
Fast and Space-E�cient Adaptive ArithmeticCoding �Boris Ryabko and Andrei FionovAbstractWe consider the problem of constructing an adaptive arithmetic code in thecase when the source alphabet is large. A method is suggested whose coding timeis less in order of magnitude than that for known methods. We also suggest animplementation of the method by using a data structure called \imaginary slidingwindow", which allows to signi�cantly reduce the memory size of the encoder anddecoder.Index terms: Arithmetic coding, fast algorithms, source coding, randomization,data compression.1 IntroductionArithmetic coding is now one of the most popular methods of source coding. The basicidea of arithmetic coding was formulated by Elias in the early 1960s (see [1]). The �rststep toward practical implementation of this idea was made by Rissanen [2] and Pasco[3] in 1976. Soon after that in [4]{[6] the modern concept of arithmetic coding, whichis referred to in the present paper, was described. The method was further developedin a number of works, see, e.g., [7].The advantage of arithmetic coding over other coding techniques is that it allows toattain arbitrarily small coding redundancy per one source symbol at less computationale�ort than any other method (the redundancy is de�ned as the di�erence between themean codeword length and the source entropy). Furthermore, arithmetic coding mayeasily be applied to sources with unknown statistics, when being combined with adaptivemodels in an adaptive coding scheme (see, e.g., [8]{[11]).The main problem in linking arithmetic coding with adaptive models is the following.All known adaptive models provide some estimate of the actual probability p(ai) foreach letter ai over a source alpabet A. But arithmetic coding is based on cumulativeprobabilities Q(ai) = Pj<i p(aj). Since probability estimates change after each codedsymbol, cumulative probabilities must always be re-computed. This requires aboutjAj=2 operations per symbol, where jAj denotes the size of the alphabet, which a�ectsthe speed of coding. The reduction of the coding speed becomes the more noticeable asthe alphabet size increases. From this point of view, the alphabet of 28 = 256 symbols,which is commonly used in compressing computer �les, may already be treated as a largeone. With adoption of the UNICODE the alphabet size will grow up to 216 = 65536 and�Supported by the Russian Foundation of Basis Research under the Grant no. 99-01-005861



become su�ciently large to prevent any direct computation of cumulative probabilities.In this paper, we suggest an algorithm that computes cumulative probabilities inO(log jAj) time, which is exponentially less than for known methods.To obtain a speci�ed (arbitrarily small) model redundancy we use an adaptivescheme with sliding window. The idea of sliding window is well known in informationtheory. We give preference to such a scheme because it has the following advantages incomparison with other techniques:� after having been �lled with the actual source symbols, the window represents thesource statistics quite precisely and guarantees the speci�ed model redundancy(depending on the window size);� the scheme easily adapts to changes in statistics;� the number of digits to represent the probability estimates is constant andindependent of the messege length, which enables constant arithmetic precision incomputations;� choosing a proper size of the window eliminates division operations in arithmeticencoding, thus making the encoder (and the decoder) operate more than two timesfaster.The only disadvantage of the sliding window scheme, that has so far prevented itswide usage, is the necessity to store the entire window in the encoder (decoder) memory.In obtaining arbitrarily small redundancy, the memory allocated to the window becomesa dominating part in space complexity of the encoder and decoder.To remedy this disadvantage we use a type of the scheme called \imaginary slidingwindow" (the concept of which was presented in [12]). This approach allows to preserveall the properties of sliding window without storing the window itself.The space complexity (S) and time complexity (T ) of the proposed method in caseof a Markov source of order �, seen as functions of two variables | the alphabet sizejAj and redundancy r, are upper bounded by the following estimates:S < const�jAj�jAj log jAjr � bits;T < const�log jAjr �log jAj+ log log jAjr log log log jAjr �� bit operations(here and below logx = log2 x and const denotes some (di�erent) constants greater than1). Note that the estimates for memoryless sources are obtained if � = 0. The spacecomplexity is the same as for known methods whereas the time complexity is less inorder of magnitude (it assumes the �rst addend in parentheses to be log jAj instead ofjAj as for known methods).The paper is organized as follows. In Section 2 we consider the problem of combininga conventional sliding window scheme with arithmetic coding. We describe a methodfor fast operation with cumulative probabilities and investigate the main properties ofa resulting coding scheme. In Section 3 we present an imaginary sliding window schemewhich dispenses with the need for storing the window. In Section 4 generalizations forMarkov sources are given. The details of arithmetic coding and related issues, that areof interest for the main material but not new, are relegated to the appendix.2



2 Fast Coding Using Sliding WindowLet there be given a memoryless source generating letters over the alphabet A =fa1; a2; . . . ; ang with unknown probabilities p(a1); p(a2); . . . ; p(an). Let the size of thealphabet be a power of two, n = 2m (it is not a restrictive assumption, because, ifn < 2m, the alphabet may be expanded with 2m � n dummy symbols having zeroprobability with trivial modi�cations of the algorithms). Let the source generate amessage x1 . . .xl�1xl . . . , xi 2 A for all i. The window is de�ned as a sequence of thelast w symbols generated by the source, where w denotes the size of the window. Atthe moment l the window contains the symbols xl�w . . .xl�2xl�1. During encoding (ordecoding), the window \slides" along the message: as a novel symbol is introduced inthe window, the oldest one is removed. Each letter ai 2 A is assigned a counter cithat contains a number of occurences of ai in the current window plus 1. The addent 1ensures that no letter of the alphabet has zero probability, i.e. every letter may occurnext in the source message despite of its being absent in the current window. In thesesettings the sum of all counters is equal to the window size plus the alphabet size,Pni=1 ci = w + n. It is convenient to choose the window size w such thatw + n = 2t; (1)where t is a positive integer. Then the estimates of the symbol probabilities p̂(a1), p̂(a2),. . . , p̂(an) may be obtained as p̂(ai) = ci=2t for all i.Denote the novel symbol to be encoded by u and the oldest symbol stored in thewindow, to be removed, by v (at the moment l, u = xl and v = xl�w). The adaptiveencoding of the symbol is performed as follows:� encode u according to the current estimated probability distribution (p̂(u) =c(u)=2t);� decrement counter c(v) corresponding to the letter v;� remove v out of the window;� increment counter c(u) corresponding to the letter u;� introduce u in the window.Note that the total sum of counters remains constant.The decoder, provided that it starts with the same counter contents as the encoder,decodes the symbol according to the current probability estimates and updates thecounters in the same way as the encoder.Encoding of a symbol given an estimated probability distribution may e�cientlybe carried out by means of arithmetic coding (see Appendix A for more details). Thistechnique, however, requires that cumulative range [Qi; Qi+1) be speci�ed for the symbolu = ai, where Q� are de�ned as follows:Q1 = 0; Qi+1 = Qi + ci; i = 1; 2; . . . ; nor, equivalently, Q1 = 0; Qi =Xj<i cj; i = 2; 3; . . . ; n+ 1: (2)3



The direct calculation of Q� using (2) requires O(n) operations (summing t-bitnumbers). Below we describe a method that allows to reduce complexity down toO(log n) operations.Let us store not only the counters c1; c2; . . . (denote this set by C1), but also thesums of the pairs c1+ c2; c3+ c4; . . . (C2), the sums of quadruples c1+ c2 + c3 + c4; c5 +c6 + c7 + c8; . . . (C3), and so on. For example, if n = 8 then we need to store the setsC1; C2; C3 (or another equivalent data structure) as shown in Fig. 1. Each memberC1 : c1 c2 c3 c4 c5 c6 c7 c81 2 3 4 5 6 7 8C2 : c1 + c2 c3 + c4 c5 + c6 c7 + c81 2 3 4C3 : c1 + c2 + c3 + c4 c5 + c6 + c7 + c81 2Figure 1: Structure of the sets C� for n = 8of the sets is a t-bit number and we need (2n � 2)t bits of memory to store all thesenumbers. By using the sets C� the values of, e.g., Q4 and Q8 can be computed asQ4 = c1 + c2 + c3 = C21 + C13 ;Q8 = c1 + c2 + � � �+ c7 = C31 + C23 + C17 :It is easily seen that computation of any Qi, i = 2; 3; . . . ; 8, requires at most 3 additions.More formally, given the counters c1; c2; . . . ; cn, n = 2m, the sets C i; i = 1; 2; . . . ;m,are to be constructed as follows:C11 = c1; C12 = c2; . . . ; C1n = cn;C21 = c1 + c2; C22 = c3 + c4; . . . ; C2n=2 = cn�1 + cn;C31 = c1 + c2 + c3 + c4; C32 = c5 + c6 + c7 + c8; . . . ; C3n=4 = cn�3 + cn�2 + cn�1 + cn;. . .Cm1 = c1 + c2 + � � �+ cn=2; Cm2 = cn=2+1 + cn=2+2 + � � �+ cn:Notice that not all of the members of these sets are used in operations. Virtually, onlythe members with odd subscripts need to be stored. Nonetheless we refer to the aboveconstruction for ease of understanding.Let us show how to compute Qk+1, k = 1; 2; . . . ; n (recall that Q1 = 0). Let k havethe binary expansion kmkm�1 . . . k1, where each ki = 0 or 1. ThenQk+1 = kmCmb2k=nc + km�1Cm�1b4k=nc + km�2Cm�2b8k=nc + � � �+ k1C1k(note that only those C ij for which ki = 1 are included in the computation). This sumhas at most m = logn t-bit addents, therefore the complexity of computing cumulativecounts is O(t log n) bit operations.When incrementing or decrementing counters in the adaptive scheme, all themembers of the sets which depend on those counters should also be incrementedor decremented. More exactly, incrementing (decrementing) ck must be replacedby incrementing (decrementing) C1k ; C2dk=2e; C3dk=4e; . . . ; Cmdk=(n=2)e, which requires also4



O(t log n) bit operations. To increment, e.g., c3 (Fig. 1) we must increment not onlyC13 , but also C22 and C31 .Finally, the last operation which relies on cumulative counts is �nding an intervalI(z) = [Qi; Qi+1) that contains a given number z (and the letter u = ai to whom thisinterval corresponds). This problem arises in arithmetic decoding. Let us show how onecan solve this problem using the sets C� in O(t log n) time.First compare z with Cm1 . If z < Cm1 then the target interval lies within [0; Cm1 ),otherwise it belongs to [Cm1 ; 2t). Go on comparing z with Cm�11 in the former case,and with (Cm1 + Cm�13 ) in the latter, which determines one of the intervals [0; Cm�11 ),[Cm�11 ; Cm1 ), [Cm1 ; Cm1 + Cm�13 ), or [Cm1 + Cm�13 ; 2t). This procedure may be describedas the following iterative process:k := m; j := 1; Q := 0;while k 6= 0 doj := 2j � 1;if z � Q+ Ckj then Q := Q+ Ckj ; j := j + 1;k := k � 1.The process stops when k = 0 and we have I(z) = [Q; Q + C1j ), u = aj. Since thenumber of iterations in this algorithm is equal to m = log n, the complexity O(t log n)is obvious.Now let us concentrate on determining the value of t. From (1) t = log(w+n), wherethe alphabet size n is speci�ed a priori and the window size w may be chosen to ensurethe desired redundancy. The relationship between the window size and redundancywill be given by the theorem below, but before formulating the theorem some remarksshould be made on the notion of redundancy. We consider the maximum (supremum)per symbol redundancy over the set of all memoryless sources, generating letters overthe alphabet A, and for brevity, we call it redundancy r, as before.Theorem 1 Let there be given a memoryless source generating letters over the alphabetA = fa1; a2; . . . ; ang. Let the adaptive scheme based on the sliding window of w symbols,w + n = 2t, and arithmetic coding be applied for encoding symbols generated by thesource. Then the redundancy r satis�es the inequalityr < log e n� 1w + 1 + n+ 1w + n: (3)Proof: It will be convenient to consider the redundancy r to consist of two parts:the one caused by replacing unknown symbol probabilities by their estimates, denotedby rm (model redundancy), and the other caused by the encoder, denoted by rc (codingredundancy), r � rm + rc:Consider these two parts separately.The model redundancy may be de�ned by the equationrm = Xv2Aw p(v)Xa2A p(a) log 1p̂v(a) �Xa2A p(a) log 1p(a) : (4)Here v denotes a window context that determines a probability estimate p̂v(a) for thesymbol a to be encoded, p̂v(a) = cv(a)=2t, p(v) denotes the probability of a particular5



context v. The �rst term in (4) may be treated as the model entropy, while the secondterm is the source entropy. The following sequence of equalities and inequalities givesthe estimate for rm.rm = Xv2Aw p(v)Xa2A p(a) log 2tcv(a) �Xa2A p(a) log 1p(a)= Xv2Aw p(v)Xa2A p(a) log 2tp(a)cv(a)= log e Xv2Aw p(v)Xa2A p(a) ln�2tp(a)cv(a) � 1 + 1�� log e Xv2Aw p(v)Xa2A p(a)�2tp(a)cv(a) � 1�= log e Xa2A wXi=0 �wi�p(a)i+1(1 � p(a))w�i 2tp(a)i+ 1 ! � log e= log e Xa2A p(a) wXi=0 2tw + 1�w + 1i+ 1�p(a)i+1(1 � p(a))(w+1)�(i+1)! � log e< log e 2tw + 1Xa2A p(a) w+1Xi=0 �w + 1i+ 1�p(a)i+1(1� p(a))(w+1)�(i+1)!� log e= log e 2tw + 1 � log e = log e2t � (w + 1)w + 1= log e n� 1w + 1 :Here we used the inequality ln(x+ 1) < x and the properties of Bernoulli distribution.As it is stated by Corollary 3 to Theorem 5, relegated to the appendix, theredundancy of arithmetic coding, provided that the minimum symbol probability is1=2t and � -bit registers are used in computations, � � t+ 2, satis�es the inequalityrc < (n + 1)(t+ log e)2�(��2):We may choose any � = O(t), t!1, without deteriorating the asymptotic complexityof arithmetic coding. Let � � t+ log(t+ log e) + 2: (5)Then rc < (n + 1)(t+ log e)2�(t+log(t+log e)) = (n + 1)(t + log e)(t+ log e)2t = n+ 1w + n: utThe next our task is to investigate the computational complexity of the proposedadaptive scheme. We shall measure the space complexity in bits and the time complexityin bit operations and consider both complexities as functions of two arguments: n (thealphabet size) and r (redundancy).The memory size of the encoder and decoder is caused by the necessity to storethe window, which requires w log n bits, the sets C� maintaining the cumulative counts,6



which requires at least t(n� 1) bits, and internal registers for arithmetic coding, whichrequires O(� ) bits.The coding time per symbol is determined by the computations over the sets C�,which requires O(t log n) bit operations, and the computation of ranges in arithmeticcoding, which uses � -bit multiplication and division (in decoding), which, in turn,requires O(� log � log log � ) bit operations (for good algorithms).According to Theorem 1, to decrease redundancy one should increase the size of thewindow. Furthermore, when the alphabet size gets bigger, the increase of the windowsize should be greater to attain the speci�ed redundancy. A question of interest is howwill this a�ect the computational complexity of the scheme. The next theorem answersthis question.Theorem 2 Let there be given a memoryless source generating letters over an alphabetof size n. Let the adaptive scheme based on sliding window and arithmetic coding beapplied to the source providing a speci�ed redundancy r. Then the memory size of theencoder (decoder) S and encoding (decoding) time T are given by the estimatesS < const�nr log n+ n log nr� ; (6)T < const�log nr �logn+ log log nr + log log log nr �� : (7)Proof: From (5) � = O(t); t ! 1: From (1) t = log(w + n). From Theorem1 it can be easily deduced that w < const(n=r), log(w + n) < const log(n=r). Thenw log n < const(n=r) log n, t(n� 1) < constn log(n=r), � < const log(n=r). Summing updominating complexities of all operations gives the statement of the theorem. utCorollary 1 If n is increasing and r is to remain constant thenS = O(n log n);T = O(log2 n):The time estimate is better than that for known methods (where T = O(n log n)).Corollary 2 If n is �xed and r ! 0 thenS = O(1=r);T = O(log(1=r) log log(1=r) log log log(1=r)):In the next section we show how to improve the memory size estimate to O(log(1=r))implementing the concept of imaginary sliding window.3 Imaginary Sliding WindowHere we give the description of imaginary sliding window (ISW) scheme in the formsuitable for the coding technique considered in the previous sections.Let there still be given a memoryless source de�ned in Section 2. We also use thesame notions of the window, counters and probability estimation. Denote, additionally,7



by �i the number of occurences of the letter ai 2 A in the current window, �i = ci � 1for all i. De�ne � to be a random variable taking on values 1; 2; . . . ; n with probabilitiesPrf� = ig = �iw; i = 1; 2; . . . ; n (8)(the problem of generating such a variable will be considered further below).The encoding of the novel symbol u using the ISW scheme is performed as follows:� encode u according to the current estimated probability distribution (p̂(u) =c(u)=2t);� generate a random variable �;� decrement counter c�, i.e., the counter corresponding to the �th letter of thealphabet A;� increment counter c(u) corresponding to the letter u.A distinctive feature of this scheme is that a randomly chosen counter is decrementedrather than a counter corresponding to the oldest symbol in the window. In this scheme,the context of the window is not used, therefore storing the window is not needed,which saves w log n bits of memory. But a question arises whether this scheme is ableto represent the source statistics with the precision su�cient to guarantee a speci�edredundancy? So the next our task is to show that it is, more exactly, we show thatthe estimated distribution provided by ISW converges with exponential speed to thedistribution provided by real sliding window.Denote by � the set of all vectors � = (�1; . . . ; �n) such that all �i are nonnegativeintegers andPni=1 �i = w. It is clear that in case of real sliding window � = (�1; . . . ; �n)is a random vector that obeys the multinomial distributionPrf�1 = �1; �2 = �2; . . . ; �n = �ng = � w�1; �2; . . . ; �n� nYi=1(p(ai))�i ; (9)where � w�1; �2; . . . ; �n� = w!�1!�2! . . .�n!(see, e.g., [13]).In case of imaginary sliding window, � = (c1� 1; . . . ; cn� 1) is also a random vectorwhose distribution is a question to be answered. We shall indicate by superscript l thestate of vector � after the lth encoded symbol, i.e., in the process of coding vector �assumes the states �1; �2; . . . ; �l; . . . The next theorem decides on the distribution for �and shows that imaginary sliding window is a su�ciently precise model of real slidingwindow.Theorem 3 Let there be given a memoryless source generating letters over the alphabetA = fa1; . . . ; ang with probabilities p(a1); . . . ; p(an); the imaginary sliding windowscheme is used with the window size w. Thenliml!1Prf�l1 = �1; �l2 = �2; . . . ; �ln = �ng = � w�1; �2; . . . ; �n� nYi=1(p(ai))�i ; (10)8



the limit in (10) exists for any initial distribution �0 = (�01 ; . . . ; �0n), and there exists aconstant C < 1, independent of (�1; . . . ; �n) and (�01 ; . . . ; �0n), such that�����Prf�l1 = �1; �l2 = �2; . . . ; �ln = �ng �� w�1; �2; . . . ; �n� nYi=1(p(ai))�i����� < C l: (11)Proof: De�ne a Markov chain M with � states, each state being correspondent toa vector from � (informally, each vector � = (�1; . . . ; �n) of imaginary sliding windowhas a corresponding state in M). A transition matrix for M is de�ned as follows:P�1!�2 = 8>><>>: �1jw p(ai); if �2i = �1i + 1, �2j = �1j � 1, i 6= j, �2k = �1k, k 6= i, k 6= j;nPk=1 �1kw p(ak); if �1 = �2;0; otherwise. (12)This probability matrix corresponds to transition probabilities of imaginary slidingwindow. The �rst line in (12) corresponds to the case when the jth coordinate ofthe vector �l is decremented by 1, and the ith coordinate is incremented by 1, whichcorresponds to introducing the letter ai in the window, which, in turn, occurs withprobability p(ai). The second line in (12) corresponds to the case when the vector �lremains intact. This happens if a coordinate �lk is �rst decremented (with probability�lk=w) and then incremented (with probability p(ak)).The chain M has a �nite number of states and is plainly seen to be non-periodical(see de�nition in, e.g., [13]). Consequently, there exist limiting probabilities for M , i.e.,such �� that for any �; � 2 � there exists the limitliml!1P�!�(l) = �� (13)independent of � (here P�!�(l) denotes the probability of transition from � to � in lsteps, l � 1).It is known (see [13]) that limiting probabilities satisfy the system of equations8<: �� = P�2���P�!�; � 2 �;P�2��� = 1: (14)Next we show that for any � = (�1; . . . ; �n) 2 ��� = � w�1; �2; . . . ; �n� nYi=1(p(ai))�i ; (15)To do this, substitute (15) and (12) in (14). As a result,� w�1; �2; . . . ; �n� nYi=1(p(ai))�i= nXi=1 nXj=1;j 6=i� w�1; . . . ; �i � 1; . . . ; �j + 1 . . . �n�9



� nYi=1(p(ai))�i! p(aj)p(ai) ��j + 1w p(ai)�+ nXk=1 � w�1; �2; . . . ; �n� nYi=1(p(ai))�i ��kw p(ak)� : (16)Substitute the equality� w�1; . . . ; �i � 1; . . . ; �j + 1 . . . �n� = � w�1; �2; . . . ; �n� �i�j + 1in (16) and after simple transpositions obtainnXi=1 nXj=1;j 6=i� �i�j + 1 p(aj)p(ai)���j + 1w p(ai)� + nXk=1 �kw p(ak) = 1:Consequently, (15) is the solution of (14). Taking into account the de�nition (13), weobtain (10).The second statement of the theorem may be easily obtained from the generalproposition on exponential speed convergence to a limiting distribution (see [13]) (thisrequires that a Markov chain should satisfy certain conditions which is easily checkedin our case). utFrom the �rst proposition of the theorem it follows that imaginary sliding windowbehaves asymptotically just like as real sliding window or, more exactly, the distributionof (�l1; . . . ; �ln) approaches, as l increases, the distribution (9) of the numbers ofoccurences of the letters a1; . . . ; an in the real window. From the second proposition itfollows that in case of change in the source statistics at the moment l, the distributionof (�l+�1 ; . . . ; �l+�n ) converges to the new distribution as � increases ((�l1; . . . ; �ln) beingthus considered as an initial distribution). Therefore, applied to memoryless sources,imaginary sliding window has the same properties as real sliding window, namely, itallows to estimate the source statistics quite precisely and adapts fast if the statisticschange.Let us now consider the problem of generating random variable �. Assume thatthe only source of randomness is a symmetric binary source generating a sequencez1z2 . . . zk . . . , where each zk 2 f0; 1g, Prfzk = 0g = Prfzk = 1g = 1=2, and all symbolsare independent. We do not consider here the complexity of obtaining random bits.Our aim is to convert a random bit sequence into a random variable � with probabilitydistribution (8). Denote by z a random number built from t random bits, i.e., the binaryexpansion of z is z1z2 . . . zt. It is plain that z may take on any value from f0; 1; . . . ; 2t�1gwith probability 1=2t. It is also plain that, for any w < 2t, the process of generating zuntil z < w is obtained, produces a random variable z� that takes on any value fromf0; 1; . . . ; w � 1g with probability 1=w.De�ne �1 = 0; �i =Xj<i �j ; i = 2; 3; . . . ; n+ 1; (�n+1 = w):Consider a random variable � over f0; 1; . . . ; w � 1g such that � = i i� �i � z� < �i+1.It can be easily found thatPrf� = ig = Prf�i � z� < �i+1g = �i+1 ��iw = �iw:10



This is our intended distribution (8).To implement this procedure notice that �nding �i and �i+1 given z� is the sameprocess as �nding an interval and a correspondent symbol in arithmetic decoding (whichhas been described in Section 2). Hence, this procedure may be e�ciently performedby using the data structure C� de�ned in Section 2. The only di�erence is that thevalues �i are less by one than counters ci involved in the construction of C�. This maybe easily checked by substracting s = 2k�1 from Ckj . Write down the algorithm:(a)repeat generating random number z until z < 2t � n;(b)k := m; i := 1; � := 0; s := 2m�1;while k 6= 0 doi := 2i� 1;if z � �+ Cki � s then � := �+ Cki � s; i := i+ 1;s := s=2; k := k � 1.When the process stops we have � = i.Denote by Na the average number of iterations in (a). Since each iteration is takenwith probability n=2t,Na = 1 + n2t �1 + n2t (1 + � � �)� = 1 + n2t + � n2t�2 + � � � = 11� n=2t :Each of m = logn iterations in (b) requires O(t) bit operations. Hence the averagecomplexity of the algorithm of generating �T� = O� 11� n=2t + t logn� = O(t log n); t!1; n!1and does not increase the overall asymptotic complexity of the method (here we assumethat in attaining a speci�ed redundancy 2t grows faster than n).All the results obtained in this section may be summed up in the followingTheorem 4 Let there be given a memoryless source generating letters over the alphabetA = fa1; a2; . . . ; ang. Let the adaptive scheme based on ISW with t-bit frequency countersand arithmetic coding be applied for encoding symbols generated by the source. Theni) the redundancy r is asymptotocally upper bounded by the inequalityr < log e n� 12t � n+ 1 + n+ 12t ; (17)ii) the memory size of the encoder (decoder) S and encoding (decoding) time T aregiven by the estimatesS < const�n log nr� ; (18)T < const�log nr �log n+ log log nr + log log log nr�� : (19)11



So the time complexity of adaptive coding using imaginary sliding window isessentially the same as in case of real sliding window, while the space complexity isless in order of magnitude because the window is not to be stored (we eliminate theterm (n=r) log n in (6)).Let us give some remarks, without any strict considerations, about the ways ofobtaining random bits z1z2 . . . zk . . . . To maintain the imaginary sliding window thesebits are to be known to both the encoder and decoder. A usual way to solve the problemis to use synchronized generators of pseudorandom numbers. We suggest an additionalway, namely, using the bits of the code sequence (maybe, with some simple randomizingpermutations). The ground for this proposal is that the compressed data are almostrandom, more exactly, the code sequence approaches a sequence of uniformly distributedcode letters as the coding redundancy decreases. The encoder and decoder may use apart of already encoded message for producing random numbers. It is important thatthe code sequence is known to both the encoder and decoder and they need to storeonly a small current part of it. This way of obtaining random numbers may occur tobe easier than using separate generators.4 GeneralizationsAll the results obtained for memoryless sources are extended to a more general case.Consider a Markov source of order �, i.e., each source symbol depends on � precedingsymbols, � � 1. Let the source alphabet be againA = fa1; a2; . . . ; ang. For coding such asource the well-known in information theory technique of decomposing a Markov sourceinto jAj� memoryless sources may be used. Store jAj� = n� imaginary sliding windows,each window corresponding to one word in A�. Besides, store a small real windowcontaining the last � coded symbols. Let the source generate a message x1x2 . . . xl . . .Then, before coding xl, the word xl�� . . .xl�1 is stored in the real window. This wordbelongs to A� and there exists an imaginary sliding window correspondent to the word.The novel symbol xl may be coded according to the information contained in thisimaginary window, after which the window itself is transformed in the same way asin memoryless case (i.e., a randomly chosen counter is decremented, and a countercorresponding to xl is incremented).Let us give an example. Let A = fa; bg, � = 2, and x1x2x3x4 . . . = aaba . . .is the message to be encoded. In the encoder memory 4 imaginary windows arestored correspondent to the combinations aa, ab, ba, and bb, each window containing2 frequency counters c(a) and c(b). The letter x3 is encoded based on informationcontained in the window correspondent to aa, after which the counters c(a) and c(b) ofthis window change according to the ISW algorithm; x4 is encoded based on informationcontained in the window correspondent to ab, and so on. That is each source letterin encoded (and decoded) based on the window that represents the statistics of acorresponding memoryless source.Since the estimate for redundancy (17) is a supremum over the set of all memorylesssources, encoding of a Markov source by means of the above scheme ensures this estimatefor per symbol redundancy to be valid. The time complexity remains the same as (19).The memory size, however, increases n� times, because of necessity to store n� imaginary12



windows, so the space complexity becomesS < const�n�n log nr� : AppendixA Arithmetic Coding RedundancyThe aim of this section is to give an estimate of arithmetic coding redundancy in theform that would allow to decide on computational complexity of the method. As far aswe know, such an estimate was not ever made. First of all, we adduce the algorithmof arithmetic encoding suitable for our adaptive scheme. This algorithm is close to onedescribed in [7].Assume that we have three � -bit registers l, h, and d, to contain the lower and higherbounds and the size of the interval, respectively, � � t+2, 1=2t being the minimal symbolprobability, and a counter s of the size � bits to contain the number of \squeezes" ofthe interval. Denote by msb(�) the most signi�cant bit of a register, denote by pmsb(�)the bit preceding to the most signi�cant one. Arithmetic coding is applied to blocksof symbols (or the whole messages) u1u2 . . .uL, where L denotes the length of a block(or a message). With these assumptions the algorithm of arithmetic encoding may bedescribed as follows.Initial setupl := 0, h := 2� � 1, s := 0.Encoding of the symbol u = ai given the cumulative range [Qi; Qi+1)d := h� l + 1,h := l+ bdQi+1=2tc � 1,l := l + bdQi=2tc;while msb(l) = msb(h) dotransmit msb(l),s times transmit 1�msb(l); s := 0,l := 2l; h := 2h+ 1 (mod 2� );while pmsb(l) = 1 and pmsb(h) = 0 dos := s+ 1,l := 2l; h := 2h+ 1 (mod 2� );msb(l) := 0 msb(h) := 1.Terminating a block (or a message)s := s+ 1;if pmsb(l) = 0 then b := 0 else b := 1;transmit b,s times transmit 1� b.The following lemmas determine some important features of the algorithm and thetheorem gives an estimate of redundancy.Lemma 1 The length L of a block to be encoded satis�es the inequalityL � 2� � 2t� 1 :13



Proof: In encoding of any symbol whose probability is not less than 1=2t, the valueof s may be incremented maximum by t � 1. In encoding of L symbols s cannot beover
owed if L(t� 1) + 1 � 2� � 1;hence the statement of the lemma. utLemma 2 After encoding of any symbol the size d of the interval satis�es the inequalityd � 2��2 + 2:Proof: By de�nition, d is the size of the interval [l; h], d = h� l+ 1. Consideringthe combinations of two high-order bits in l and h after encoding of a symbol, obtainthree possible kinds of intervals: [00�; 11�], [00�; 10�], and [01�; 11�], where � denotes� � 2 arbitrary bits. It can be seen that in the �rst case the interval length is greaterthan that in the second and third cases which are equivalent. For the second casel � 2��2 � 1; h � 2 � 2��2:Hence d � 2 � 2��2 + 1� (2��2 � 1) = 2��2 + 2: utTheorem 5 Per symbol redundancy rc of arithmetic coding satis�es the inequalityrc < n(t+ log e)2�(��2) + 2=L; (20)where n is the alphabet size, t is the number of bits to represent probabilities, � is thesize of the registers l and h (interval bounds), � � t + 2, L is the size of an encodedblock or message.Proof: The coding redundancy rc consisits of two parts, denoted by r� and rL,corresponding to the two addends in (20): r� arises due to truncation of the intervalbounds to � bits, and rL is caused by the block length constraint.Let the symbol u to be encoded encounter with probability p(u), p(u) � 1=2t.Because of truncation, the probability p(u) is replaced by the approximation p̂(u) andr� = Xu2A p(u) log 1p̂(u) �Xu2A p(u) log 1p(u)= Xu2A (p(u) log p(u) � p(u) log p̂(u)) :For p̂(u) we have p(u) = p̂(u) � q(u); q(u) < 1=d:Suppose (pessimistically) that q(u) is taken with plus for every letter. By Lemma 2,d � 2��2 + 2; d > 2��2. Taking into account these estimates, �nd an upper bound forp(u) log p(u) � p(u) log p̂(u) (omit (u) for brevity).14



p log p � p log p̂ = p log p � p̂ log p̂ � q log p̂< p log p � (p � 1d) log(p� 1d )� 1d log b2�tdcd< d� 1d log d� 1d + 1d log db2�tdc� log ed� 1d � dd� 1 � 1�+ 1d log db2�tdc= 1d �log db2�tdc + log e�< 12��2 �log 2��22��22�t + log e�= t+ log e2��2 : (21)Summing (21) over u 2 A gives r� < n(t+ log e)2�(��2):Terminating a block gives at most two extra bits to the code sequence (see thealgorithm). Hence, rL < 2=L:Combining r� and rL completes the proof. utFor the purpose of the main part of the paper, we obtain a more convenient resultby considering the followingCorollary 3 If � = � and L = 2�=t (22)then rc < (n + 1)(t+ log e)2�(��2):Proof: First notice that for � � t+ 22� � 2t� 1 > 2�tand (22) satis�es Lemma 1. Substitution of (22) in (20) gives the statement of thecorollary. ut
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