8 shows the postorder visit sequence numbers
for ourl” example of Fig. 7.

Start

Fig. 7 Fig. 8

Therefore, the EP3 encoder in the example of Fig 7, outputs the encoded componentslar the or
shown in Fig 8. In general case, EP3 encoder does not automatically send or generate its 4-
component output for thedt> stream when it first encounters some nbgdef I' (whererl'; is of

G, XorY type), butpostpones the outpuintil T'; isvisited for the last timelf the nodd; is a

leaf, the first and the last visit is the same visit, hence the output is producediatety.

Otherwise, théast visitto I'; will be itsthird visit (by virtue of ourl” rules (35d) and (35e) which
imply that all internal’; nodes have exactly 2 child nodes).

Note also that sinci; nodes ofX or Y type give rise to thdouble request for outpubf e1X;or
elY;components (e.d. nodesY; andGy in Fig. 7, will both request the output of ¥1.
component), EP3 encoder outputs ¥dor elY only once: the first time that output is
requested. It then marks the second request (froi®thede, which in the postorder sequencing
always comes after the requests from its child nodes) to produce and oubpubredl1Y
component as redundant/inactive. The remaining components & @nis not affected by the
specific component ‘inactive flag’ and are output when requested.
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EP3 DECODING

1)

2)

3)

4)

5)

6)

The decoder constructs a partial nGgdrom the knowm, p andq (via egs. (32) and
(29)), with only the parameters & andX, completed (note that, andZ, parameters
lack lengthan, andn, since these require symbol countXifin,]; parameterg, anday
are computed using egs. (30b), (30c)).

The<end> test parametensnin, Pmax @re computed (usingo parameten,) and the<end>
test (c1)-(c3) is invoked foX, (denoted here as boolean functeard(X,)). Due to the
lack ofny we cannot perfornY, test, or even construphin, Pmax for that test. Hence we
do not know whether there is a right subtre&gf

If end(Xo) =false(“no”), we proceed creating new (partial) nodagt =1,2,...) (with
only S andX; parameters anghin. Pmax fully computed) and applyingnd (X;) until we
obtainend(X;) = true. For eachwe also continue computirg(t) andqy(t) via egs.
(30b), (30c) andng(t), ps(t) andgs(t) via egs. (33).

In the Fig. 7 example, this step will traverse nd@gsG; andG;.

Whenend(X;) eventually becomesue (for somet=0,1,...) we have reached the
leftmostl” leaf (e.9.G3 in Fig. 7) of the current subtree (rooted=g}. The component
elX;is decoded via EC:2 decoder, yielding agy(t)]. Count of zeros inX [ ny(t)]
provides parametex(t) and count of ones parametgft). With n,(t) and the already
computedoy(t) andgy(t) we can computeend> test parametelSnin, Pmax for theY and
invoke the tesend(Y)).

In Fig. 7,end(X;) becomes true fdr=3 and the testnd(Y3) = true.

If end(Y;) in step (4) returnsue, the encoded components¥le2Z; and e3b; are
available as the next encoded items and they are decodable (since wpykogyt),

ny(t) for Y{ny], ngt) for Z{n,] extraction angps(t), gs(t), ns(t) for rb; decoding if n(t) is
odd). From the decodeti[n,], Y{ny], Z{n;] andrby, we reconstruct arre§[ns(t)], which

is via eq. (33d) a copy of;-[ny(t'")] of the G;'s parent nod&s;. Hence we have achieved
the state of step (4), but for thie-with t””<t, and thus we can proceed with step (4) and
(5), recovering further array§[n], each closer to the root of this subtf&ghan the
previous one.

In Fig. 7,t'"=2, hence we havg,[n,] as a copy ofS3[ng].

If end(Y;) in step (4) returnfalse the nodes, has a right childs;- (generally a right
subtree). Using egs. (34), we construct pa@ialwith only S;- andX;- parameters
completed, while missing the arr®y[n,], hence missingy andn,, as in step (1), hence
we can proceed with steps (1), (2),... (replacing the if®gakith G;) to process th&,'s
right subtree rooted aB;-
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In Fig. 7,G; = G, andGy = G4. SinceG, is a leaf, it is decoded immediately, which then
provides decode¥[n,] (via egs. (34) in reverse direction). Wiia[n,] andY z[ny]
available, we can compu$&[n], which via egs. (33) is the same arrayafy], ... i.e.

we are decoding nodes in the order shown in Fig. 8.

Since the steps (1)-(6) above walk along each path and probe each decision branch of the EP3
flow diagram in Fig. 4, demonstrating for each of the paths & decisions a reduction in the

number of remaining undecoded components, and since the number of such components is finite,
this procedure terminates when no undecoded components are left.

The steps (1)-(6) are focused with the logistics of the decoding recursions alorfigtieatdi

flow paths in EP3 flow diagram of Fig 4. Just the Ba&ut decodabilityis simpler to
demonstrate. We will usaathematical inductiorand note first that the EP1 and HP#ees of
depthsi=0 and 1 (see Fig 6) is decodable. Now, we assume tHatraks up to some depth

are decodable and we take two trEgandl; so that one has depthand the other has depth not
exceedingl. We joinl"; andl™; as the left and right subtrees of some new root Gdérming
thus a new treE;of depthA+1. Since; andl'; are decodable and since the EP3 postorder
output layout will result in the output components ordered into three contiguous secfigns as
N>, Go, the EP3 decoder can decddeandl", components (since each has depthand each is
contiguous). Hence, decoder will produce decoded content of root GgdasdG,, of subtrees
M, andrl 5, including theirS componentsSyy[ng and Sy ng]. SinceSpi[ng = Xo[ny] andSpz[ng] =
Yo[ny], and sinc&Zo[n;] andrbg are the next remaining undecoded components, we can decode
them and constru&[ng which is the inpu§[n] for the tred ;. Since all trees of deptht1 can

be formed this way (dS;), we can decode all trees of degtfil. Since we can decode trees of
depthA<1, we can decode all trees of depth 2, 3, 4, ...
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EP4: EP with block lengths d > 2 symbols
We generalize here our steps (a)-(e) for the 2-symbols/block E@dgrabols/block EP:
a) Virtual dictionaryD (cf. egs. (2)-(4)) contains altsymbol sequences:

D ={00..0, 00..1, 00..10,..., 11..1} (40)
ID| = # of entries iD = 2 (41)

b) Dis partitioned intax =d+1 enumerative class&g, wherec=0,1,.d:
D=Dg+D; +... +D, (42)

whereD. is defined as a subsetDfcontaining sequences witlones:

Do={ 00..00} (43a)
D, ={00..01, 00..10,..., 10..00} (43b)
S e

The number of element®] in the clas®. is binomial coefficienC(d,c):

|DC|=(dJ—LEC(d,c) (44)

c) c!(d -c)!

EP4 ENCODING

c) Wesegment the inpu§[n] into m =|.n/d| d-symbol blocksas:B = B; B.... B and generate
the corresponding sequencectidss tags T[m| =T =T1 T, ... T, Where eachi; is a symbol 0,
1,..d identifying the enumerative clags (c=0..d) to which the blockB; belongs. Henc# is a
sequence in alphabet of siae=d +1 defined via:

BjUE. = Tj=c where:0.d andj=1,2,.m (45)

The probabilitieg. of occurrence of tags in T with valuesc=0.d are:

C (¥ d
P, = P(T; =¢) = pq’ (CJ (462)
G=1-pc (46Db)
We denote counts in of tagsT; with valuec asm; and define: m:=m-m; 47

The countsn, satisfy constraints:

" For sequence lengthsfor whichrb = (n modd) > 0 we need to send the lalstbits ofS[n] separately from the
blocksB; e.g. in a manner similar to the residual bit for EP1.
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Mo+ M+ ...+ my =m=_n/d] (48a)
O<sms<m for c=0.d (48b)

The probability that a givem, has valugu is binomial distribution:

m
P(m, = ) = p,"g."" 49
(m =) = p/q, ( u] (49)

d) For each block; from B, such that iB; O E. then E>1, we compute enumerative index
Z; within its clas€E.. Hence the inde¥; is an integer in the interval [B) and all values ; in
this interval are equiprobable. We denote resulting sequencasf Z

Z[n)=212,...7Z,, where n,=m—-m—ny (50)

€) Encoder outputfor the single cycle version EP4.1 of the algorithm consists of the following 3
components:

el) Optimally coded sequence of classtags T1 T, ... T,

T[m|=T is a sequence of symbols in alphabet of size=d +1, with known symbol
probabilities (eq. (46a)) and known symbol coumt | n/d] . The output siz&(T) of the
optimally encoded sequenge with known lengthm and symbol probabilities is the
Shannon entropy foF:

d

d d d
L(T) =-mY_ p.log(p,) =-mY_ pch_c(cj Iog[ pch'C(CD o

c=0 c=0

€2) Enumerative indices sequence[d]

SinceZ is a maximum entropy sequence, it is incompressible provided the source
alphabet size is an integer power of the output channel alphabet size. In our case the
output channel uses binary alphatre®. The source alphabet sRe= R(c) for indexZ;
whose blockB; [ E. is:

d
R(c) =( j (51)

c

Hence, forR(c) which are integer powers of 2 we can ougjuithout further encoding

(as was the case for e2.Z component). Otherwise we canixse radix codegQI

provides practical form of mixed radix coding for inputs of any length [2] pp. 46-51; see
Appendix B for more detils). Since QI coding in fixed radix canprseomputed tables

" Hence we omiE.=E,andE.=E, , which are the only cases for whidB|§1.
" For “smaller” values ofl regular enumerative coding can be used. For "largi¢stich asi>64) we can use
Quantized Indexing.
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of quantized radix powers, while the mixed radix coding for a random sequence of
radicesR requires computation of quantized radix products specific for each coding task,
it is more practical to encode distinct radi&gs) forc = 1,2,...] d/2] " into separate

fixed radix output streamgthe size of each fixed radix stream is determined from the
guantized radix powers tables, since the tag sequepcevides digit count for each

fixed radix). Further reduction in sizes and number of distinct fixed radices needed is
obtained by factoring powers of 2 from tReand by grouping remaining factors into a
smaller number of smaller radices (which helps the QI table based fixed radix
computations). The fixed radix separation also allows for much more efficient tables

largern, (cf. Appendix B, the HRC methods).

The output length for index belonging to radibR(c) is logRi(c)) and its probability is
p.. Hence the average length of outgus:

d d
L(Z) =m)_ p, Iog[(CD (52)

c=0

€3) Residual bits
This component hab =nmodd bits and the cost of its transmission is:
L(rb) = rbf(p) = H(rb) (53)
The total length.(S) of the EP4 output for inpu8[n] is (via eqgs. (51)-(53)) optimal:

L(S) =L(T) + L(Z) + L(rb) = H(B) +H(rb) = H(S) (54)

EP4 DECODING

The EP4 decoding works similarly to EP1, with the only differences that the entropyircoder
step (el) codes in different alphabet d +1 (instead of ternary coder of EP1) and that the
sequencé is decoded via mixed radix decoder into values ZD< R(c), hencez identifiesd-
bit patterns from th&. classes (instead of 2-bit patterns of EP1).

" RadicesR (c)=C(d,c) for c=1.d-1 have at mostd/2| distinct values due to symme®{d,c)=C(d,d-c).
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EP4 PERFORMANCE

Unlike EP1 where th&[n,] array was simply stored into output £2the EP4 requires fixed
radix R (or the small factors d&) coding for at least some of the symhglswhich is more
expensive (due to possible multiplications & divisions). At the same time, EP4expendarger
blocks of bits at a time, which goes in its favor. Therefore a direct comparison of the pum
efficiencies is not related to the EP performance gains as directly asciontiparisons between
EP1, EP2 and EP3 methods. The EP4 single cycle efficiency is the ratio betweermtss enc
size ofZ and the entropk(S) (cf. eq. (15)):

d d d d
f(p.d)= mZ p°q®™° Iog[(cnl nh(p) = Z p°g ™ Iog((CD/ dh(p)  (55)

The most practical block sizelsare powers of 2 since fdr= 2 the binomial coefficient€(d,c)
have only few small (d ) prime factors, after dividing out factors 2 (see Table 6 below),
allowing for efficient precomputed tables based fixed radix codig(since only the fixed
radices equal to the distinct prime factor<ad,c) are needed).

d Prime Factors (# 2) of C(d,c)
4 3
8 5 7
16 3 5 7 11 13
32 3 5 7 13 17 19 23 29 31

Table 6

Table 7 shows the single cycle EP4 pump efficiencies (in perdgmtd)for several block sizes
d and probabilitiep (in percents).

MULTICYCLE EP4 VARIANTS

The multicycle EP extensions, such EP2 and EP3, work exactly the same way for the gener
block sized since the EP cycles affect only the higher level coding logistics and outputslayout
from multiple elemental single cycle EPs, while the block ledgiffects the low level coding

tasks within EP1. The only difference is that the binarization steps (el.b) of EP2 andl&P3 w
general case produde>2 binary components instead of only toandY, for d =2 case, thus
requiringd-ary I tree instead of binafy tree. Since, as Table 7 shows, the EP4 efficiencies for
practically interesting block sized € 8, 16, 32, 64, 128 bits) are already quite high (eJg. at

=25%, f (p) ranges from 64% to 95%), the multicycle extensions of EP4 are not as useful as they
are for EP1.

28



Single Cycle EP4 Efficiencies (in %) for Block Lengths d

p %\d: 2 3 4 8 16 24 32 64 128
1 12.25 19.42 24.49 36.62 48.51 55.28 59.96 70.58 79.85
2 13.86 21.96 27.68 41.26 54.32 61.57 66.45 77.02 85.37
3 14.97 23.73 29.89 44.40 58.12 65.55 70.45 80.62 88.10
4 15.85 25.12 31.62 46.84 60.97 68.45 73.28 82.99 89.77
5 16.59 26.29 33.07 48.84 63.24 70.70 75.44 84.69 90.91
6 17.22 27.30 34.33 50.55 65.12 72.52 77.14 85.97 91.75
7 17.79 28.20 35.44 52.04 66.72 74.03 78.53 86.97 92.39
8 18.30 29.01 36.44 53.35 68.09 75.30 79.69 87.78 92.90
9 18.76 29.74 37.34 54.53 69.29 76.40 80.67 88.46 93.32

10 19.19 30.42 38.17 55.60 70.35 77.34 81.51 89.02 93.66
11 19.58 31.04 38.93 56.56 71.29 78.18 82.24 89.50 93.96
12 19.95 31.62 39.64 57.45 72.13 78.91 82.88 89.92 94.21
13 20.29 32.16 40.30 58.26 72.89 79.56 83.45 90.29 94.44
14 20.61 32.66 40.91 59.01 73.58 80.15 83.95 90.61 94.63
15 20.91 33.14 41.49 59.71 74.20 80.67 84.40 90.90 94.80
16 21.19 33.58 42.03 60.35 74.77 81.15 84.81 91.15 94.96
17 21.45 34.00 42.54 60.95 75.29 81.58 85.17 91.38 95.09
18 21.70 34.40 43.01 61.51 75.77 81.97 85.50 91.59 95.22
19 21.94 34.77 43.47 62.03 76.21 82.33 85.81 91.78 95.33
20 22.16 35.13 43.89 62.52 76.62 82.66 86.08 91.95 95.43
21 22.37 35.46 44.29 62.98 76.99 82.97 86.33 92.10 95.52
22 22.57 35.78 44.67 63.40 77.34 83.24 86.57 92.25 095.61
23 22.76 36.08 45.03 63.80 77.66 83.50 86.78 92.38 95.69
24 22.94 36.36 45.37 64.18 77.95 83.74 86.98 92.50 95.76
25 23.11 36.63 45.69 64.53 78.23 83.95 87.16 92.61 95.82
26 23.27 36.89 46.00 64.85 78.48 84.16 87.33 92.71 95.88
27 23.42 37.13 46.28 65.16 78.72 84.34 87.48 92.81 95.94
28 23.57 37.35 46.55 65.45 78.94 84.52 87.62 92.89 95.99
29 23.70 37.57 46.80 65.72 79.15 84.68 87.76 92.98 96.04
30 23.83 37.77 47.04 65.97 79.34 84.83 87.88 93.05 96.08
31 23.95 37.96 47.27 66.21 79.51 84.96 87.99 093.12 096.12
32 24.06 38.14 47.48 66.43 79.68 85.09 88.10 93.18 96.16
33 24.17 38.30 47.68 66.63 79.83 85.21 88.19 93.24 96.19
34 24.26 38.46 47.86 66.82 79.97 85.32 88.28 93.30 96.22
35 24.36 38.60 48.03 66.99 80.09 85.42 88.37 93.35 96.25
36 24.44 38.74 48.19 67.16 80.21 85.51 88.44 93.39 96.28
37 24.52 38.86 48.34 67.31 80.32 85.59 88.51 93.43 96.30
38 24.59 38.98 48.47 67.44 80.42 85.67 88.57 93.47 96.33
39 24.66 39.08 48.60 67.57 80.51 85.74 88.63 93.50 96.35
40 24.72 39.18 48.71 67.68 80.59 85.80 88.68 93.54 96.37
41 24.77 39.26 48.81 67.78 80.66 85.86 88.73 93.56 96.38
42 24.82 39.34 48.90 67.87 80.72 85.91 88.77 93.59 96.40
43 24.86 39.41 48.98 67.95 80.78 85.95 88.80 93.61 96.41
44 24.90 39.46 49.05 68.01 80.83 85.99 88.83 93.63 96.42
45 24.93 39.51 49.10 68.07 80.87 86.02 88.86 93.64 96.43
46 24.96 39.55 49.15 68.12 80.90 86.04 88.88 93.65 96.43
47 24.97 39.58 49.19 68.15 80.93 86.06 88.90 93.66 96.44
48 24.99 39.61 49.21 68.18 80.94 86.07 88.91 93.67 96.44
49 25.00 39.62 49.23 68.19 80.96 86.08 88.91 93.68 96.45
50 25.00 39.62 49.23 68.20 80.96 86.09 88.92 93.68 96.45
Table 7.
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QI/EC MODELING OF MARKOV SOURCES

Markov source of ordar(M|r) is a probabilistic source for which the probabilities of the next
symbol are determined by the value of previoegmbols. Bernoulli source is an order 0 or
(M|0) source. Our input sequence generated by MEi§[n] = a; a, ... an, Whereg; belong to
alphabetA=[0, a) of sizea. The M|r property of[n] for thei-th symbol can be expressed in
conditional probabilitiesnotationP (Event|Condition):

Pui(@) =P(r, a) =P(ai|ai1aiz... ar) (60)

which says that the probability feth symbol to have some valagl] A is a function of+1
variablesa and ther symbolsa.y, a2 ... & precedinga in S[n]. We call thisr symbol
sequence precedirgther-context C(r, a) =C(g)=C=c, ¢, ... ¢ of &:

| « C(r,a) - |
vee @ir icr41 ... B2 i1 & ... (61a)
G C1 -..C O (61b)

While the definition (60) of M|r is unambiguous within thfinite sequencé source
parametrization of the conventional probabilistic modeling, it is ambiguous withifirthe
sequenceparametrization the of QI/EC modeling. Namely, for a finite sequ&frgeve also
need to specifpoundary/initial conditionsat the ends of the arr&mn]. In this case we need to
specify the results of (60) fox r, where some sequence subscripts, such dsecome invalid.
We will useperiodic boundary conditionsonventior, in which the copieS[n], S.[n] of S[n]
are assumed to be repeated before and gitgr

m ~ s - [« 8] - | < S&n - |OO
c Q3. 3828019 A1 RA...An13 A Q... An3 A2 31 B - (62)

Therefore, in this convention the M|r probabilitiesdpare defined by the.context consisting
of the lastr characters of[n]:

C(r, a1) = anr+18nr+2 ... Bn1 3 (63)

" The type of source considered in this section isaa#led Finite Context (FC) source. More general Markov
source is a Finite State (FS) source which includesdt@ces as a special case (e.g. FS can model multi-efphab
sequence from its binary representation while FC danBace FC provides a more concrete model descriptien,
use it to present our Markov modeling, even though theodstpresented work the same way (with a more
elaborate notation) for general FS sources. Furtherlgo restrict this section to stationary Markowrses (the
general probabilistic and BWT modelers remove thigiotisn).

In many practical instances of M|r thegreceeding symbolg” are interpreted as “sontesymbols” with indices
lower thani, but which are not necessarily the symbols immelgligteceedingy; in S[n]. For example, in image
compression ther‘preceeding symbols” are only spatially, in 2-D, adjeterthe pixely but they are not adjecent
to a in the 1-D image representation @a]).

* This convention is equivalent to viewiSn] as acyclic array, with a,.; ‘wrapping back’ as;.
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Combinatorial Properties of Contexts

CP1. ArrayC = C[m] = C'[m] = {C,: u=1..m} is a sequence of alhique r-contextsin gn.
Since the number @l r-contexts G &) (fori = 1.n) in §n] is n, the number of unique
contextsmis constrained as:

l<ms<n (64)

CP2.An implication of eq. (60) relevant for the EC/QI modeling of M|r is that forfixey
context C=c;C; ... ¢, theprobabilitiesP(a|C) for all allA are fixed through all occurrences of
contextC in §n]. Therefore, the sequenBg = B.[n¢] = by b, ... b,, of symbols which follow the
1% 2" .. .n" occurrence o€ in §[n] is an M|0 sequencedis the total number of occurrences
of Cin §nJ). Hence B, is an element cénumerative clasi. consisting of all stringgV. =

W[ngJ which have the samaray of symbol countK (W) = KJa]= K¢ = (Ko, Ky,... Ka.1) as the
sequencd.:

Ec={all We: K(W¢) =K(Bc) = (ko, ki,... Ko1) } (65)

wherek;, is the count of symbol & B (i.e. ks = K([a]). Since kotky+...Hq.1 = e, the sizeB| of
the clas€,, which is multinomial (cf. [1] p. 11), can be written as:

E, =(ko kl” k J;ﬁs M (Ko Ky Ky ) (66)

CP3. Since a sequenégB. concatenating all sequendgsfor CO C contains alh symbols,
exactly once each, of the original input argjg], the counts satisfy relation:

> n =n (67)

CP4. SequenceB. along with the corresponding context stri@js C can be used to
reconstructnot justn butthe original sequenc&[n] as well. To show this reconstruction, we
define a working dictionar whose entries (e.g. OOP objec®) contain contex€=¢; C; ...
¢; and the corresponding S(B) .= B. (which contains sequenbgb,...b,. and its lengtim,) for
all C0 C[m]. Given a contex€, the dictionanA can retrieve (a pointer to) ent®C). For
convenience, each ent§C) also contains a working variahle §C).j which represents the
current position withirB, (initialized ag=0). The following steps show reconstructiorSii]
from A and the starting context ICé;) (cf. eq.(63)):

1. Set thecurrent contexC = C(a;) and output indek=0
2. Retrieve from\ S(C) (containingB. and counj = S(C)j).

" In the Method of Type'sthe array of symbol count§(S) of some sequencis called “type ofS". Hence,E
consists of all stringg/.. of thesame ‘type’asB.. Note thatenumerative classes, are combinatorial category
distinct from ‘types’e.g. ark, can include sequences with differing symbol counts amgiHsr(as long as they they
are equiprobable i.e. have the same entpdpg(1/p)). The two categories coincide only for order-0 statiy
sequences.
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3. Get symboh = Bj] and increment cour§(C).j.

4. Output symboa as:§Ji] = a, incremeni and terminate ifi =n.

5. Compute the ‘next contexX = x; Xo... % from the current conteX@ = ¢; c,...¢; using the
mapping (a right shift of C)x; Xo...% < ac;Cp...Cr1.

6. AssignC= X and go to step 2.

CP5. While counts, [1 K. are simple counts of symbain B, in the input sequencn] the
countsk, count occurrences of tlses (r+1) symbol substring® of §n] as follows:

D= D[S] EDa_cEdldzdg...dSEachz...Cr (68)
where:s=r+1 andd;=a, dut=c; fort=1.r

We calls-symbol substring® of §[n] thes-grams of §[n] and denote theiccurrence counts
in §[n] by prefixing the string or its label with"* (e.g. #abc is count of occurrence of ‘abc3n
Hence the 1-gramaés simply the symbol count @fin §[n]. For anempty stringg, #pdefines a
count of 0-grams, which we set by conventiop=#. We also denote the set of allique s-
gramsoccurring ing[n] asG = G® = GXS) and the array of their corresponding counts@s #
with count # of s-gramD retrieved as # = #G[D].

CP6. The object$s and # can be constructed from the array (of unique cont&fis) and a
set {K} = {arraysK for all CO C[m]}. Namely, for eaciC =c¢; C, ... ¢, O C[m] we scan the
corresponding arra([a] ] {K} for a=0..a-1, examining countk, = K[a]. For each nonzero
countk, found, we appenglgramD =a ¢ C; ...¢; to G and the courit, to #G.

CP7. Similarly, the object€[m] and {K} can be constructed fro® and #5 as follows: we
split G into classed, each class consisting of all s-grainsl G with the same-symbolpostfix
T(D) =d,ds ...ds. Hence, thes-gramsD [ T differ only in their first symbot;. We set context
countm=0 and loop through all class&€41 G and for eac:

1. We assigi’s commonr-symbol postfixT(D) =d,d; ...ds=C=c;C; ...¢c toC[m|=C
and increment numben of uniquer-contexts created so far.

2. We create arralyJa] as a new element oK{}, set its values to 0. Then for each s-gram
D =d; db...ds OT we setK [d;] to the s-granD count, the number@ D] from the set
#G.

The important consequence of the reconstructions (CP6,7) for coding is that transihjeatg
{C} and {K} costs exactly the same as transmitting obj&tnd #. Since the latter two

" We interpret “substring &&[n]” under thecyclic boundary condition§63) for S[n] i.e. s-gram® may wrap
around the ends of[n]. Thes-grams (of cyclic and non-cyclic type) are used extehsin data mining of large
data sets (linguistics, biology, search engines,...yevtiey are called-grams org-grams.

" For brevity, we use array notation foBD] searches. Implementation would use hash tables, .tress.
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objects are simpler and algorithmically more convenient, we examine below stimeg of
properties.

CP8.The sizeG| of G (which is the same as the siz&|#f #G) can be upper bound by noting
thatG is a subset of a s&f= A®(a) of all strings withs symbols from alphabe¥ of sizeaq,
hence:

Gl = ¥6|< AT =a® (70a)
IG|<n (70b)
s=1 = [G|sMin{ na} (70c)

CP9.Thes-gram counts are constrained by the following hierarchy of linear equations:
a-1 a-1
Z:;/:,txqazat :,«J:ﬁaiaiat :z#aiaz...atx (71)
x=0 x=0

Egs. (71) follow by considering how the counts #a; a,...a and Bk] = #a; a,...a x (for x=
0..0-1) are computed — a lookor (i =0; i<n; ++i) scans the cyclic strin§n], keeping track
in each step the lassymbols L[t]. Whenever L[t] =&, a,...a&, we increment counter A and one
of the counters B, using the value of the symbwlwhich followsa; as the index for the B|
counters. Hence, the sum of thexBEounters (right side sum in (71)) is the same as the A
counter (middle term in (71)). For the left side sum in (71), we use the symihath preceded
a; as index for the B{ counter in the reasoning above and arrive at the same conclusion.

Egs. (71) hold for any= 0, 1, ...n-1 and any sequenega,... &. Fort=0, the left and right sums
in (71) become,#x = #p= n. Thus our 0-gram convention (for count of empty substpnge

= n agrees with the sum of 1-grams #x, since valuem@ the counts of symbwl(wherex =
0,1,...0-1) in S|n], and the sum allxis also equals.

Example s=2,a0=2. Parameterin (71) can be 0 or 1. Sinte 0 was already discussed for
general case, the remaining vatuel in (71) yields the equations:

#0a+ #la=#a=#a0 +#l, fora=0,1
which produce a single independent constraint: #01 = #10 i.e. the numbers of substrings 01 and
10 must be the same (for cyclic boundary conditions of eq. (62)). Since there are four 2-gram

counts #00, #01, #10 and #11, we need to transmit only 3 independent numbers: #00, #01 and
#11 to specify & (which in turn impliess).
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MS1: Modeling Markov Source of Known Order r

The M|r case of known orderand possibly unknown probabiliti®al]A | CI C) is of practical
importance since we often know the relevant range of a context influencing the next, symbol
although we may not know the exact degree of that influence (e.g. in image compression, we
may know in advance the size of the relevant pixel neighborhood but not its quantitatite effe

on the pixel value).

ENCODING

1) We create an emptpntext dictionaryA with functionality to add new contexts (pointers
to context state) td, check whether a contetis in A and if found return its statgC),
and finally to extract the list of a{(C) in A. Thecontext state5(C) includes output array
for the enumerative inddxXB.) within the clas€. (of the arrayB. for that context),
along with the necessary QI/EC coding state variables, thekasi@yd misc. state
variables. We denote any variable x locaf{G) asSC).x.

2) We set thecurrent context C = C(a;) and loop (foii =1,2, ...n-r ) through the following
steps:

a. IfCisnotinA, we create new context st&) and add it td\, otherwise we
retrieve§C) from A. The newS§(C) constructor allocates space for arrysand
I(Be), clears both arrays and integer counters (g)do 0. It initializes EC/QI
coder variables for encodirg}, into |(Bg).

b. We read the next input symlemk= §i] and increment the counitg[a] andn. =
SC).n.. With QI's colex enumeration, we encode here the symboto the
output index (B) (i.e. without accumulatinB. at all).

c. FromC=c;c;...c, anda we form the hext context X =x; X, ... X, via mapping:
X1 X2 ... Xy <« &CCr...C1.

d. We incrementand if (i<n-r) we update the ‘current state’ as-CX and go
back to step (a). Otherwise (whers n-r+1) we terminate the loop.

3) We extract from dictionar thefull list C[m] of muniquecontextsC (with associated
context state objec&C)).

4) For eactBg, the accumulated symbol courtéB.) = K [a] = (Ko, K, ..., Ks.1) identify the
enumerative clads. to whichB. belongs and with respect to which the intig¢R.) is
computed in step (2.b). The output sizé.af obtained from:

0<1e< Bl — 1 =M(nc; Ko, Ki,.. Ka-t) — 1 (72)
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The bit fraction packaging of the sequence of indigesdone as described in Appendix
B. The output is a component QMR-TH(]), wherel[m] is the sequence ofindices
and QMR-TH([m]) is its mixed radix code (App. B).

5) Encode the class ta@is= T; T2 ... T Which indicate the sequencemfs to be used by
decoder to unrank the sequence of indlgesd reconstruct arraf. The unencoded
class tags here are threcount array¥.. Recalling the§[n] reconstruction (see (CP4))
from the unique contexts arr@m] and the setK }of associated counts arralfs, we
need to sen@[m| and {K}. Since, by (CP7), the combined information@m] and {K}
is the same as that of $et(of all uniqgues-grams encountered) ant#the counts of the
s-grams fromG) and since the former pair can be computed from the latter (via CP7), we
encodeG and 6.

The MS1 output thus consists of encoded componenG; el.# and e2.QMR([m]).

DECODING

1. Decoder expands the s-gra@and their counts@ from elG, el.#5

2. Using algorithm (CP7), decoder computes f@rand # the context arragZ[m] and the
set {K} of correspondind . (symbol counts oB.) arrays.

3. From the e2.QMR[m]), the mixed radix decoder of Appendix B decodes the sequence
I[m] of indicesl, (for B; sequences).

4. From each pakK. (from step #2) antl decoder unranks the sequeigefor all C[l
C[m].

5. From the set d8.'s and the corresponding contegs C[m] decoder computes the
input sequencg[n] using (CP4) algorithm.

" Numerous techniques exist for n-gram coding from variielgs including those develped for PPM
implemetations for use with AC. The choice of n-grardicg algorithm depends on the type of inputs.
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USE OF GENERAL PROBABILISTIC MODELS BY QI/EC

The general probabilistic modelSPM) are a generalization of Markov M|r models in which the
probability distribution P) of the next symbad; of the input sequenc¥{n] depends on the

entire preceding section of the sequence, its synamalghe position for which the prediction

is being made. Hence, eq. (60) characterizing Markov source M|r is replaced bygeneresd
functional dependency:

Perm(@) = P(a) = P(ai|ai.1 a2 ... a1) = P(a | Ci.1) (80)

The conditional probability in (80) is a general functionidf variablesg; for j=1..i-1. But GPM
also introduces an assumption (i.e. a restriction) that was not present in the M§: G&dié|
assumes that coder and decoder know fun®&{an Ci.1), which is an assumption we didn’t
make for M|r models (we only assumed that coder knows the modekprder

In the finite sequence setting, where the full sequence length is also given, ouceyicld)
boundary conditions can express eq. (80) as a special case of M|n model, i.e. Markov model with
a fixed lengthr context, where equal to the length of §n]:

Pun(a) = P(a) =P(a|a-1ai-2... @n) (81)

with an additional ‘predictive modeling’ restriction on tiparameter function B(C,) in (81):

the GPM case of M|n in (81) ignores the parameiars(81) forj = i. The general M|n modeler
(81) for finite sequences takes these ignored parameters into account. Therefole, our M
discussion and algorithms from the previous section apply for GPM as well. Sincé#&zRin
additional restriction — the probabiliti®$a) are assumed to be known to encoder/decoder — the
QI/EC coder for GPM source can make use of this restriction and improve codirgneffiand
speed.

The GPM form of QI/EC modeling algorithms constructs enumerative clasges [1], p. 27)
using the functiorP(a; | Ci.1), resulting in the following algorithm:

GPM1: QI/EC GPM Modeler

a) We define an interval callednge R of functionP(a |Ci.1) as follows:

R = [Po(i), P1(i)) = [Po, Po+AR(i)) (82)

wherePy(i) =Py = Min { P(&): & U [0, a)} (83)
Pa(i) = P. = Max{ P(a): & U [0, a)}
AR(i) = AR = Py(i) —Pof(i)
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b) We partition rang& into m= m(i|Ci.;) sections (non-overlapping subintervals) denoted
as:
Dj = [dj, dj +Aj) forj =1.m (84)
where:di+; =d+4; forj=1.m-1 and d=Po (85)

whered; andA; are functions of andC;.; (just asmis). The valuesn and/; are selected
to be ‘small’ with respect tAR(i), such as follows:

m =+vn (86)
A =3=ARNN (87)

which yields equal subintervals Bf.
Dj = [Po +(-1)I8, Po+jid) (88)

c) We maintairm output blocksB; B;... By, and send ‘next symbadi; to blockB;, wherej
is defined by the subintervBl containing GPM predictioR(a; | Ci.1).

d) Since eacB; will contain symbols; which areapproximately equiprobab)ehe blockB;
belongs to enumerative classconsisting of all symbol sequendasthat have the same
symbol countK (W) = (ko, K1,... Ky.1) asB; (cf. eq. (65)):

£ ={all W: K(W) =K (B) = (ko Ki,... Ke)} (89)

The encoding/decoding logisticsBf is similar to MS1 algorithm for the M|r models
(GPM is a special case of finite sequence formulation of M|n).

The GPM1 redundancy per symbdH) depends on the probability err@R, which are upper
bound by the sizeh; of the subinterval®;. The general form of this dependency in the limit of
OP- 0Ois:

_EoP(a)’ _ N (a) (a)
OH =) => =0l — 90
=0 P@ 4=d(&) n )

where we have used eq. (87) to estimate the asymptotic vadik fofr n — oo. ThisdH is of
the same order as the effects of typical sampling errors on symbol statistic
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Appendix A: Postorder Tree Traversal (for EP3 Component Layout)

/[-- Binary tree node structure

typedef struct _node {// Node data type (for binary tree)

_struct _node * | eft; //pointer to left child X(0 if none)
_struct _node * ri ght; // pointer to right child Y (O if none)
void *content; /I generic “content” pointer of this node

} NODE;

/[-- Store node pointers into output buffer in postorder layout

int list_tree(NODE *root, NODE *out)
{inti=0;
Vi si t (root,out,&i); I/ recurse from given root
return i Il return # of nodes stored into out|]

}
/I-- Postorder (bottom up) tree traversal

void vi si t (NODE *parent, NODE *out, int *ip)

if (parent->left) /I visit left subtree if available
vi si t (parent->left, out, ip);
if (parent->right) /I visit right subtree if available
Vi si t (parent->right,out,ip);
out[*ip]=parent; /I output parent of these subtrees
ip[O]++; /[ advance output position (count

I/ of node pointers stored)

Fig. A.1 shows output oflist_tree() for a 15-node tree, where the root (label 15) represents
the original input sequen& The nodes 1..14 represent compon&n(keft children) andr

(right children). The leaves (1, 2, 3, 5, 8, 9, 11 and 12) represeXitahdY components which
are encoded viBC:2 (in the order of increasing leaf labels). The EP3 decoder visits and
produces decoded components in the order 1, 2,..., 15.

! / : /\
1 6 0 13
AN / N/ \
4 8 9 11 12

Fig. A.1
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Appendix B: Bit Fractions Removal via Mixed Radix Coding

The input formixed radix(MR) coding(cf. [2]) is a sequenc& = A[n] =a; &, ... &, , Wwhere
“digits” a are integers constrained via integer “radide@sis:

O<a<R fori=1,2,...n (B.1)

The MR coder also assumes that for each digitl its values consistent with constraint (B.1)
are equiprobable (i.& is ahigh entropy limifmax entropy sequence). The exactimerative
coding (EC) of A produces an integer (indebd{p) computed as follows:

I(A) =a; Vo+ @V +ag Vo + [+ ay Vi (B.2)
where: Vo=1, V1 =R, Vo =RR,, ..., Vi=RRR, (B.3)

For differentn digit sequenceA satisfying (B.1), the indelA) takesV, distinct values 0,1V/,-
1 and all these values bére equiprobable. The quantitdsdefined via (B.3) are called
enumerative volumesor radix powersfor fixed radix case R=R for i =1.n, since volumey,
become regularth powers of the common radi V; = R for i =0..n). The problem with index
computation (B.2) is that it becomes quickly impractical due to the increasimgnetit
precision required asincreases.

Quantized Indexing(Ql) solves the precision problem of EC by replacing exact volinegh
guantized volume®; , which are of special numeric type call&iding Window IntegerSW
integers, cf. [3] p. 7). An SW intege® = SWg,w,s) is an integer defined via three integer
parameterg (precision)w (mantissa) and (exponent), withw limited tog bits, as follows

Q=SWg,w, s) = (w,s) =w2° (B.4)
where: ;cw< 2 andfors>0 = Plsw<?® (B.5)
g-bit w sbits
f_j%f—/%
Q = SW(g, W, s) = 1xx---x 0000---0000 for (s> 0) (B.6)

While SW integers are similar in form to floating point (FP) numbene SW arithmetic is
exact integer arithmetic i.e. unlike FP arithmetic, the SW arithmetic topesaredecoupled
from rounding. With SW integers, the rounding is a separate opdrathy, applicable to
general integerX:

Q=XTsw = Q=Min{SW@w,s) =X, forallw, s} (B.7)

In words, SW roundinpX 1, is rounding upto the nearesj-bit SW integeQ > X.
The QI Mixed Radix coding@MR) replaces (B.2)-(B.3) with (cf. [2], p. 64) :

" We also abbreviate functi@®Wg,w,s) as (v,s) sinceg, being normally fixed, can be left implicit.
" Note also that SWormalizationin eq. (B.5) applies only t@=SW(g,w,s) integers for which the exponesis
nonzero, while the FP normalization is done forallies of FP exponent.
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[(A) =a; Qo+ a, Q1 + ag Q + [T+ ap, Qn1 (B.8)

where: Qo=1, Q1= [Rilw Q@ =[QiRlsw .., Qu=[QniRilw  (B.9a)

or: Qo=1, Q=[QRlsw fori=1.n (B.9b)

Multiplications in egs. (B8-9) require only the multiplies of tgbit integers (wherg is usually

a register size, such gs32), unlike eqgs. (B2-3) where one integer is of the size of ou{pet
one operand had(log(l)) bits). Since the index valuésire limited as:

and since all values, being equiprobable, are encoded in a fixed number of bits (just large
enough to fit theay), the QMR output length in bitk(l), is (denotingQ, = (w,9)):

L(1) =Llog(Q:-1)] +1=llogw-1)] + s+1 =L(w-1) +s (B.11)
The output redundand(g) (in bits per input symbol), resulting from the limitgdbit SW
mantissa precision, has upper bound (cf. [3], p. 8) as follows:

3(9) = [L(lowr) —L(Iwr)l/n < 1/2* bits/symbol (B.12)
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Block Bit Fractions Removal
The bit faction loss occurs for sequences of bl&ksB; B, ... B, where each block contains bit
patterns restricted in a particular way: if the bit patterns are intecpastintegens; for blocks
Bi (in some high-low bit order convention for a block), then:
O<N <M; fori=l.n (B.13)
where decoder knows the bourMs and wheré\l; have the following properties:
a) IntegerdM; are thdowest integer boundsen patterns imB; i.e. we have
0<N sM—-1 (B.14)
b) The values foN; aredistributed uniformlyin the interval [OM;).
The minimum whole number of bits that can fit any; satisfying (a) is:

Li =Llog(Mi-1)] + 1 (B.15)

which forM; = Z, yieldsL; = c. If we storeB; in L; whole bits, then the bit faction lossds= L; —
log(M;), andd; > 0 forM; which are not power of 2 i.e.:

25t <M< (B.16)

due to the existence of unused bit patterns of all integers in the intdryvat’]. Hence we will
assume that all blockg; of interest here satisfy (B.16) .

When there is only a single bloBkwith properties (a)-(b), one can partially remove the bit
fraction losd =L — log(M) (we drop subscrip) via Tapered Huffman(TH) codes as follows:

TH.1) Encodeny = 2" —M values ofN usingL — 1 bits per value.
TH.2) Encodeny=M —ng = 2M — 2 values ofN usingL bits per value.

The average lengti of TH(N) codes and the average redunda¥(&y§) are:
N =[no(L—1) +m LM =L + 1 —2/M (B.17)
d(M) =N —log) (B.18)

For example ifM = 6, we have. =|log(6-1)| + 1 = 2.32] + 1 = 3, hencey= 2°-6 = 2 (the # of
2 bit codes) and; = 6 —ng = 4 (the # of 3 bit codes). The TH)(codes are:

N  THEN)

" Note that the low bound 0 of in (B.13) is a convention i.e. if the low bound fdris integer.; > 0, then we
define some new integek§ =N, - L; andM;' = M; - L; so that (B.13) holds fd¥,' andM;'.
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101
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The average code length= 4 — 8/6 = 2.666 and the optimal length is log(6) = 2.585, hence the
average redundané®y6) = 0.0817 bits/symbols, which is a 3.2% excess . The worst TH
performance case (m&for M satisfying B.16) occurs for integht nearest to real numbfty

= 2log(e) = 2/1.4427..= 22/3= 2"1192/277 where the redundancy reaches its maximum
0(Mp) = 1 + log(logé)) — log(e) = 0.086071 bits/symbol.

When there is more than one block>() with such block bit fraction losses, QMR method
described here reduces the redundandgfo) < &(Mo)/n + 1/2* bits/symbol. We define SW
integersQ; =l M; sy fori=1.n, hence we have:

Q =W, s)=Milsw=Mi 2N +1 >N, (B.19)

Recalling the SW integer representation (B.6) and using (B.19) we can exprespéitehis of
Qi, Q-1 andN; as follows (bit significance increases from right to left):

g-bit wi s bits

—
Q =xxx ---x 0000---0000
g-bit wi-1 s bits

—

0<N, <Q-1=yyy .-y 1111.--1111 (B.20)
top g bits s bit tail
f_H

/—/%
N, =zzz---ztttt---tttt

The bit patterns xx..x and yy..y in (B.20) represent integeandw;-1. Denoting the top bits
of N; (the pattern zz..z in (B.20)) ds the integersl; have properties:

0<sd<sw -1 <w; (B.Zl)

and values ofl, are uniformly distributed in the interval y@). Therefore we can encode the
sequencel; taken as digits of an integerin radicesR =w; via QMR eqgs. (B.8-9):

D =d; + dhU; + dsU> + IH d U1 (822)
where:Up=1, Ui=[Uiawi s fori =1.n (B.23)

at the redundanady(g) < 1/2* bits per digitd; . Since thes tail bits T; of N; (denoted as pattern

tt..t in eq. (B.20)) are uniformly distributed in the interval ), 2heir optimal encoding requires

s whole bits, hence they need no further processing. Therefore, the full redundancy per block
introduced by QMR encoding &g) < 1/2* bits per blockB;. The resulting encoded output
consists of QMRB) =D T1 T, ... T, where the length d is determined via (B.11) from the
valueU, computed in (B.23).
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Further, since the SW integdr = (W, S,) limits the max value of integ® as:
O0<D=sUp-1 (B.24)

then, applying (B.20) ttJ, andD, we obtain the following constraint on the wpits ofD
(denoted here as intege):

0<ds< wy (B.25)

If the block sequencB is the sole coding taskvhich has to be transmitted in the whole number
of bits, then we would encodzvia Tapered Huffman code, hence our output would consist of
sequence: QMR-TH) = TH(D) T, T2 ... Tn.

Decodingof QMR-TH(B) assumes that decoder knows arralpfor i = 1.n, along with the
block size& Decoder compute®, = (Wi, S) =I'M; 15y via (B.19), and computes sequetkeia
(B.21). FromU, = (w,, s) it computes the length dd and decodes THY), which provides it a

bit pointer into the sequence of tail bitgT ,...T,, of B1B»...Bn. QMR decoder decodes thBn

into sequence of digit$d,...d, which are then concatenated with the corresponding tail blocks
Ti. fori =1.n. The length of each tail block and the number of bits from the ‘top g bits'Bf

is known to decoder from the knowledge(f(cf. eq. (B.20)).

" If there are additional components, they could be ectuded in the original sequence of loéksNote also that
egs. (B.22-24) establish properties (a) & (b) for theemtiitput as block of typ®;, allowing thus inclusion of the
output in further application of the same method hiereadiii

" The blocksB; contain typically indices from some other coding sigtic&g. from binary QI coder output, where
theM; = Q; is the top binomial coefficient for the count of enehich decoder would have to know.

* The ‘topg bits’ may be fewer thag bits if theQ, = (w, s) hass=0, thusw. may have fewer thagsiginficant bits.
The number of bits assigneddo< w is, via (B.20), the number of significant bitsaial.
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Hierarchical Radix Coding (HRC)

Although QMR coding (B8-9) reduces the coding work and tables memory size by aJ@mgtor
of the conventional mixed radix coding, the memory use for the ar@yvailues may still
become a problem for large enougiNamely, while the QMR encoder can use recurrence
(B.9b) without storing);’s into an array (since the additions in (B.8) can be done in the same
order as computations in (B.9¥1,2,.n), the QMR decoder us€¥'s in orderi =n, n-1,..1,

which is reverse from the recurrence (B.9), hence the decoder needs to psegatherated by
(B.9) into an array o SW integersHRC method solves this problem of table space for large
in case ofixed radix (or cases of ‘few’ distinct radices).

In HRC method we assume fixed radix for the input sequafde
R =R fori=1.n (B.26)

The table for quantized volume&s = |_Qi-1R—|SW requires space far SWI entries. The 2-level
HRC method, presented first, reduces the table sizwoentries, while gener&tlevel HRC
variant reduces the table sizesttn'® entries.

2-LEVEL HRC

ENCODING

a) We segments the input sequeAga] into m blocks:B =B;1 B,... By, of lengths (in
symbols) d; = d for j=1.m-1, and the last block of length, < d. We computen, d anddy, from
nandr =|vn] as follows:

n—r’<r = m=r+l, d=r, d=n-"r (B.26a)
n—r’>r = m=r+l, d=r+1, d=n—r’—r (B.26b)

b) We compute via egs. (B8-9) the QMR inditpy| = I3, I5,.. 1, for blocksB; B;... By, Since
the radixR is the same for all blocks and block sidesr +1, we need a singl@, table (from
(B.9)) common to all blocks and this table needs at mestentries (for =1.d). The maximum
guantized volumegY, of eq. (B.8)) are the same SWI valQe=s (w, s) for all blocksB; ,i=1.m
1, and possibly different valu@’= (w’, s’) for the last blockB,, whereQ’< Q.

c) Since thd =14, I,,..1, have uniformly distributed values in the intervalQp(or [0,Q) for
thel,), and the value® andQ’are known to decoder, we can apply QMR-MHethod of the
previous section to sequenig¢en], with blocksly, I»,..1m. Hence we encode the ‘toybits’ d; of
each index; for j =1.m-1 using radixwv (mantissa o) for anddy, (for the last block) using
radixw’(mantissa of)’). The table requirements for this computationma®@WI entries of eq.
(B.9), which by (B.26) is limited to at most1 entries (the same as for step (b)).

" The lengths (B.26) are selected to minimize the tatdé sizes, which will have dffrm SWI entries. Without the
table minimization requirement, the sizggindm can be arbitrary.
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Therefore, the HRC de/encoding require 2 tables with at m@ssWI entries per table, which is
2Vn+2 entries instead af entries used by the direct QMR codinggh].

DECODING

HRC decoder computes, d andd,, values via (B.26) and known Then it computes quantized
volumesQ andQ’from the known radiR, d anddy, via (B.9). With these it invokes the QMR-
TH(I) decoder to reconstruct sequence of indi¢eb =14, I5,..1n Then regular QMR it decodes
each of the indicels back into the block Bsequence of symbols in rad® recovering thus the
original sequence A.

k-LEVEL HRC

For brevity, we will consider the input lengttwhich is ak-th power of an integer
n=mk* (B.27)

a) We split the input sequenédn] into my equal block1(j,), for j;=1..m with length (in
symbols)d=m symbols per block. Hence there ate= m** blocks. We then encode
each block via QMR, with radiR and block lengtim symbols. Since all blocks are of
equal size and equal radix, we need only a single Q table (from eq. (B®Pnifies.
We obtainmy indicesl4(j,) for j;=1..m. All indices have the same quantized upper bound
Q1 = (Wy,s1) (which was denoted &3, in egs. (B.9),(B.20)).

b) With known upper boun@; for indices, we can split each indeg) into the ‘top g
bits’, integerd;(j1), and a block of tail bit$(j1). The latter is at maximum entropy,
hence it can be output without further encoding into the tail sequence buffer (which
acceptsm such tails). Then=m** integersd;(j1) form a sequence of thAgdn] type used
in step (a) (equiprobable symbols in a fixed radix), which after replacemmgat* =
n/m - n andw; - Ris passed back to ste@,(provided the new > 1. Otherwise the
encoding loop terminates.

The termination condition=1 at the end of step (b) is reached dftekecutions of step (b),
since each execution of (a) and (b) reduces the mputfactorm. Since step (a) requires a
newm-entry Q table, the total number of tables at the terminatikrisnce the total number
of Q table entries ik/th = k. The tablespace reduction factof(k,n) is thus:

f(k,n) = n/(k@™ =n**/ k (B.28)

" More generally one would defime=[ n'*|, as for the 2-level HRC, and compute frarandr the number of
blocks and block sizes. But as we have seen iktBease, that level of detail merely makes the lagtkoshorter,
without affecting the maximum table size (which is thic of optimization here).
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which achieves its maximum féar=[L + (L?— 4L)"3/2, where L=Inf).

MIXED RADIX HRC

The table space savings of the HRC methods above was based on the reuse of @héakdese
for different blocks (which also resulted in the same limits on the ‘top g bits’ of bidates,
which allowed for hierarchical reuse). While the fixed radix for the entire limjtis sufficient
condition to have such table reusability, it is not a necessary condition i.e. the taplles m
reusable even for variable radices, provided the radix variations asgaepeom block to block.
For exampleA[n] may have radicelR which simply flip between two (or a few) values
depending on whetheiis even or odd, and the previous HRC methods would still work (with
minor extra attention in setting the block sizes).

Generally, one would not have such convenient radix variations in theAdmjayrhe method
presented here allows HRC coder to greatly extend usefulness of the previous thR@sm&/'e

note first that in this coding setup coder & decoder know the ralig¢edich now may vary for

i =1.n). Consider now a variant of our even/odd radix regularity example mentioned above, but
allow now that there are two radid@sandR, which vary in some ‘random’ fashion (albeit

known to de/coder in any given coding instance).

The solution for this case is to have a convention between coder & decoder onpeomute

the input arrayA[n] based on the radix valué$in the given coding instance (or any other info
about the input array which may make the permutation construction simpler). In the ‘random’
(but known)R; andR; switches, this conventioon could be to separate the coding task and code
R; symbols as an input array[A;] andR, symbols as an input array[f,], wheren; andn, are
counts of occurences Bf andR, symbols (which decoder knows, thus it knows how to find the
boundary betweenand A).
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Appendix C: Removing SWI Exponents from QI Tables

The QI tables of quantized enumerative addends use SW integers (cf. eq. (B4)gefentabs.

In many cases the explicit formulas for enumerative addends within the exact a&tivener

coding (EC) are also known. The examples of such cases include quantized binomials for binary
& multi-alphabet coders, quantized powers for fixed radix coder, quantized factorials for
permutation coders, quantized radix products for mixed radix coders, quantized Ballot and
Catalan numbers for tree coders... etc (cf [2],[3]). The RXL method below utilizesdkact

formulas to compute SWI exponents from the integer part of the exact logs (storedshaébl
addends.

RXL: Exponents Removal via Log Tables

The present methodRKL ) removes the exponent fields present in each SWI table entry and
replaces them with much smaller global interpolation parameters (which agps/ éntire
table). In a typical QI implementation (optimized for speed), the SWI exponents andsasnt
are 32-bit integers stored in a structure such as (cf. [4]gfile:

t ypedef unsigned int dword; // 32 bit unsigned

typedef struct _sw

dword m /1 SW mantissa
int e; /1 SW exponent
} SW;
Code C.1.

The removal of the exponents reduces thus the table sizes in half. For example, tloe table f
quantized binomials with max blocks sizeequires’/4 SWI entries. The RXL SWI exponent
replacement tables requindntegers while removing?/4 integers (SWI.e fields) from the
tables. For typicah =1024 to 4096, the space savings range from 1 to 16 MBytes of memory.

The basic idea of RXL is to compute the integer part of th&/Jog(hereV is the exact
enumerative addend as a replacement foQtkdield of quantized adderi@ (whereQ is of type
SWI, Code C.1). The mathematical basis for applicability of the RXL method isl&tieeky

small quantization erra(g) < 1/2* bits/symbol (cf. [3] p. 8). Thus for each iterative step
which computes quantized adde@on average 0.5 is added to the integer in rafg2*2 In
order for the exponent to be affected by such small addends (which gets incremented when
mantissa doubles), one would need on average more thaddtions. Of course, if mantissa is
close to 2 e.g. Q.n¥ OXFFFF,FFFF, even a single add of +1 will cause mantissa overflow and
a need to increment exponent. But such cases are easily recognized (since ihg mesolissa

will be close to 0x8000,0000 after renormalization), and corrected as shown in the actual
implementation below. Table C.1 shows the typical quantization errors for n=1024 and some
values of k.
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We examine RXL for the important case of quantized binomial coefficients (cf5¢g) (2]).
The exact addend(n, k) for some numben of input bits processed and the cokiof ones
encountered so far, is a binomial coefficient:

V(nk) = U(]J = k'(+l—k)l (C.1)

log(V (n,k) =log(n!) —log(k!) = log((n = k)!) (C.2)

From (C.2) it follows that we can compute integer part oMpg&ing a single table ofinteger
entries, each entry containing fixed point form of logarithms of factoridls fér i = 1.n. Since

SWI use integer mantissa normalized to fall betwéeraid 2 (whereg is the mantissa

precision, usuallg=32), as shown in eq. (B.5), while regular FP numbers normalize mantissa to
fall between 0.5 and 1.0, in order to obtain the SWI exponent from FP exponent, we need to
rescale the FP value by subtracting 32 from the FP exponent, as shown in the Code C.2 (from
[4], file Swi.c):

//-- Convert FP nunber to nearest SW

SW fp2sw (doubl e x, /1 FP nunber to convert
doubl e Round /1 rounding: 0.0=down, 0.5 nearest
/1 0.99 round up

{ SW Q /1 SW used for conversion
doubl e xm /1 FP mantissa
int k=32; /1 scaling via exponent subtraction
xmefrexp(x, & e); // separate FP manti ssa & exp
if (Qe<=32) /] the whole x fits in 32 bits?
k=Q e; /1 yes, use denormalized SW
Q e-=k; /1l rescale FP via its exponent
i f (Round>0.5001) // Check type of rounding requested
Q me( dwor d)
ceil (I dexp(xmKk)); /1 Rounding nmanti ssa up
el se
Q me( dwor d)
floor (I dexp(xm k) +Round); // Round down/ near est
return Q /1 return conputed SW

Code C.2

The Code C.3 ([4] fil&Qi.c) shows the computation of the log(x!) in fixed point format (thus
treated as integers) used by the coding algorithm. The fixed point format rdserdesbits
(value XP32) of integer for fractional part and upper 20 bits for integer part of logpde C.3
converts the precomputed log factorial table of tgmaubl e | f [i] (computed elsewhere, cf.
[4], function | g_start in file Qi.c) via recurrence:

log(x!) = log((x-1)") + log(x) = If[x-1]+log(x)
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/1-- Init exponents interpolation table

#define BM b) ((dword)1<<(b))
#defi ne BM_(b) (BMb)-1)
#def i ne XP32 12

/1 1 bit bitmask

/1 low part bitmask

/1 12 fractional bits to
/1l keep + 20 bits for integer part
#defi ne XP32ER (-15.99999) // roundoff adjustment for exp

/1

/1

table (Ok to n=256K, at |east)

#def i ne XP32M BML( XP32) mask for fractional part
int bcexp_start(int n, /1 Maximumn for the table
dword *expTbl // Destination array for the fixed
) /1 point log(x!) entries
{int i;
doubl e x;
doubl e *If=|gf; /1 If=logs of factorials table in FP double
dword *t=expThl ; /1 logs in fixed point format and the SW bias
if (MIf o] t)
return O,
if (n>maxl g)
return O;
t[ 0] =t[1] =0;
for(i=2; i<=n+l; ++i)
{
x=If[i]; /1 calc 32 bit fixed point |logs of factorials
x=I dexp(x, XP32); /1 for C(n,k) exponents
t[i]=(dword)fl oor (x+XP32ER)
}
return 1;

Code C.3

The actual computation of the SWI exponent for quantized binomigk)(Q¢ shown in Code

C.4 (from [4], fileQi.h). The macro BCLOG uses eq. (C.2) to compute the fixed point log(x!),

then the macro EXP32 shifts out the fixed point fraction to get integer part of FP exponent. It
then rescales FP number (to match SWI exponent bias) by subtracting 32 from the FP exponent.
The overflow adjustments occur at the end of the macro, where the mantissa is chatistd a

the overflow threshold vigb).m<0xFF000000) and exponent is adjusted if mantissa goes above

the threshold. Similarly, the fractional part of the fixed point log(bc) is checkets$ fawn

overflow ((te&XP32M)>30) and the same adjustments to the SWI exponent (b).e is done. Note that
the tests result of “no overflow” falls into ++(b).e branch, i.e. the exponent was pteddjue-
decremented) for any overflow, then adjusted back if tests return that no overflovedccur
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/]-- Conputation of Quantized Bi nom al exponent

#define BCLOEt,n, Kk, 1) ((t[n]-t[K]- 1)) [/ calc log of binoma

ia log(k!) table as

og(C(n, k))=log(n!)-log(k!)
-log((n-k)!)

#define EXP32(t,n, k,I,Db)
{ dword te,ti;
te= BCLOG((t) (n), (k), (1));

/1 Table int t[] is contains

/1 fixed point |og(x!)val ues

/1 Conpute fixed point |og bc(n,Kk)
/1

/1

/1

\
\
\
ti=te>>XP32 \ Shift out fraction of fixed
(b).e=0; \ poi nt result
i f ((int)(ti-:32)>:0) \ check for denornmalized SW
{ \
(b).e=ti; \
if ((te&XP32M >30 || \ // check for FP exp overfl ow
(b) . mcOxFFO00000) \ // and mantissa vicinity to 2232
++(b). e; \ // adjust conputed SW exponent
\

if no overfl ow

Code C.4

Table C.1 Columns

The table shows the mantissa errors due to quantization of binomiey. Phe computation
was done fon =1024 and various values kof

QBC gives the quantized binomial coefficient (mantissa in hex and exponent in decimal)
XBC column the same for the more accurately (within the 53 bit precision of C double)
computed binomial coefficient.

The columngim16 anddm10 show differences QBC - XBC.mantissa (exponents will always be
normalized to the same value) in hex and decimal. The cotldm{(delta dm) shows the
difference between the current dm10 value and the one from the previous line.

The columrExtra Bits shows the total excess bits for the block of size n due to the expansion of
the mantissa (the small fractional values may yield a whole bit differamoalti-block coding

or even statistically on a single block). The colu@ap shows *' symbol next to the QBC
mantissas which were rounded up from the immediate previous add of the binGgm#)s=

C(n-1k) + C(n-1k-1).
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Gaps & Mantissa Excess in QI Binomial Tables (n=1024)

k Gap QBC. nant: exp XBC. mant: exp = dnl6 dnilO ddm Extra Bits

1, 00000400: 0 - 00000400: 0 = O 0  +0 0.00000e+000
2. 0007FE00: O - 0007FE00: 0 = 0 0  +0 0.00000e+000
3. OAA2ACDO: 0 - OAA2ACD0: 0 = O 0  +0 0.00000e+000
4. * AOAB202F: 4 - AQABIFFO: 4 = 3f 63 +63 3.19296e- 008
5. * 87345DD0: 12 - 87345D73: 12 = 5d 93  +30 b5.91488e-008
6. * B3647B52: 19 - B3647AA8: 19 = aa 170 +77 8.14891e-008
7. * CBDI97B2: 26 - CBDI96CO: 26 = e9 233 +63 9.83029e- 008
8. * CAG6CE909: 33 - CA6CE801: 33 = 108 264 +31 1.12149e-007
9. * B2872A13: 40 - B287200F: 40 = 104 260 -4 1.25234e-007
10. * 8DO12E6D. 47 - 8DO12D8F: 47 = de 222 -38 1.34848e- 007
11. * CBE7A80C. 53 - CBE7A6B6: 53 = 156 342 +120 1.44229e-007
12. * 8679F208: 60 - 8679F11D: 60 = eb 235 -107 1.50271e- 007
13. * A391DDCD: 66 - A391DCAA: 66 = 123 291 +56 1.52983e- 007
14. * B8904D75: 72 - B8904C21: 72 = 154 340 +49 1.58412e-007
15. * C22D26DF: 78 - C22D256D. 78 = 172 370 +30 1.63855e- 007
16. * BF54FDOB: 84 - BF54FC21: 84 = 17a 378  +8 1.69887e-007
17. * B1437283: 90 - B143711E: 90 = 165 357 -21 1.73182e-007
18. * OAF39FE6: 96 - 9AF39EAS8: 96 = 13e 318 -39 1.76476e- 007
19. * 80312159: 102 - 8031204F: 102 = 10a 266 -52 1.78433e-007
20. * C94D2663: 107 - C94D24BD. 107 = 1a6 422 +156 1.80269e- 007
100. * 821A287F: 437 - 821A2748:437 = 137 311 -228 2.05556e- 007
101. * 94C7BCAQ: 440 - 9AC7BADD: 440 = 163 355 +44 2.05181e- 007
102. * AB4AL540: 443 - ABAAI3AE: 443 = 192 402 +47 2.0541le- 007
103. * BCADECAA 446 - BCADEA86: 446 = 1c4 452  +50 2.0641le- 007
104. * DO7290F3:449 - DO728EFF: 449 = 1f4 500 +48 2.06266e-007
105. * EAACB722: 452 - EA4CBAFF: 452 = 223 547  +47 2.06033e- 007
106. * F76AL4F4: 455 - F76A12A4: 455 = 250 592  +45 2.05755e-007
107. 84AAD3OC: 459 - 84AAD25F: 459 = 13d 317 -275 2.05471e- 007
108. * 8CCE31C6: 462 - 8CCE3076:462 = 150 336 +19 2.05199e- 007
109. * 93E90A03: 465 - O3E908AL: 465 = 162 354 +18 2.05807e- 007
110. * 99CBOSF5: 468 - 99CB0785:468 = 170 368 +14 2.05762e-007
300. OAED3564: 857 - 9AED3435:857 = 12f 303 +51 1.68179e-007
301. BA52DCB3: 858 - BA52DB48: 858 = 16b 363 +60 1.67530e- 007
302. DF087C50: 859 - DFOS7A9D: 859 = 1b3 435 +72 1.67716e-007
303. 84DCECA5: 861 - 84DCEB43: 861 = 102 258 -177 1.66982e- 007
304. * ODBE6757:862 - 9DBE6624:862 = 133 307 +49 1.67555e- 007
305. * BOF7D21B: 863 - BOF7DOB1: 863 = 16a 362 +55 1.67388e-007
306. DA7B6908: 864 - DA7B6760: 864 = 1a8 424 +62 1.66880e-007
307. * FF7D226E: 865 - FF7D207F: 865 = 1lef 495 +71 1.66605e- 007
308. * 94BO839F: 867 - 94B0827F: 867 = 120 288 -207 1.66559e- 007
309. * ACA4A26F: 868 - ACA4A122:868 = 14d 333 +45 1.66224e- 007
310. * CBA9FD63: 869 - CBAOFBE3: 869 = 180 384 +51 1.66214e- 007
500. OAZ2EDF6B: 987 - 9A2EDE91: 987 = da 218 +10 1.21583e-007
501. AL42E8AG: 987 - Al42E7CA: 987 = e2 226  +8 1.20513e- 007
502. * AB01E20F: 987 - A801E124:987 = eb 235  +9 1.20280e- 007
503. AE5A82CA: 987 - AE5A81D2: 987 = f2 242  +7 1.19355e- 007
504. B43CDA38: 987 - B43C093F: 987 = f9O 249  +7 1.18800e-007
505. BO968940: 987 - B9968841:987 = ff 255  +6 1.18153e-007
506. * BE5B299D. 987 - BE5B2898:987 = 105 261  +6 1.17904e- 007
507. C27C7236: 987 - C27C712C. 987 = 10a 266  +5 1.1761le- 007
508. CSEE865F: 987 - CS5EE8552: 987 = 10d 269  +3 1. 16867e- 007
509. * CBA75E79: 987 - CBA75D69:987 = 110 272  +3 1.16567e- 007
510. CAOEFS7E: 987 - CA9EF76C. 987 = 112 274  +2 1.16284e- 007

Table C.1
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